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ABSTRACT

Convex programming is the simplest and best processed area of nonlinear programming. Many
properties of linear programs are transmitted to the convex programs. In this paper properties
of convex programs and methods for their solution like gradient method and method of
convergence are listed, also an example of solving convex program is given.
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1. Properties of convex programs

The problem in which we need to find the minimum point of a function f°(x) at a specified set
F, is called program (or mathematical program).

When there are convex function and a convex set, then it is a convex program. A set in convex
program is usually given implicitly in this way:

F={xeR™fYx)<0,f*(x)<0,..fF(x) <0}

where f1, f2, ..., f¥ are convex functions. In this case convex program can be formulated as
follows:

(K)
Min f2%(x)
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fP(x) = 0.
The function f? is called target function, while f,f2, ...,f® are limiting functions. ("Min"
means the required minimum point of the function, while the "w.|" is short for the words "while
limiting".) The set of allowed solutions can be written as:

F={xeR™f(x)<0,i=1,..,p}
in which case the program (K) has the form
(K)
Min f°(x)
w. |

fFilx)<0,i=1,...,p
We say that a point x is allowed solution of the program (K) if x is part of F_

If fi,i =1,..,p are convex functions, then the set F ={x ER™ f(x) <0,i =1,..,p} is
convex.

2. Methods for solving convex programs
2.1 Gradient method

Gradient method is a modification of the Cauchy’s method with most steep decline for programs
with constraints. For simplicity, assume that you need to solve convex program with linear
constraints.

Minf(x)
w. |
Ax = b
x=0 )
where f is a convex continuous differential function. We denote with F the set of allowed
solutions

F={x:Ax < b,x = 0}.

The method is iterative, i.e. the optimal solution x* of the program (2) is the limit point of the
sequence with approximation x¥*, & = 0,1,2, ... Any approximation x* is obtained by solving a
linear program and one-dimensional search.

Algorithm



1. Initial allowed approximation is selected x® € F. The gradient V§(x?) is calculated and
the stopping rule is specified. Example, "sufficiently small" number £ = 0, with capacity
to stop the algorithm when:

llac*tt—x¥|| < &. 3)
for k=10,1,2, ...:
2. The linear program is solved.

MinVf(x")
w. |
Ax =b
x=10 ©))
The optimal solution is denoted by x*

3. The one-dimensional program is solved.

Minf(x*®+ a(x*— x*))
w. |
0=A=1.
(here f is searched on linear segment that spans x¥ and ©¥).
The optimal solution is denoted by 4.

4. The new approximation is calculated.
x®F = xF 4 4, (7 —x).

5. If the stopping rule is satisfied, the process is halted, x*** is permissible approximation
of the optimal solution. Otherwise, the process is backed to step 2, Vf{x**1)is
calculated and the algorithm continues with new x**1,

The method is graphically described in figure 1.1 Since (4) is a linear program, its solution
x* can be taken as extreme point of the set of permissible solutions F.

2.2 Method of convergence

The proof that some method really converges to its solution is not usually simple. This assertion
will be demonstrated on the gradient method. We want to prove the following result:

Let f(x) is convex continuous differential function and if the set of allowed solutions F
is limited, than every limit point x* from the sequence {x*} of calculated Gradient
method is a global minimum program (1).



Since x*is a limit point of the sequence, and the set {x*} is limited (and closed), there is a
subsequence {x*1} of sequence {x*1} with property:

Figurel.1 Gradient method

For each x*i, the method determines &* as solution of the linear program (4). Without loss of
simplicity we assume that sequences {£*i} and {£** '} are convergent. Their limit point are
denoted as ¥ and x*. Since £**1 minimizes f on the interval [x*.,z¥1], and f is
continuous, than x™ minimizes f on the interval [x*,%%]. So

F(x*) < f(x) foreachx = x*+ (" —x*),0 =A< 1. ®)

Specially, f(x™) < f(x*). But f(x™) < f(x*) is impossible because {f(x*)} can only
decline, so f(x*) = f(x*) and (5) becomes

flx*) < f(x)foreachx=x"+A(x*—x*),0 =1 < 1. (6)

Now we write the well-known Taylor’s formula for point x:
fx) =flx") + Af(x) (& —x") + O(A) 7)

where O(A) is the "residual function" of property

ok _

limh_,c,T = 0. (8)

This formula, due to (6) pulls
AVF(x*)(x*—=x") +O(N) = 0.

