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Abstract

This paper presents a mathematical modeling and numerical analysis of fluid-thermal pro-
cesses in a two-stage steam turbine cascade, focusing on the application and comparative
assessment of turbulence models in computational fluid dynamics (CFD) simulations. Us-
ing the finite volume method implemented in the ANSYS CFX-Task Flow (ANSYS CFX 2022
R2) workflow, the study investigates the performance of standard k-¢, k-w, and SST turbu-
lence models in predicting flow structures, pressure fields, and velocity distributions within
the turbine flow passages. The governing equations, including the Reynolds-Averaged
Navier-Stokes (RANS) equations and associated energy and constitutive relations, are
solved in conservative form under compressible flow conditions. Experimental data from
turbine tests performed at the Institute of Fluid Machinery at Lodz University of Technol-
ogy are used for validation. Results demonstrate that turbulence modeling significantly
influences the accuracy of predicted flow phenomena. The study identifies strengths and
limitations of the models in capturing complex three-dimensional flow structures and pro-
vides quantitative error margins and practical guidance for their application in industrial
turbine flow simulations.

Keywords: mathematical modeling; numerical analysis; CFD; SST k-w model; turbulent flow

1. Introduction

Mathematical modeling, as an extremely useful tool, is used to determine the effect
of various system and process characteristics on an observed outcome(s) [1,2]. In fluids
mechanics, Computational Fluid Dynamics (CFD) is widely used to study and predict
fluid flow, heat transfer, and mass transport. This simulation technique analyzes in detail
the flow, mass transfer, and phenomena associated with this transfer, which are otherwise
difficult to evaluate experimentally [3]. A typical CFD modeling and simulation process
involves five steps, starting from creating the geometry, creating the mesh, setting the
conditions, and solving and processing the results [4]. Methods such as the finite volume
method (FVM), the finite element method (FEM), and the finite difference method (FDM)
are used to discretize partial differential equations into a set of algebraic equations [4-6].

CFD has found extremely successful application in the food sector mainly due to its
ability to provide detailed insights into complex processes where pressure, temperature,
moisture concentration, and velocity drive the complex process, which includes the simul-
taneous transfer of impulse, heat, and mass [7]. CFD enables iterative solution of governing
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equations, calculating physical quantities of interest at almost every location within the
domain, which allows for a more detailed understanding of the process and identification
of weak points. Thus, CFD enables optimization of process and drying system conditions,
improving airflow, achieving more uniform drying, and reducing product quality degrada-
tion [7,8]. In refrigeration systems, CFD helps optimize duct geometries, fan configurations,
and cooler energy consumption, providing precise insights into airflow and temperature
distribution [5,9]. This allows for improved temperature homogeneity, which is essential for
preventing food spoilage [10]. In anaerobic digesters, CFD enables optimization of reactor
design, mixing, hydrodynamics, heat transfer, and multiphase system interactions [11-13].

Accurate prediction of fluid flow and heat transfer processes in turbomachinery re-
mains a key challenge in modern engineering [14-23]. Foundational studies of dynamic
stall on airfoils [24-28] established the sequence from attached flow to incipient and deep
stall, the role of leading-edge vortex formation, and compressibility influences ([29-33]).
While many of these works consider oscillating airfoils and rotors, the mechanisms they
reveal—adverse pressure gradient growth, vortex-induced lift overshoot, and hysteresis—
also appear in turbine cascades subject to incidence excursions and unsteady inflow. At
higher Reynolds numbers relevant to full-scale hardware, behavior shifts markedly com-
pared to low-Re regimes [34,35]; compressibility and Mach-dependent features further
modify separation and vortex development [36,37].

In recent years, significant research has been devoted to computational fluid dynamics
(CFD) modeling of turbines, with emphasis on turbulence modeling accuracy and numerical
strategies. Studies by Gourdain et al., Zhang et al., and Yanovych et al. [38-40] have
demonstrated the importance of selecting appropriate turbulence models (e.g., k-¢, k-w,
SST variants) to predict wake losses, tip leakage flows, and boundary layer transition in
turbine cascades. Best practice guidelines such as those by Casey and Wintergerste [19]
highlight the critical role of mesh quality (y*, O-grid structures) and model blending
functions (e.g., SST F1) in ensuring numerical stability and physical fidelity. Despite these
advances, most studies focus either on high-pressure stages or large industrial turbines,
with limited literature addressing laboratory-scale, two-stage turbine configurations.

Beyond the commonly used RANS-based approaches, more advanced turbulence
models such as Large Eddy Simulation (LES), Detached Eddy Simulation (DES), and
Reynolds Stress Models (RSM) can provide higher-fidelity predictions of vortex shedding,
separation, and secondary flows [41-44]. While these methods show clear potential, their
high computational cost and demanding experimental validation requirements limit their
practicality for laboratory-scale turbine benchmarks. Nevertheless, for laboratory-scale
turbine benchmarks, robust and computationally efficient two-equation RANS models
remain most practical, serving as a validated baseline that can be extended in future work.
This pragmatic choice is consistent with prior TM-3 studies at Lodz University, where
Smolny et al. [45] employed RANS approaches to investigate vane clocking effects in a
two-stage configuration, and Fiderek et al. [46] demonstrated the feasibility of intelligent
fuzzy regulators for two-phase flow control. Similar industrial insights were reported by
Jeon et al. [47], who showed that swirl clocking in three-dimensional nozzle guide vanes
significantly alters secondary flow structures and stage efficiency. These works confirm that
RANS-based methods remain a reliable foundation for laboratory-scale turbine research.

The novelty of this work lies in establishing a validated mathematical and numerical
benchmark framework for a laboratory-scale, two-stage steam turbine (TM-3). While
earlier Lodz-based studies on the same rig focused on vane clocking [44] or fuzzy control
methods [45], detailed turbulence model benchmarking for CFD validation has remained
underexplored. Our study therefore complements and extends the TM-3 research legacy by
systematically comparing three RANS turbulence models within a single consistent CFD
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platform. Unlike previous studies (e.g., Gourdain et al. [38], Yanovych et al. [47]), which
primarily addressed high-pressure turbines or experimental aeroelastic effects, this work
provides a comprehensive comparative evaluation of three widely used RANS turbulence
models (k-¢, k-w, SST k-w) within a single consistent CFD platform (ANSYS CFEX). The
study combines advanced discretization techniques, structured meshing, and experimental
validation, including a systematic grid-independence analysis and explicit reporting of
mesh metrics (y* distribution, skewness, aspect ratio) aligned with ERCOFTAC best-
practice guidelines. Furthermore, the quantitative assessment of prediction errors (e.g.,
pressure loss coefficient deviations within 4.2%) provides practical guidance for accuracy—
cost trade-offs. By consolidating these elements, the paper offers a benchmark and teaching
case for turbulence modeling in laboratory turbomachinery, bridging the gap between
academic research and industrial applications while providing methodological insights
relevant for design, optimization, and engineering education.

Building on this benchmark framework, the present study applies these methods to
a practical and industrially relevant case. Steam turbines, as key components in power
generation systems, require reliable numerical methods to optimize their aerodynamic and
thermodynamic performance. Therefore, the aim of this paper is to demonstrate the power
of CFD as a tool for investigating turbine flow fields, providing insights into velocity, pres-
sure, and temperature distributions that are otherwise difficult to measure experimentally.

