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Abstract: We will consider only a locally connected, locally compact, Hausdorff topological spaces. We
will define a partially proper map and partially proper homotopy.

It is proved that topological spaces which are locally connected, locally compact , Hausdorff and partially
proper homotopy classes of partially proper maps, form a category PPH.

It is proved that:

There is a functor from category P of topological spaces which are locally connected, locally compact ,
Hausdorff and proper maps to category PP

There is a functor from category PH of topological spaces which are locally connected, locally compact,
Hausdorff and proper homotopy classes of proper maps to category PPH.

Key words: partially proper map, partially proper homotopy, topological space, locally connected, locally
compact.

1. PARTIALLY PROPER MAP

We consider Hausdorf topological spaces which are separable, locally compact,
locally connected and path connected.

Definition 1: The continuous map f : X — Y is partially proper, if there exists an
open set V'Y with compact closure, such that the restriction to f,
fl X\ (V)—)Y is a proper map.

Theorem 1: If f : X — Y is proper, then f is a partiaily proper map.

Proof: Let f: X — Y be a proper map. We choose V' =. Then , by the
previous definition, it follows that f is a partially proper map.

The contrary statement is not necessarily true in general.

Example 1: The map f:R—>R which is given by : f(x)=xsinx is not a
partially proper map.

Theorem 2: Let X be a separable, locally compact, Hausdorf space. Then there
exists a cofinal sequence of compacta C, cC, c...C Cn C... in X, such that for each

open set ¥V < X with compact closure , there exists C, and 2= C,.

Proof: For the proof of the theorem, we use the assistant theorem: If X is a
locally compact topological space, then, for each point x € X , there exists an open set

V. with compact closure, such that x e V, < 7;
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Let ¥ < X be an open set in X with compact closure and let I be a countable
basis for "X . Hence, there exists. B eB such that xe€ B, c V. Then B is compact

as a closed subset of V wich is compact
The  set {B |x € X }CB is countable basis for X. So
}={B,,B,,..}. "

Let V' be an open subset of X with compact closure. Then {Bx|x eX } is a

covering of V. ‘
We consider the compact sets :

C, =B,
C,=B,UB,,
¢, =UB,
i=l
So, the sequence C, cC,c..c C, ... is cofinal in X .
Since f/- is.  compact, { } contains a finite subcovering
B,.B,,..,B

which is covering ?
— &
Then ¥ cUC,

i=I ,
Let n be the largest index of these sets, i.e. n = max{nl sy, 1y } Then, it
follows that ¥/ < C, , which proves the theorem.

Theorem 3: Let f: X —Y and g :Y — Z be partially proper maps. Then the
composition go f : X — Zis a partially proper map.

Proof: Let f: X —Y and g:Y — Z be partially proper maps and let X be an
open subset of Z with compact ciosure. We will prove that the r'e.st}’ici?ian
gof; :X\f_"g"'(K)—)Z is proper map. ) '

By the previous theorem, there exists a cofinal sequence of compacta in Z,
C cC,c..cC,c...,suchthat C, c IntC |

n+l
Then, g.“'j(Cl )c (¢, )c..cg™ (C,, )<... is a sequence in ¥ .
We state that for each open subset Q in Y with compact closure,there exists

C, € Z,suchthat Oc g™ (C,,O )
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We suppose that this is not true. This means that for each natural number 7, there
exists a point y, € Q,suchthat y, & g~ (C,,o )

Since é is compact, there exists a point y, € é which is a point of accumulation
for the set a Then there exists a subsequence of the sequence ( Y ) which éonverges
to y,. Without losing the generality, we suppose that the sequence ( Ya ) converges to
¥, Hence, there exists a natural number n,, such that y, eg” (Int C, )

Then the set U =g (Int C,,n) is a neighbourhood of y,, so, all but finitely many
v, areinthe U which is a contradiction.

Let K'=KUC, .

K' is an open subset of Z with compact closure K'= —K_'UC,,O , @s a union of two
compact sets.

Then the restriction g, - Y\ g"(K ' ) — Z is a proper map, because g is
partially proper, by the condition of the theorem. So:

g (K )=g" (K)ug™(C, )2 0.