After splitting with A = 0 and A — 0 have



V Az —x") = 0. 9)

Inequation (9) used only for two specific points £° and x*. In order to join the inequation
allowed arbitrary decisions, first need to apply that

VF(x*) (x — x*1) = Vf(x*0) (¥ 1—x*1) for each x € F.

(This is true because ©*t a minimal solution of program (4).) For f a continuous differential
function, in border case when [ — =, the above expression gives for each x € F:

VA ) (x —x7) = VF(x")(x" —x)
VAlx")(x—x") =0 (10)
optimality of point x* is now imminent: For all x € F have:
flx) = flx)+ Vf(x)(x—x)
because the convex function f and
flx) =z f(x7)

by (10). So x* is the global minimum.

We will look an example in which will use Kuhn-Tucker conditions and to enumerate them.
Primary Kuhn-Tucker condition of optimality.

We denote by P(x*) the set of active constraints for point x* , i.e
P(x)={ieP:fi(x*) =0}

The primary condition for optimality of programs (K) can be defined as follows:
The accepted solution x* is optimal if and only if, the system of linear inequation

VF%(x*)d <0
VFi(x)d < 0,i € P(x*) (11)
no solution d.

Dual-Kuhn Tucker condition of optimality.
Dual conditions of optimality are derived from primary conditions of optimality. Without loss of
completeness (and to avoid the introduction of double indices) we can assume that the first r

constraints are active at the point x* . The accepted solution x* is optimal if and only if, there
are nonnegative numbers 4; = 0,i € P (x*) such that

?fl}(x$] +ZEE?I:I'}‘1ivfi[x$j = 0.



Example 1. You need to solve the program
Minf(x) = (x, — 2)* + (x, —%]: + xix3
p.o.
0<x, <1
0<x,<1.
First we show that the target function f(x) is convex on set of allowed solutions F.
Heseo’s matrix of function is

1+ x] Exlx:]

Vif(x)=2 ;
fx) 2xyx, 1423

Minor diagonal of that matrix are nonnegative on F, because it is

14+ xf=>0
14+ x;>0
(1+ 21 +x3) —4xixi=1+xF+x3—3xix2= 0.
Matrix V2 f(x) is a positive samidefined on F.
This drew f to be a convex function on F.
If you start the iteration for example from x® = (1,1)7 , the optimal solution is found after only
three iterations shown in Table 1.2.

Table 1.2
| |‘" e o o
| Kk | X3 X5 M f(x%)
0 1,0000 1,0000 0,3379 2,2500
5 1 0,6621 0,6621 1,0000 2,0084
2 1,0000 0,0000 0,2500 1,2500
3 1,0000 0,2500 0,0000 1,1250

1

Approximation x?, x*,x%2,x% = x*shown on Figure 1.3
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Figure 1.3
1

Optimality of point x* = lil you can check using the Kuhn - Tucker condition.
2

First, constraints are written in @ manner that meets the program (K):

fllx)=x,—1<0

fAlx)=—x, =0

fi) =x,—1<0

fAx)=—x, <=0.
In the point x = x* only the first limit is active, i.e P(x*) = {1} . Therefore Kuhn-Tucker
dual system has the form

VFGe)+ 44T () = O
Ay =0. (12)
® 2 1 2 — 4 F
VF(x*) = [2[1:1 —2)+ 2xyx3, E(xz _E} + inxz] lx =x

—|_1
- [ g’ 0]
VFi(x) =[1,0]
Kun- Tucker system (12), after the transposition of the vector will look like this:
15
—= 11 _ [0
[ IZIB] 'H'l[n] - [n]
Ay =0
. . . 15 . . L1 . .
Obviously, this system has a solution (,11 = ?) . Conclusion: x; = 1,x; = 7 is really optimal

solution.



CONCLUSION

When solving convex programs differentiation continuous target functions and arbitrary convex
set F' of permissible solutions, convex of set F must not be ignored, because otherwise we

ran the approximation x* that is not in the set F. Important properties of Gradient method is

to all approximations of the optimal solution is found in the set of allowed solutions. Gradient
method is slow but generally reliable method.
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