2. Materials and Methods

This paper presents detailed mathematical modeling and numerical analyses of tur-
bulent steam flow in a two-stage turbine (Figure 1a) at the Institute of Fluid Machinery
at Lodz University of Technology. The governing equations are the Reynolds-Averaged
Navier-Stokes (RANS) equations, solved using the finite volume method. Multiple tur-
bulence models were considered, including the standard k-¢, k-w, and SST k-w models.
All turbulence models were employed in their standard formulations as implemented
in ANSYS CFX, without modifications or tuning of model constants, in order to ensure
reproducibility and a fair basis for comparison. In this study, the CEX-Task Flow refers
to the commercial ANSYS CFX solver workflow for turbomachinery analysis, which inte-
grates geometry import, mesh generation through TurboGrid, and solver setup. It is not
a custom solver but part of the ANSYS CFX environment. This simplifies the problem
but introduces new unknowns (Reynolds stresses) that must be modeled. The Reynolds
decomposition, which splits variables into mean and fluctuating components, underpins
this approach (Figure 1b).

Simulations were performed in ANSYS CFX using meshes generated in ANSYS Tur-
boGrid. Numerical results were validated against experimental measurements obtained
from the physical turbine rig. By examining differences in pressure, velocity, temperature,
energy, viscosity and other parameters in the stages of turbine and distributions, the paper
aims to show methodology of mathematical modeling and numerical analyses by selecting
appropriate turbulence models in turbine design and performance analysis.
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Figure 1. Two-stage TM-3 turbine from the Laboratory of Flow Machines at the Lodz Technical
University (a), and simplified schematic of the CFD setup (b), showing inlet total conditions (po,Ty),
outlet static pressure (py), periodic boundary conditions, and blade pressure/suction surfaces. In (a),
stator blades are shown in blue and rotor blades in orange for clarity. In (b), straight arrows indicate
the working-fluid flow direction, while the curved arrow i denotes the incidence angle at the rotor
inlet, defined as i = B3 flow — B3 blade-

2.1. Pre-Processing and CFD Setup

The CFD model includes a single blade passage extracted from the two-stage turbine,
with periodic boundaries applied in the circumferential direction to simulate an annu-
lar sector. The flow was assumed to be subsonic and compressible under steady-state
conditions. A second-order upwind scheme was applied for spatial discretization, and
the pseudo-transient method was used to accelerate convergence. A sensitivity check
with the QUICK scheme was also performed, confirming that the second-order upwind
discretization reproduced experimental pressure and velocity values within 1.5% deviation,
validating its suitability for the present benchmark. The solution was initialized using a
uniform inlet velocity profile derived from isentropic relations. Total energy formulation
was employed to account for compressibility effects in the turbine channel. Convergence
was assessed by monitoring RMS residuals, which were required to fall below 10~° for
all governing equations, alongside mass balance closure (<0.2% error) and stabilization
of outlet pressure. Numerical stability was ensured by adaptive pseudo-time stepping
(CFL < 5) and strict mesh quality criteria (minimum internal angle > 19°, skewness < 0.3).

To validate the geometric modeling and mesh generation process for simulating
subsonic flow in a turbine blade cascade, the stationary two-stage TM-3 turbine Geometric
modeling was based on experimental measurements and design parameters listed in Table 1.
The modeling process used Mechanical Desktop and custom AutoLISP applications (Ldf.lsp,
Profile.Isp) for profile generation and export. The main stages of geometric modeling and
mesh generation are illustrated in Figure 2.

The blade profiles were modeled using radial cross-sections (Figure 3) and interpolated
into 3D geometry using cylindrical or conical surface generation.

Each profile was discretized into 8-10 control arcs, joined into 3D polylines. These co-
ordinate layers were exported into *.curve files (hub.curve, shroud.curve, and profile.curve)
for structured meshing in ANSYS TurboGrid.

Meshes were further analyzed using TurboGrid Viewer (see also Figure 4), enabling
quantitative evaluation of element skewness, aspect ratio, and minimum internal angles.
Mesh convergence studies were carried out by adjusting the number of blade profile layers
and control point distributions to minimize skewness while preserving geometric accuracy.
The combined geometric and meshing approach shows strong alignment with experimental
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geometry and offers reliable numerical domains for subsequent flow analysis. Figure 3
illustrates stages of the mesh generation process.

Table 1. Geometric and operating parameters of the TM-3 turbine.

Parameter Symbol Value
Inner diameter Dw 351 mm
Outer diameter Dz 514 mm
Diameter ratio Dw/Dz 0.683
Hub-to-pitch ratio (hub side) (T/b)yw 0.61
Hub-to-pitch ratio (casing side) (T/b)z 0.877
Number of stator blades (nozzle guide vanes)  Zstator 16
Number of rotor blades Zrotor 96
Stator inlet angle (hub) ol 14.94°
Stator outlet angle (mid-span) 0 160.0°
Blade inlet angle (stator and rotor, mid-span) 31 =33 45.5°
Blade exit angle (stator and rotor, mid-span) B2 =p4 158.0°
Rotational speed n 3000 rpm
Maximum total inlet pressure Pt0 107,116 Pa
Static pressure at outlet Pout 101,657 Pa
Mass flow rate at inlet m 3.4kg/s
Total temperature at inlet Tt0 315K
Maximum turbine power output P 35 kW

Turbulence model
Wall condition
Interface
Mesh type
Convergence criterion
Minimum internal mesh angle
Maximum internal mesh angle

k-e, k-w, SST k-w
No-slip, adiabatic
Periodic
Structured, O-grid + C-grid
RMS residual < 10~°
19.0°
161.0°

(a) (b)

(©

(d)

Figure 2. Stages of geometric modeling and mesh generation for the TM-3 turbine blade cascade.

(a) Blade inlet angle visualization (colors indicate different blade sections: green = suction surface,

red = pressure surface). (b) Schematic of blade span showing hub and shroud diameters. (c)
Radial distribution of blade profiles along the span. (d) Final structured mesh around the blade in

cylindrical coordinates.

Mesh quality was assessed by generating three grids with varying control point density.

Details of the grid configurations are given in Table 2.
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Table 2. Computational mesh parameters for turbine blade cascade.
Grid Resolution Number of Elements  Min Cell Size Near Blade  Layers
Coarse ~45,000 0.020c * 2
Medium ~60,000 0.015¢ * 4
Fine ~95,000 0.010c * 6

* ¢ denotes the chord length of the blade profile.

&, profile - Notatnik DD e #%W
Plk Edycia Wysauks] Pomoc
#i#t Blade 1 P
u PrOFile 1 Turbo 3d nteece - =
1.7281868E+02  3.4859194E+01  -2.7544598E+01 i
1.7290272E+02  3.4605324E+01  -2.7011648E+61 o s e
1.7298516E+02  3.4350455E+01  -2.6478930E+01 L
1.7306546E+02  3.4089829E+01  -2.5948670E+01 :‘“”"’ o] j“ﬂ
1.7314380E+02  3.3823744E+01  -2.5420890E+01 —
1.7321992E+02  3.3549406E+01  -2.4896966E+01
1.7329386E+02  3.3267378E+01  -2.4376880E+01 =
1.7336543E+02  3.2974154E+01  -2.3862660E+01 '
1.7343478E+02  3.2672419E+01  -2.3353076E+01 L:M fim 2o Yo0H
(a) (b)
Figure 3. Stages of the mesh generation process for the TM-3 turbine blade passage: (a) Example of
coordinate file format (profile.curve) containing blade profile point data exported from AutoLISP to
be used for mesh generation; (b) Block-structured O-grid and C-grid mesh configuration enveloping
the blade surface and channel; (c) Final mesh colored by skewness, highlighting regions of high cell
distortion near the trailing edge and shroud wall.
o6 (a) Lift Coefficient (Cl) (b) Drag Coefficient (Cd) (c) Moment Coefficient (Cm)
| e Experimental 0.034f e Experimental 4 e Experimental -
=== Coarse grid === Coarse grid ,,’ —0.246 [ —-- coarse grid /_,/’
osl— :“:h::w‘;;\rl g 0.032| — Medium grid J/ = :f::::\::\l\dgu(l "—/,

0.4

cl

0.3

0.2

0.1

—-= Fine grid /)4 ~0.248

a/deg

Figure 4. Compares the variation in global Cl-lift, Cd-drag, and Cm-moment coefficients with angle of
attack, providing insight into the influence of inlet flow angle and validation with experimental trends.