If we look for an inverse image of the map f , we have:

/et (K)=217(Q).

Then,

1) X\t (K )ex\f(Q)

Because Q is an open subset of ¥ with compact closure and the fact that f is a
partially proper map, we have that the restriction f| X\ (Q ) — Y is proper map.

Then, for (1), we get that fi X \f" g™ (K')—>Y is a proper map.
Hence, the composition go f : X — Z is a partially proper map.

Now, since we have established that the composition of partially proper maps is

partially proper, we can form PP —category with objects all separable, Hausdorf
topological spaces which are locally compact, locally connected and path connected, and
morphisms are all partally proper maps between topological spaces with previous
properties. ‘

The identical morphism in PP — category is an identical map 1, : X — X which
is a partially proper map, because of the theorem 1.

Furthermore, we define a homotopy between partially proper maps.

2. PARTIALLY PROPER HOMOTOPY

Let f,g:X —Y be partially proper maps.

: ppH
Definiton 2: The maps f and g are partially proper homotopic ( f =~ g) iffor

each compact KcY, there exists a compact QQ:_Y , such that K c@ and the
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restrictions of the maps f,g: X \(f" (Q)ng™ (0 ))—-)Y \K are homotopic i.e. there
exists a homotopy H :[X\(j”'l (Q)ng™ (Q'))Jx[—)Y\K,' such that
H(x,0)=f(x), H(x1)=g(x) o ,
Proposition 1: If () is a compact which holds the statement of definition 2, then for
each compact Q'S Q, the statement of definition 2 is held.
Proof: By the definition 2, there exists a homotopy
H :[X\(f" (Q)ng™ (Q))Jx]—)Y\K which connects f and g .-

Then, for Q'> Q, the restriction of Hl [x\(r(2)n g (@)t

H : [X\(f“' (0 )neg (0 ))]x[——-)Y\K'*is"a homotopy which connects the

restrictions of the maps f,g:X \(f'l (0 )neg' (0 ))—)Y\K :

Theorem 4: The relation of partially proper homotopy: is an equivalence relation.
This equivalence relation we denote by " pp: "
Proof: The reflexivity and symetry of the relation p;H are obvious.
We will prove transitivity of p;H . |
ppH ppH

Let f,g,h:X —Y be partially proper maps and f ~gadg ~h.
Let K be a compact in Y .Then there exists a compact Q in Y such that

K < O and there exists a homotopy H, :(X\(f"l (Q)mg"' (Q)))x]—)Y\K , such
that

2) H,(50)=/(x)
H, (x,1)=g(x)
For the compact Q in Y, there exists a compact Q'> Q and homotopy
H, (X \(g7(Q')n 1 (Q')) I Y \K , such that
H,(x,0)=g(x)
H,(x1)=h(x) "
. By the previous property, in (2 ) if we exchange Q with Q', then it holds that
the restriction H, : lX \(f“l (0 )neg (0 ))Jx]—)Y \ K is a homotopy.
We  consider the  sets A =X \(f" (Q')ng (o )) and
4,=x\(g"(Q')n ' ()

Then, for the set :

A=hX\( F1(@)ng™ (@) (@)=(x117 (@) ol x1 g7 (@ ) x1 57 ()
ile,g A.and' A,c 4.

Moreover, the set 4, = X \(f‘l (@) (o )) is a subset of 4.
We can define the homotopy
H: | X\(£7(Q)neg™ (2 ) (0 ) kI YK in this way:
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H/(x,2t),  0<t< 1
H(x,t )‘= ‘ 2 .
H,(x,2t-1),

For the restriction of

H (s taiwio o 1x\(7 (0 )k @)k I->7 K
we get: .

H(x,0)=H,(x,0)=1(x)

H(x1)=H,(x,1)=h(x)

and then

H(x, %)=I-], (x,1)=H,(x,0)=g(x).

Hence, H, (x,1)=Hz(x,0) so, the restriction of H is a homotopy which
connects f and 4.

ppH ‘
Then, by the definition 2, we get that f ~ h , which proves the theorem.