The final medium grid (~60,000 elements) yielded y* values mostly between 0.4 and
0.9 (with local maxima up to 1.2 near trailing edges), thereby satisfying the y* < 1 criterion
recommended for low-Re SST k-w modeling. Mesh convergence studies confirmed that
the medium-resolution mesh provided a good balance between computational cost and ac-
curacy, with differences in aerodynamic coefficients (Cl, Cd, Cm) of less than 2% compared
to the fine grid. Mesh quality metrics were carefully controlled: skewness < 0.3, minimum
internal angle > 19°, and aspect ratios within ERCOFTAC best-practice guidelines [33].

The aerodynamic coefficients (Figure 4) characterize the flow behavior around the tur-
bine blade: Cl depends mainly on the pressure difference between the suction and pressure
sides, Cd reflects skin friction and pressure drag, and Cm indicates the pitching moment
due to pressure distribution along the chord, which shifts with changing flow regimes.

Across different grid densities, the results show good agreement with experimental
data, particularly during the flow acceleration and steady operating phases, as seen in the
accurate prediction of the rising Cl and moderately increasing Cd trends.

Discrepancies emerge near higher angles of attack where adverse pressure gradients
and incipient flow separation become more significant. In these regions, Cl is slightly
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underpredicted and Cd is overpredicted in the coarse mesh due to insufficient resolution of
boundary layers and wake effects, while Cm deviations reflect altered pressure distributions
across the blade surface.

The fine grid provided most accurate resolution of aerodynamic trends, including the
nonlinear variation in lift and drag coefficients and the curvature of the moment coefficient.
The medium grid provides a reliable trade-off between computational cost and fidelity.
Consequently, the medium-resolution mesh was adopted for all subsequent simulations in
this study.

2.2. Mathematical Model
2.2.1. Governing Equations

The numerical modeling of fluid flow in the two-stage steam turbine is based on
the Reynolds-Averaged Navier-Stokes (RANS) equations. These equations describe the
conservation of mass, momentum, and energy in a compressible, viscous fluid. The
influence of turbulence is accounted for through the inclusion of modeled Reynolds stresses
and additional transport equations for turbulence quantities.

For the three-dimensional problem of the presented mathematical model, we obtain a
system of seven partial differential equations. The equations are given in vector form and
derived in scalar form and represent the model for the flow of an unsteady, compressible,
viscous fluid.

The governing equations are presented below in their conservative, time-dependent form:

(a) Continuity equation:

op 0 -
5T a5 louj] =0 (1)
d , dpu)  9(pv)  9(pw) _
T T dy T =Y @
(b) Momentum equations:
d d
57 (oui) + ox; louiu; + pdi; — Tji] =0 3)
d(pu) 0 2 0 d(puv) 0 d(puw) 9
T a(p—i—pu ) 3o T 3y @Txy—i— 52 5, T = 0 (4)
d(pv) , d(puv) 9 0 2y O dpovw) 9 _
o T Tar Tty PR mg et T g =0 0
d(pw) I(puw) 0 d(pvw) 0 2] ) J
ot ax awt T ywtgpPrte)ogm=0 0
(c) Energy equation:
A00) G | ot (e + P =V (ru)-v-q )
9 pufeo 0 q

0 0
5; (0e0) + o [oujeo +ujp +q; — uiTy] =0 ®)
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8( )+i(ue —|—u)+i(ve +v)+i(we +wp) =
51 (pe0) = 5 (pueo + up) + 5 (poeo +0p) + - (pweo + wp) =

©)
0 0
o [uTxx + OTxy + Wy, — EIx] + @ [HTyx + OTyy + WTyz — l]y] + E [usz + 0Tzy + Wtz — q,z]
where ey = h — % + %(uz + v? + w?) is the total energy per unit mass.

2.2.2. Turbulence Models

Turbulence modeling plays a crucial role in the accurate prediction of flow features
within the turbine blade passages. This study evaluates three widely used two-equation
turbulence models: the standard k-¢ model, the standard k-w model, and the Shear Stress
Transport (SST) k-w model. Each model solves transport equations for the turbulent kinetic
energy k and an additional scalar quantity: the dissipation rate ¢ or the specific dissipation
rate w. These models are implemented and solved using the finite volume method in
ANSYS CFX-Task Flow, where y; is the turbulent viscosity, Py is the production term, and
«, B, 0y, 0 are model constants.

(a) Standard k-e¢ Model

The standard k-¢ model is robust for fully developed turbulent flows and is
widely used due to its simplicity and computational efficiency. It is based on the eddy

viscosity hypothesis:
pk?
Mt = CyT (10)
Turbulent kinetic energy k:
o(pk)  9(puk) _ 9 pe\ Ok
ot + ax] ~ Px p€+ Bx] # + O ax] (11)
Turbulent dissipation rate (e):
dpe)  Apwe) e K u) o

Constants are: C;, = 0.09, Ciq =144, C =192, 0, =10, 0. =13,
(b) Standard k-w Model

The standard k-w model is more suitable for near-wall and low Reynolds number
flows. It defines turbulence using the specific dissipation rate w = ¢/(B+*k) and is ex-

pressed as:
ok
=" (13)
Turbulent kinetic energy (k):
d(pk) | dlpujk) ) d ,pk\ ok
5 ax; =P ﬁpkw+axj pto ax; (14)

Specific dissipation rate (w):

Ipw)  dpujw) w5 D
ot T aw CMETPAOTR

(i)l o9
J

Constants are: « = 0.52 f=0.072 p'=0.09 o =2.0 0, =2.0.



Algorithms 2025, 18, 578 9 of 27
(c) Shear Stress Transport (SST) k-w model
Turbulent kinetic energy k:
a(pk) a(pu]'k) _ / ok _ turbaui
9 O | ok — BNOK) O e (e BV K] 9 o — (g P O]
5t PP T 5 ["k” (” * ak) ax] "oy ["kv (“+ ak> ay} MEE [pkw (” o )ez) T
(17)
2 (2 2+2 % 2+2 9w 2+ a—u+a—v 2+ a—u+a—w 2+ a—w+a—v z—ﬁ’ wk
pt ox oy 0z dy  ox oz  ox dy 0z p
Specific dissipation rate w:
3 i o / aﬁ_g_l 2, _turb% /%
Bt(pw)+8xj pujw (y—l—oy)axj] —ockP Bow™ P =T ax, = (18)
Specific dissipation rate (w):
d(pw)  d(pujw)  w , 0 dw 00,2 Ok dw
o T ax, a= P — ppw® + Fro (y+awyt)a—xj +2(1-F)== ax, ax, (19)
where F; the blending is function and y; is limited by:
_ park
e = max(alw, SFQ) (20)
2 (o) + | oueo = (4 1) 22| + 2 | powo = (4 1) 22| + 2 oo — e+ o) 22| =
ot P T oy |PHY T T TGy oy poc =T op oy P L =
(21)

PRI PY 0 R R R R R LT R z—ﬁ’w2
KH 7\ ax dy Jz ay " ox 9z ' ox dy | oz p
Constants are: « = 0.31 f=0.09 B =0.09 o =0.85 0, = 0.5.

2.2.3. Numerical Formulation in Conservative Vector Form

For numerical implementation, the above equations are rewritten in conservative
vector form as follows:

d d d d
EQ‘F%(E_EU)‘F*(F_FU)'FE

3y (22)

(G_Gv):S

where Q is the state vector, E, F, i G inviscid fluxes; E,, Fy, i G, viscous fluxes; and flux-
source term vector, S. These terms and account for turbulent transport effects using modeled
expressions for Ti, gj, and additional source terms from the turbulence model. The diffusion
terms (dj(k) , d]-(“’)), and the source terms presented in the equations for k and w are defined
in Equations (23)—(27), which explicitly define the state vector, inviscid fluxes, viscous
fluxes, and source terms.

O pu po pw
ou pu2 +p puv ouw
ov oovu pvz +p povw
Q=| pw | E=| pwu F=| pwo G=| pw?+p (23)
peo (peo + p)u (peo + p)v (peo + p)w
ok pku kv pkw
L pw | pwu | pwv pww
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[0 ] [0 1 [0 1
—Txx —Txy —Txz
~Tyx ~Tyy — Ty
Ey=| —Tax Fo=| Ty Gp=| Tz (24)
—Toxll — Tyx® — ToxW + G —Taxll — Tya0 — ToxW + G2 —Taxll — Tyx — ToxW + g2
dg((k) d;k) dgk)
| 4 _ | a4y _ | 4 _
a0 0 ) K9 ﬂ)— W & sy oD (25)
] x; o ox; | ox 0x; el
f ot p Ui w
sl@) = ( Catfit" 5= = Cwnfopw | — = +pE
o pu pv pw
ot U+ p — Tux UV — Tyx U — Ty
oo pUU — Tyx pvz +p— Ty POW — Ty
Q= | pw E—E, = oW — Tyy F-F = WO — Ty G—Gy = 0w +p—To (26)
0eo (0eo + p)u — Texth — Tyxz/ — T W + gy (0o + p)v — Tyatt — T/yv - Tyzw +aqy (0eo + P)W — Tzl — Tyz¥ — TozW + G2
ok puu — (j + 1) pko — (u+5) ag pkw — (i + 5) %
pw peon — (1 -+ )32 5 pwo — #+U’H T puww — (H+0’#)a‘;’
r 0 1 [ 0 | r 0 1
0 0 0
0 0 0
S, = 0 Syx = 0 S, = 0 (27)
0 0 0
Tez %’J‘(’ pw — pD Tay 5y I pw —pD Tyz% — pw — pD
| (Catfiz 32 — Cunfopw) — ¢ +pE] (Cotfite 3t — Cunfopw) — & +pE | (Cat it 32 — Cunfapw) — ¢ +pE]

2.3. Discretization and Numerical Solution of the Governing Equations

Conservative laws for fluid flow can be expressed mathematically or in differential form. These
systems do not offer analytical solutions. To obtain a numerical approximate solution, we use the
method of discretization. Discretization is a process by which the necessary partial-differential equa-
tions of the system are replaced in their corresponding volume parts. The differential equations are
transformed into algebraic equations that should correctly approximate the transport characteristics
of the physical process. Discretization identifies the locations of nodes (and flux elements) used in the
physical configuration model. There are different ways of discretization, as well as many discussions
about the advantages and disadvantages of concrete discretization and different achievements. When
we use the integral form of the equations, the domain of the solution is divided into small volumes
(or surfaces for the two-dimensional case). According to this, the law of conservation in integral form
can be applied to these elementary volumes.

In order to obtain a finite-dimensional plane system in space, the necessary plane expressions
in the compact form Equation (22) are discretized on the structural non-orthogonal multi-block
boundary mesh, and we look at the quantities Q, depending on the conditional ground control
volume (), fixed in time and limited by the surface of the volume V. The local intensity of Q varies
only with the flow, which represents the contribution of the surrounding points to the local value
from the original value Q. The flow vector F contains two components, the diffusion part FD and the
convective part Fc.

2.3.1. Integral Formulation of Conservation Laws
The integral form of the Naver-Stokes equation is suitable for solving all volume formulas. The

general form of the conservation law is expressed Equation (28):

9
ay

9

E(G*Gv)zs

9 0
Q43— (E—Eo)+ 5 (F—F)+ (28)
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The general form of the conservation law expressed in vector form:
00 o,
By integrating Equation (29) around the control volume () we obtain:
9 - = -
g/dejL?{F-dv—?{Fv.dv:/s(zv (30)
O Q Q Q
If the mesh is stationary, then Equation (30) can be written using Gauss’s theorem as:
d — _
VE(QH—/F-dS—/Fv-dS:VS (31)

0Q Q)

where the variables represent the average values of the field quantities over the control volume and
are defined as:

o -1
Q:VZQ-dV,S:V({S-dV (32)

where V is the volume of the control volume (), given by the geometry. In other words, Equation (29)
shows that the rate of change in the average value of the vector is equal to the sum of all the
fluxes across the boundaries plus the source term. The flux term can be considered as the sum of
contributions from each surface of the control volume ):

/Fj-dsj:Z /Fj-dS]- (33)

Q) face face

Assuming that the variable is constant over each face, the above equation can then be rewritten
where the vector is the surface normal to the face and has a magnitude equal to the surface area of
that face. Finally, the required Equation (29), discretized over the structured mesh, can be written as:

d — face oface i
VE(Q)—I—J;EF]. 5§ =vs (34)

The solution of the cell-averaged vector is stored in each cell, and the solution advances in time
by computing the flux term and the source term in Equation (34).

2.3.2. Upstream Differencing Scheme

In numerical computation, the flux vectors of the flow will be calculated using the Upstream
Differencing Scheme (UDS). The Upstream Differencing Scheme consists of the following procedure: If
the fluid flows “upstream” from node P to node E (Figure 5), then the value at face ¢, is calculated as:

e = ¢p

(a) (b)

Figure 5. Transformation of the shape of an eight-node hexahedral flux element.
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Under this scheme, it is assumed that ¢ is constant across the control volume, which leads
to shifted solution results. The assumptions in the use of UDS are first-order accurate and show
significant distortion of gradients and large errors in the solution.

2.3.3. Flux Elements

To complete the description of the distribution of nodes in the computational domain, it is
useful to introduce the concept of a flux element. The flux element shown in Figure 5a is a linear,
hexahedral element defined by eight nodes.

The transformation of the equations from non-orthogonal to orthogonal coordinates is given by
the following expressions:

= ) N(stu),d, (35)
n=1,N

xi= Y N(stu),xy (36)
n=1,N

The visual transformation of the shape of the hexahedral eight-node flux element from physical
to computational form is shown in Figure 5b.