For the map f, [f ]WH will denote the equivalence class of partially proper
homotopy containing f .

Example 2: The continuous maps ,
x, x20 x, x<0
x)= , X )= , and A(x )=x
(O IO IBAETI®
are not partially proper homotopic.

~ Example 3: Let X=R, V= -K((0,1),1)u (0 ) and f beamap which maps
space X into the space Y so that it revolves once round a circle K, let g be a map

which maps the space X into the space Y so that it revolves twice round a circle and let
h be a map which maps R to R.

ppH prH ppH
Then f ~g ., g ~h and f = h. They are proper homotopic if we
consider the space Y without circle ).
But, f,g and & are not proper homotopic with homotopy H : XxI—>Y .
Hence, partially proper homotopy does not result in proper homotopy.

Let f: X —Y and g:Y — Z be partially proper maps and let [f ]pp , [g]pp

be the equivalence classes of f and g.
We define composition of classes in this way:

le], o (r1, % Lgerl,,
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Now, we will show that the composition is well defined.

Theorem 5: Let f:X — Y be a partially proper map and let the maps

80, &1 :Y — Z be partially proper homotopic. Then the maps gofo and gyfpare
partially proper homotopic.
Proof: Let fy:X —>Y be a partially proper map and let the maps

80,81:Y > Z be partially proper homotopic.Then, for each compact set E < Z , there
exists a compact set Do EFE, such that the maps

g0-81:Y \(g'1 (D )r\g“_l (D))—-) Z \ E are homotopic with the homotopy G .
We define a homotopy

H:x\(17 g5 (D) sy g7 (D))|xI>Z 1 E . 1n this way:
H(xt)=G(fo(x)t).

We will show that for each point

xe X\(f g (D) g (D)) filx)e¥\( g (D)n g (D).
Having in mind that

/i eg (D)nf5' e (D)= 15" (25" (D) g7 (D).

we will denote the set

C=g;' (D)nei' (D). |
Hence, we will show thatfor x e X'| £, (C),  f,(x)eY|\C.

Really, as X\fo—1 (C)= fo—l (Y\C), it means that;

fo (X\fo—l(c))=fo J(ric)eric, ie. for
xeX\f'(C), f(x)er\C.

‘Theorem 5: Let fo,f, - X >Y bea partially proper homotopic maps and let

g:Y = Z pe a partially proper map. Then the maps & f0,& f1: X = Z are partially
proper homotopic. ' ‘

Proof: Let &:Y — Z pe partially proper map. Then there exists an open set W
with a compact closure so that &:Y \g™' (W) = Z is proper-

Let E pe a compact subset of Z . It follows that D = g7'(E) is compact. It means
that there exists the compact Q such that &' (E) SO and for the statement of the
theorem. there exists the homotopy F:[X\(f;'(Q)N £, (Q)]1xI - Y\D which

connects fo,ﬁ .

Let K =WU3 (Q). K is compact subset of Z .

Because g(Q) 2 g(g'(E) 2 F , we get that K D E
Then

g K)=g"Wug@)=g"W)Ug'g(@) 20 and
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T (K2 £71(Q), [e(K)2 £71(Q).

It follows that:

X\(f7'g KN £ (K) € X\ £7(Q),
so we get that F is defined Ha X'\ (fy'g” K)N f7'g7(K))
Because g&|,, (Y\D)cZ \E  the map

8o F o e iciopa [ XN 8 (K)NF787 (K] x 1 > Z\E
is defined and this map is homotopy which connects & f0-8 i

From the theorems 5 and 6, we get the next theorem:
Theorem 7: Let the maps fp, f1: X =Y and the maps go &1 Y > Z be

partially proper homotopic. Then the maps gofp and g f1 are partially proper
homotopic. ‘

It is means that the composition is well defined i.e.
' def '
[g]ppH °[f.]ppH = [gof]ppH'

We denote the equivalence classe of partially proper homotopy of the identical
map 1, : X > X with |1, ] . -
X X ppH

Now, we will define the categorie of PPH with objects topological spaces which
are separable, Hausdorf, locally compakt, locally connected and path connected, and

morfisms are the classes. of partially proper homotopy [ f ] oot of partially proper maps.