For the (i, j, k) flux elements, the domain of elements may be defined using local non-orthogonal
coordinates s, t, and u, through the equations:

x(s,t,u) = Nixijje + Noxip ik + NaXij1 o+ NaXip ik + NoXijer1 + NeXisjei1+

(37)
N7x;i 11,1 + NoXit1,j41,k+1

y(s,t,u) = Niyiji + Noyiv1jk + Navijsik + Nayivrjoix + NoVijer1 + Neyivajee1+ (38)
N7Yijv1k+1 + Nsyip1jr1k41

z(s,t,u) = N1z;jx + Nozigajk + Nazijyix + Nazigpjrie + Nozijeer + NeZig1 ikt (39)

Nyzjjy1 1 + Nezitji1 ki1

The function N is defined by the following equations:

where the limits of the local coordinates are defined within:
-1<s<1, -1<t<1;, -1<u <1

2.3.4. Discretization of Convective Terms

The following equations represent the discretization of the convective terms from the governing
equations, written in the standard form used by the Task Flow software (ANSYS CFX 2022 R2). For
example, at an integration point in the x-direction, we have:

Z(pUiQDdAi)ip (40)
ip
puiip = Z [N(S/t/u)n}ip(pui)n (41)
n=1,N
— oo 2
@i = On + <x11p7sz) (BTC,-)N+O(A ) (42)
An implicit method is applied to the resulting linear equations, which is generally expressed as:
Pl _ n+1 n oF /i1 n
o =5 | AV =—F@) ~ —{F@k)y + 55 (@4 — o) (43)
N
ﬂ ai n+1 _ gn _ n
{At + 25 N,M<q>M @) = ~F(@f)y (44)
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2.3.5. Discretization of Viscous Terms

The following equations represent the discretization of the viscous terms from the governing
equations, also expressed in the standard form used by Task Flow. For example, at the integration
point in the x-direction, we have:

0P
Z(FeffﬁdAi) . (45)
ip ! p
Tip= ) [N(s,t, )] ;,Tn (46)

n=1,N
ko) ON(s, t,u) Bsk>
7)) = Dt S Aol S Y 47
(axi)z‘p n—1,N( s 1 0Xj ip ! 47

ﬁ aNn

™ T, ? (48)

where the summation is over the complete set of shape functions of the element. The derivatives
of the shape functions in Cartesian coordinates can be expressed in terms of their local derivatives
through the Jacobian transformation matrix:

-1

N x W ez N

ox ds ds 0s Js ON ON

oN ox 9y 0z IN

| =1 o o a a | {ax} ] [C} (49)
N ox % 9z N

0z Ju Ju Ju Ju

The computation of the metric follows from the expressions is given in section Flux Elements.

2.4. Solving the System of Equations

Any non-singular matrix can be decomposed into a product of a lower and an upper triangular
matrix. This decomposition is useful because it allows the system of equations to be solved in two
steps: forward elimination and backward substitution.

2.4.1. LU Decomposition

A general system of equations is considered as:
Ax=b (50)
An approximate solution is assumed, which is to be to improve:
x=x"+x' (51)
By substituting this expression into Equation (50), the correction equation is obtained:
Ax' =R (52)
Here, R denotes the residual associated with the current approximation:
R=Db—Ax" (53)
The matrix A is then expressed as the product of lower and upper triangular matrices:
A=1U (54)
Accordingly, the correction equation takes the form:
LUX =R (55)
The following substitutions are defined:

LUX = RwhereLy = R (56)
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This leads to the forward substitution step:
y=L"IR (57)
And the backward substitution step yields the correction:
X =U"ly (58)

If the decomposition is not exact, this approach provides an improved approximation of

the solution:
XL = x4 ¥/ (59)

This process is iterated until the residual becomes sufficiently small.

The solution of the system of equations using lower and upper triangular matrices is relatively
straightforward. Equation (57) represents the forward elimination step, while Equation (58) corre-
sponds to backward substitution. When the matrix structure is banded, the computational procedure
becomes particularly efficient. This efficiency is characteristic of the Incomplete Lower Upper (ILU)
decomposition method, which avoids generating additional non-zero elements outside the original
matrix pattern.

For illustration, a two-dimensional matrix structure with five nodal points is examined. The
nodal connectivity and neighbor relationships are shown in Figure 6a, which results in a matrix with
five non-zero diagonals. The LU decomposition yields two triangular matrices (Figure 6b). In the
ILU method implemented in Task Flow, only the main diagonal is modified, while all uncomputed
off-diagonal elements in the L and U matrices remain consistent with the original structure of A.

j+1 O n O
ALY ALY AN
i O (\\\ \ ) = (\\\\\T\ ) ( \\x\\)
- a» re NG VNN N/
j-1 0 4 O ' L U
() (b)

Figure 6. (a) Stencil representation of the discretization scheme, showing the central coefficient Ap,
and its neighboring nodes Aw, Ac, As, An. (b) Diagonal matrix and Incomplete Lower Upper (ILU)
decomposition into lower (L) and upper (U) triangular matrices.

Solving the system of equations with lower and upper matrix coefficients
is straightforward.

Equation (57) corresponds to forward elimination, and Equation (58) to backward substitution.
If their structure is limited to a few bands, the process is also very fast. This is what can be achieved
with the Incomplete Lower Upper (ILU) decomposition method. Task Flow does not create filled L
and U matrices outside the pattern of the original matrix. This is illustrated by the following example.

We consider the coefficient structure in 2D for 5 nodal points. The connectivity between the
nodes and their neighbors is shown in Figure 6. This results in a matrix with 5 non-zero diagonals.
The previously mentioned LU decomposition will produce two matrices with the structure indicated
in Figure 6, as a supplement to the ILU decomposition implemented in Task Flow, which modifies
only the main diagonal of the decomposition. The uncomputed diagonals in the L and U matrices in
Figure 6 remain identical to those in matrix A.

2.4.2. ILU Approximation and 2D Example

To simplify, we examine a 2D system of equations. This system can be expressed in the form of
Equation (60), derived from the coefficient structure shown in Figure 6:

AP i + AE; j¢; j + AW, i 1; + AN; i i1 + ASij¢ij 1 =R (60)
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The relation can be written as:

¢ij = Eij[Fij — AE; j¢it1,j — AN; j¢i 1] (61)
where the definitions of E and F should be determined using the relations for i — 1, j and
i,j—1:

$i-1j=Ei1j[Fi1j— AEi1,¢ij — ANi_1,$i1,j41] (62)
$ij-1=Eij1[Fj-1— AE;j_1¢iy1,-1 — AN;j_19; ] (63)

Substituting Equations (62) and (63) into Equation (60), we obtain:

$ijlAP;j — AW E;_1jAE;_1j— ASiEij 1AN;j 1] + AE; i1, + AN jpiji1 =

(64)
Rjj— AW, E; 1Fi1j— ASijE;j1Fj1 — AW Ei_1;AN;_1$i—1j+1 — AS;jE; j 1AE; j 1it1,j1
With regrouping, we get:
(]Ji,]' = [APi,j — AWi,jEifl,jAEifl,j — Asi,jEi,jflANi,j71]71 X
[Rij — AW, E;i 1 Fi1j;— ASijEij 1Fij-1 — AE; i1+ AN i j 11— (65)

AW, E;_1;AN;_1,¢i 1,41 — ASijEi; 1AE;;j 1¢ii1,-1]

This equation has the same form as Equation (61), except for the last two terms. If Equation (60)
is a modal-level equation (represents the solution, not a correction; R is the right-hand side, not the
residual), these terms can be approximated using the previous value of ¢. In the correction mode,
they can be neglected if the corrections tend toward zero. Both alternatives are essentially equivalent,
but the latter requires fewer operations in the iterative scheme.

If this is done, then E and F are defined as:

1
E;j = [AP;; — AW, E; 1;AE; 1;— AS;;E;;j 1AN;; 1] (66)

Fj=[R;j— AW, E; 1jFi_1;— AS;;E;; 1F;j 1] (67)

Due to this assumption, the method becomes an approximate solution method, which must be
iterated. To obtain certain residual reductions in the corrected module, the complete algorithm must
include the following steps:

Perform approximate matrix decomposition using Equation (66). This step is equivalent to
Equation (67);

Based on the current solution, compute the residual R, equivalent to Equation (53);

If the residual target is achieved, stop the process;

Find the term F using Equation (67). This is the backward substitution corresponding to
Equation (57);

Find the correction by solving Equation (61), which is backward substitution equivalent to
Equation (58);

Update the current solution with the correction as in Equation (59), then return to next step.

3. Simulations and Results

Total pressure distribution is a critical parameter for evaluating regions within a turbine where
major aerodynamic losses occur. Zones of reduced total pressure often indicate areas of separation,
wake formation, or secondary flow development.

At the inlet of the first turbine stage, the flow field exhibits a uniform total pressure profile
across the stator passage (surface S1), indicating well-conditioned inflow conditions (Figure 7).
As the fluid progresses through the stator and rotor rows, the pressure field evolves significantly.
Figure 7a presents total pressure contours and flow vectors at the stator outlet surface (S2), revealing
pronounced pressure drops near the trailing edge due to separation and wake development. The
vector field further highlights regions influenced by secondary flow structures.
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Figure 7. Total and static pressure distributions in the first turbine stage: (a) Total pressure contours
and flow vectors at the stator outlet surface (52), (b) Circumferentially averaged total pressure along
the normalized meridional axis, and (c) Static pressure distribution at mid-span (50%), surface (S3).

To assess the development of losses along the axial direction, Figure 7b shows the circumfer-
entially averaged total pressure along the normalized meridional axis. This trend illustrates how
pressure losses accumulate through the blade rows. Complementarily, the static pressure distribution
at mid-span (50%) is visualized in Figure 7c (surface S3), providing insight into blade loading and
static pressure gradients.

Figures 8 and 9 illustrate the impact of turbulence model selection on the predicted pressure
field within a turbine stage. In Figure 8, the total pressure contours differ between the k-¢ (Figure 8a)
and standard k-w models (Figure 8b), highlighting variations in the resolution of wake structures and
pressure loss zones. These differences are particularly noticeable downstream of the blade trailing edges.

Figure 9 presents blade-to-blade total pressure contours generated using the SST k-w model at
two spanwise locations: 0% (hub region, Figure 9a) and 100% (tip region, Figure 9b). While the hub
region shows relatively uniform pressure distribution, the tip region reveals intensified losses due
to leakage flows and tip vortices. This spanwise variation highlights the importance of capturing
three-dimensional effects in turbine flow simulations. Additional observations near the blade surfaces
indicate that areas of reduced total pressure likely correspond to intensified secondary flow. Near
the hub region, the boundary layer appears to grow more significantly, contributing to stronger
secondary flow formation and more extensive wake regions behind the blade. At the rotor tip, tip
leakage and flow detachment are evident, especially along the suction side, where local pressure
drops are most severe. These findings are consistent with known blade passage flow behavior in
multistage turbine configurations.
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Figure 8. Total pressure distribution through the turbine stage using different turbulence models: (a)
Standard k-¢ model, (b) Standard k-w model.
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Figure 9. Blade-to-blade total pressure contours using the SST k-w model at (a) 0% span (hub region)
and (b) 100% span (tip region).

The SST k-w model was ultimately chosen for the final analyses, as it provides a reliable
compromise between computational cost and accuracy, particularly in regions with strong pressure
gradients and flow separation.

3.1. Velocity Distribution

Velocity is a fundamental parameter in characterizing any fluid flow, particularly in turbulent
regimes. In turbine passages, the velocity field reveals how the flow accelerates, decelerates, and
deviates due to blade geometry, pressure gradients, and secondary flow development. Because
velocity is not constant at a given location and varies in both magnitude and direction, it is often
analyzed through its three orthogonal components, axial (u), radial (v), and tangential (w).

Figure 10 presents contour plots of the three velocity components in the meridional plane,
extracted from a steady-state RANS simulation using the SST k-w turbulence model. This model
was selected due to its improved treatment of near-wall effects and ability to capture complex flow
phenomena in turbomachinery.
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Figure 10. Contour plots of the three velocity components in the meridional plane: (a) axial velocity
u, (b) radial velocity v, and (c) tangential velocity w. Results are extracted from steady-state RANS
simulation using the SST k-w turbulence model in ANSYS CFX.

The axial velocity component (1) captures the dominant flow direction and highlights regions
of flow acceleration and deceleration. Low-velocity zones near the end walls are clearly visible,
indicating boundary layer growth and potential separation, which are well captured by the SST k-w
model due to its sensitivity to adverse pressure gradients.

The radial velocity component (v) shows cross-passage flow patterns that are characteristic of
secondary flows induced by the blade row. These features are often under-predicted by models like
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standard k-¢, which assume isotropic turbulence. In contrast, SST k-w accounts for anisotropy near
walls and provides more realistic secondary flow prediction.

The tangential velocity component (w) reveals swirling structures and vortex patterns, particu-
larly near the lower boundary. These rotational motions are critical for understanding total pressure
losses and blade loading. The SST k-w model successfully resolves these vortical features, while
diffusive models such as k-¢ typically smooth them out.

The velocity component distributions confirm the importance of turbulence model selection
in predicting flow behavior within turbine passages. The SST k-w model offers a more physically
accurate representation of velocity gradients, secondary flows, and wall-bounded effects in highly
curved geometries.

3.2. Thermodynamic Field and Compressibility Effects

To complement the pressure and velocity analysis, thermodynamic and turbulence-related
quantities were evaluated at the stator inlet plane (S1). These fields offer insights into the fluid’s
compressible behavior, mesh resolution quality, and the effectiveness of the turbulence model in
near-wall regions.

The results are summarized in Table 3 and explained with reference to Figures 11-13,
highlighting the underlying physical models and observed results that support the credibility of

the simulation’s.

Table 3. Interpretation of thermodynamic and turbulence fields presented in Figures 11-13.