Furthemore, we will consider the relation among the defined PP, PPH, wPH
categories.

3. RELATION AMONG PP, PPH, wPH

We define the functor ®: P — PP on morphisms, from the category of proper
maps to the category of partially proper maps, which leaves the objects in their places,
and it is defined for morphisms with f* —> f .

This functor is well defined because if f is proper, then f is partially proper and
the fact that the composition of partially proper maps is partially proper.

Let f,g: X — Y be proper maps.
Definition 3: The maps f and g are weakly proper homotopic ( at o) if for each
compact BcCY, there exists the compact Ac X and homotopy
H :(X14)xI - Y\B suchthat H (x0)= f(x), H(x1)=g(x):

wpH

Wedenote: f ~ g.
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wpH . i :
In [8] it is shown that = is an equivalence relation and the categorie of weakly

proper homotopy with objects topological spaces which are separable, Iocélly compact,
locally connected and Hausdorf, and morphisms are the weakly homotopy classes

[f ]an of proper maps, is formed.
We define the functor ®: wPH — PPH  from the categorie of weakly proper

homotopy classes to the categorie of partially proper homotopy classes, which leaves the
objects in their places,and it is defined for morfisms with: : '

[/ ) =171,

To show that this associating of morphisms is well defined, we will show that from
wpH prH

f =~ g ,itfollowsthat f ~ g.

wpH

Let f =~ g.Then f:X —>Y and g: X — Y are proper maps and for each

compact KcVY, there exists a compact Ac X and homotopy
H:(X\A)xI >Y\K.

Let O be a compact in ¥ so that K < Q.,Theo‘f_'(Q) and g"'(Q) are
compact in X , because the maps f and g are proper. The set f"‘(Q )mg"(Q) is
compactin X, so, there exists a homotopy H .'[X \(f"l(Q)mg" (0 ))Jx I->Y\0.

Having in mind that Y\Qc Y\K, it follows that there is a homotopy
H:x\(r'(@)ng" (Q))x1>7 K. o
Then, by the definition of partially: proper homotopy and the fact that f and .g

are partially proper, according to theorem 7, we have that the maps f and g are

ppH R
partially proper homotopic, i.e. f ~ g.

Hence, the functor ®: wPH — PPH is well defined on the morphism.
We have:

[1c], = [1c],
[g ]w,;H [‘f]w,;H - [g ]p/JH[f]ppH = [gf ]ppH “"[gf ]MyJH'

From the previous, it is shown that ®: wPH — PPH is a functor.

We define the functor PH — PPH from the categorie of proper homotopy to the

categorie of partially proper homotopy, which leaves the objects in their places,and it is
defined for morfisms with:

[f L = f L

To show that this associating of morphisms is well defined, we will show that from
ppH

f g it follows that f ~ g.
pH
f~g. Then f:X—>Y i g:X—>Y are proper maps and let
H:XxI—Y be a proper homotopy which connects f and g.We know that the
functor PH — wPH _exists, ( the proof of this fact is given in [8].) we have that f and
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g are weakly proper homotopic i.e. for each compact K Y, there exists a compact
Ac X and homotopy H, : (X 1A )xI— YK which connects / and g . Because

the functor wPl — PPH exists, we showed that f and g are partially proper
homotopic.

Hence, the functor PI{ — PPIH{ is well defined on the morphisms..

We define:

[lX ],7H - [IY ]ppl’l ,

[g ],;H [f]pH - [g ]/}/}II [f ]/)/)II = [gf ]ppH (—-[gf ]pH

It is shown that there exsists the functor P/{ — PPH from categorie of proper
homotopy to the categorie of partially proper homotopy.
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Abstract: The concepts of fuzzy almost strong precontinuous mapping and fuzzy almost strongly
preopen (preclosed) mappings have been introduced and studied in a Sostak’s fuzzy topological spaces. A
characterization of some weaker forms of fuzzy continuous mappings by using those mappings has been
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