No Figure Focus Scientific Basis/Formula/Argument Result
Mesh Quality: Small control volumes near the wall ensure Mesh refinement near walls
accurate resolution of velocity and thermal gradients (Ay™
criterion). and ts,mall control volumes
Domain setup, Density Field: From the ideal gas law p = p/RT, pressure confirm accurate boundary
o L " ; layer capture.
compressibility, and ~ or temperature variations lead to stratified density across . e
11 wall-bounded flow the passage Density stratification follows
characteristics Turbulent Wall Distance: Used in wall functions; exp ect.ed compressible
L S behavior.
determines if near-wall mesh lies in viscous sublayer or . o
) o 3 Wall distance indicates
ogarithmic layer. Values ~107> m indicate well-captured .
boundary layers suitable near-wall treatment.
Figures show energy drop
Internal Energy e is related to static temperature T by: from ”3-2045 % 10°J/kg to
e = ¢, T thermal energy is extracted due to flow expansion. ~3-191 x 107 ] /kg Int?mfﬂ
Thermodynamic Total-Relative Temperature: energy drop (~0.4%) indicates
12 flow analvsis and T T 02, energy extraction through
Y : orel = T+ 2, blade work.
Energy conversion High T re) near trailing edges and tips indicates loss of High T, ,; at trailing edge and
mechanical work Via. ki.neti.c-to-thermal energy conversion tip sugg/ests presence of wake
(wake, turbulence dissipation). and separation losses (wake,
vortex zones).
Blending Function F;: defines SST switching from
smoothly transitions from k-w near the wall to k-¢ in the
gc?zci’;ream. Critical in modeling separation and wall High F1 ~ 1 near walls
Linking turbulence High F1 ~ 1 near walls ensures use of low-Re formulation ic_)zﬁ;g;i ;(())Izicdtaliselgf eSrSST
model to predicted for resolving near-wall behavior. y 1ayers.
13 . L e Temperature range
temperature Temperature field T is influenced by modeled dissipation (314-318 K) varies with
distribution rate €, so the choice of turbulence model impacts viscous

heating and boundary layer thickness.

In the figure, T ranges from 314 K to 318 K. Slight shifts in
the peak temperature locations reflect how F1 affects flow
reattachment or separation regions.

model, showing sensitivity to
wall heat and dissipation.
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Figure 11. Foundational flow characteristics at the stator inlet plane (S1): (a) Control volume distribu-
tion showing mesh refinement near the blade surface, (b) density field highlighting compressibility
effects, and (c) distance to turbulent wall indicating boundary layer development and secondary
flow regions.
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Figure 12. Energy-related thermodynamic fields at S1: (a) Static internal energy contours indicating
zones of energy extraction and dissipation, (b) coarse-contour visualization of internal energy for
macroscopic flow interpretation, and (c) total-relative temperature field capturing combined thermal

and kinetic energy effects and identifying regions of stagnation heating.
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Figure 13. Turbulence model behavior and its thermal impact at S1: (a) SST blending function F1
illustrating model transition from k-w to k-¢ across the domain, (b) static temperature distribution
reflecting viscous heating and thermal loading, and (c) alternative view of temperature field showing
stratification along the blade span.
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3.3. Comparative Analysis of Turbulence Models

To evaluate the influence of turbulence modeling on aerodynamic loss prediction, simulations
were conducted using three standard models: k-¢, k-w, and SST k-w. The total pressure loss behavior
along the normalized meridional axis is presented in Figure 14.
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Figure 14. Meridional Comparison of Total Pressure Loss for Different Turbulence Models.

In Figure 14 is a comparison of total pressure loss along the normalized meridional location for
three turbulence models: k-¢ (red dashed line), k-w (orange line), and SST k-w (magenta line). The
SST k-w model exhibits the steepest decline in total pressure, indicating its enhanced capability to
capture near-wall losses, boundary layer separation, and shear layer development. The k-¢ model
underpredicts losses, while the k-w model shows intermediate behavior. The plot is based on
circumferentially area-averaged total pressure values extracted from CFX simulations.

3.4. Quantitative Analysis Using Pressure Loss Coefficient

The pressure loss coefficient (¢) was used to quantify energy loss and compare against experi-
mental data from the TM-3 turbine test rig. It is defined as:

(= M?_—W (68)
fpVinlet

where p; ;. is total pressure at inlet; p; 4,4, is total pressure at outlet, p is density of the working
fluid Vjyj+ velocity magnitude at inlet.

This formula compares the total pressure loss (numerator) to the dynamic pressure at the inlet
(denominator), effectively normalizing the energy loss.

The error between simulation and experiment is calculated by:

gsi m gexp

exp

Error(%) = x 100 (69)

Equations (68) and (69) define the methodology for calculating the pressure loss coefficient and
its deviation from experimental values. Table 4 summarizes the deviation between numerical and
experimental values at mid-span for pressure loss coefficients, while Figure 15 provides a visual
comparison across turbulence models. Together, they confirm the superior accuracy of the SST
k-w model.

These results demonstrate the superior accuracy of the SST model in predicting aerodynamic
losses under subsonic, high-Reynolds number conditions.
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Table 4. Comparison of experimental and simulated pressure loss coefficient ¢ at mid-span across
turbulence models.

Turbulence Model ¢ exp ¢ sim Error (%)
k-¢ 0.048 0.056 16.7
k-w 0.048 0.052 8.3
SST k-w 0.048 0.050 42
k-g model
54 k-w model

—4— SST k-w model
—-==- Experimental data

o o
o N

»
©

Pressure loss coefficient { [%]

0 20 20 60 80 100
Span location [%]
Figure 15. Pressure loss coefficient  distribution along the span for turbulence models compared
with experimental data.

3.5. Validation with Experimental Data

Model predictions were compared against experimental data from the TM-3 turbine test rig,
focusing on: outlet static pressure, velocity profiles, blade surface pressure coefficients.

The SST k-w model exhibited the closest agreement with experimental data, particularly near
the leading edge and in the wake region of the trailing edge, as shown in the total pressure contours
(Figure 9). These contours reveal distinct pressure drops and separation zones, particularly near the
tip region (100% span), indicating tip leakage and trailing edge losses. The experimental setup at the
Institute of Fluid Machinery (Lodz University of Technology) provides instrumentation accuracy of
+0.5% for static pressure, £1.0% for velocity (hot-wire probes), and £1.5 K for temperature. When
propagated to derived quantities such as the pressure loss coefficient, the overall uncertainty is
estimated at +5%. The reliability of the TM-3 rig instrumentation has also been demonstrated in
earlier Lodz-based investigations, including Smolny et al. [45] on vane clocking and Fiderek et al. [46]
on fuzzy-flow regulation, both of which reported comparable uncertainty margins.

The 4.2% deviation obtained with the SST k-w model is therefore within the experimental
uncertainty margin, confirming that the comparisons are reliable and not statistically significant. This
error range is also consistent with published turbine CFD validations, where deviations of 4-7% are
commonly reported [38-40]. Comparable TM-3 studies (Smolny et al. [45]) also showed deviations of
4-6% depending on clocking and incidence, further confirming that the present benchmark results
fall within the expected reliability range.

3.6. Extended Validation Across Thermodynamic and Flow Parameters

A broader comparison was performed using flow and thermodynamic quantities at the stator
outlet (S2 plane). Table 5 summarizes the predicted values extracted from CFX simulations.

The SST k-w model delivered values closest to experimental data across multiple fields. For
instance: Static pressure: 104,800 Pa (exp: 105,000 Pa), Velocity: 95.0 m/s, Total temperature: 327.9 K,
Density: 1.20 kg/ mS.

These results are attributed to the blending function F1 used in the SST model, which ensures
smooth transitions between the k-¢ formulation in the free stream and the k-w formulation near
walls, enabling better modeling of both core flow and boundary layers.
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Table 5. Extracted parameter values from CFX contours within the stator passage.
Parameter Min Value Max Value Units
Control Volume 6.381 x 10710 6.031 x 1077 m?
Density (p) 1.171 x 10° 1.205 x 10° kg/m?
Distance to Turbulent Wall 0.000 x 10° 1.158 x 1072 m
Static Energy 3.191 x 10° 3.204 x 10° J/kg
Energy (from CV view) 3.205 x 10° 3.212 x 10° J/kg
Turbulence Blending F1_TURB 1.972 x 1073 1.000 x 10° —(dimensionless)

Interestingly, the turbulent viscosity was highest in the k-w model, suggesting a more diffusive

behavior, while the lowest wall distance (y*) was observed in the SST model, indicating superior

near-wall resolution.

3.7. Turbulence Model Comparison Based on Mass-Averaged Flow Quantities

To provide further insight, Table 6 presents mass-averaged flow results at the stator outlet for

each turbulence model, including thermodynamic variables and derived isentropic pressure loss.

Table 6. Comparison of experimental and simulated pressure loss coefficient ¢ at mid-span.

k-w SST k-w
Parameter k-&¢ Model Model Model
Static Pressure p [Pa] 101,658.2 101,655.4 101,657.9
Total Pressure p; [Pa] 106,721.1 106,698.6 106,722.0
Temperature T [K] 310.60 310.66 310.70
Density p [kg/m3] 1.1404 1.1399 1.1402
Velocity Magnitude V [m/s] 91.81 91.99 92.30
Mach Number M 0.251 0.255 0.261
Speed of Sound a [m/s] 434.44 434.97 436.38
Isentropic Total Pressure [Pa] 110,950.8 111,090.4 110,968.5
Pressure Loss Coefficient Cp 1555 [%] 3.81 3.95 3.83

While the isentropic loss coefficients for all models remain within acceptable ranges, the SST
model demonstrates the best balance between accuracy and robustness, particularly in resolving
near-wall and compressibility effects in the steam turbine flow domain.

4. Discussion

The results of this study demonstrate the superior performance of the SST k-w turbulence model
in capturing aerodynamic losses, pressure distributions, and thermodynamic parameters in a two-
stage steam turbine configuration. These findings are consistent with prior work in turbomachinery
modeling. For example, Gourdain et al. [38] highlighted the effectiveness of turbulence models such
as SST k-w in predicting wake losses and secondary flow structures, particularly when maintaining
low wall-normal distances (low y* values), which aligns with the meshing strategy adopted in
this study [38].

The standard k-e¢ model, despite its computational efficiency and widespread use in industrial
CFD, exhibited known limitations in resolving wall-bounded flows with adverse pressure gradients.
It underpredicted pressure losses and failed to resolve wake regions accurately, as similarly reported
in previous studies. In contrast, the SST model provided more accurate predictions for loss coefficients
and better resolved near-wall flow features, which is in agreement with recent findings in numerical
turbulence studies [39].

Additional support comes from the work of Jing et al. [40], who used an improved delayed
detached eddy simulation (IDDES) approach and found that the SST model better captured flow
acceleration, Mach number profiles, and wake thickness in transonic turbine cascades. In the present
study, comparable behavior was observed, particularly in the accurate prediction of flow acceler-
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ation (with a peak Mach number of M = 0.261), further validating the SST model’s suitability for
compressible flow environments.

Yanovych et al. [40] provided further evidence of the SST model’s reliability, particularly the
SST-y-0 transition variant, for predicting boundary layer transition and wake development in turbine
blade cascades. Their study confirmed that structured mesh topologies, including O-type and H-type
grids, significantly enhance the accuracy of transition and separation predictions—an observation
consistent with the present work.

Moreover, Wu et al. [41] demonstrated that variations in inlet turbulence intensity strongly
influence secondary flow behavior and boundary layer separation in turbine cascades. Their results,
obtained using the SST model, showed that increased turbulence intensity reduces suction-side
separation but enhances secondary flow losses—trends that were also evident in this study.

Complementary investigations by Pfihoda and Kozel [42] on turbulent transition in complex ge-
ometries further reinforce the importance of transition modeling, suggesting that the SST framework
is well suited when extended with transition-sensitive corrections.

Recent reviews, such as Jamalabadi [43], highlight the ongoing evolution of high-fidelity simu-
lations and turbulence modeling strategies for gas turbines, framing the present RANS benchmark as
a practical and computationally efficient counterpart.

Similarly, Lavimi et al. [44] emphasized the role of adjoint-based aerodynamic optimization in
turbomachinery, and our results demonstrate how reliable turbulence models (SST k-w) provide the
stable flow predictions required for such optimization workflows.

McConnell et al. [45] and Ren et al. [46] confirmed through DES/WMLES approaches that
hybrid models capture vortex shedding and separation in bluff-body and wall-mounted geometries.
Our findings align with these results, since the SST model showed superior robustness in separated
regions of the turbine channel, particularly near the tip leakage zone.

In addition, Cremades Rey et al. [47] and Usov et al. [48] have recently addressed the uncertainty
quantification and calibration of RANS closures, indicating that SST k-w can be used as a baseline
model for systematic uncertainty studies—supporting our conclusion that the TM-3 benchmark case
offers reproducible data for such assessments.

Experimental observations by Yanovych et al. [40] offer complementary validation from a
different physical perspective. Their hot-wire measurements revealed increased turbulence intensity,
kinetic energy, and integral length scale during blade vibration. Although the excitation mechanisms
differ from the present setup, the resulting flow effects—such as coherent vortex formation and
Reynolds stress anisotropy—mirror those captured in the present SST-based CFD simulations.

In addition to velocity, pressure, and temperature distributions, the analysis also considered
entropy generation as an indicator of aerodynamic losses and overall turbine efficiency. Entropy
generation originates primarily from viscous dissipation in boundary layers and wakes, as well as
from thermal gradients in regions with strong heat transfer. Among the models tested, the SST k-w
model predicted the lowest entropy generation rates in near-wall regions and wake structures, which
is consistent with its superior accuracy in capturing pressure losses and secondary flow effects. By
contrast, the k-¢ model significantly underpredicted entropy production in separated flow zones,
masking the underlying efficiency penalties. These findings emphasize that the SST k-w model
not only provides better flow-field resolution but also establishes a more reliable framework for
evaluating efficiency-related mechanisms in turbine design.

A further aspect concerns the dynamic role of the SST blending function (F1). This function acts
as a local switch, automatically detecting near-wall regions where the k-w formulation performs best,
while transitioning smoothly to k-¢ behavior in the free stream. In zones of separation and reattach-
ment, the F1 function adapts to boundary layer recovery and wake development, which explains the
enhanced predictive accuracy of the SST model compared to standalone two-equation models.

Overall, the numerical findings are strongly supported by recent developments in the liter-
ature [36,40-47], affirming the SST k-w model’s robustness and accuracy in modeling turbulent,
compressible flows in multistage turbine configurations. Its consistent agreement with both experi-
mental measurements and high-fidelity simulations underscores its utility in predicting aerodynamic
losses and guiding performance optimization in turbomachinery applications.

Beyond confirming consistency with prior studies, this work provides several unique contribu-
tions. First, it systematically benchmarks three widely used RANS turbulence models (k-¢, k-w, SST
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k-w) in the context of a laboratory-scale, two-stage turbine (TM-3), a configuration that has received
limited attention compared to industrial-scale turbines. Second, by explicitly reporting mesh quality
metrics (y* distribution, skewness, aspect ratio) and conducting a formal grid-independence study,
the study establishes transparent best-practice guidelines for CFD modeling at small scales. Third,
the paper quantifies prediction errors in pressure loss coefficients (e.g., 4.2% deviation for SST k-w,
compared to 8.3% for k-w and 16.7% for k-¢), offering practical guidance for accuracy—cost trade-offs.
Taken together, these aspects extend the contribution beyond simple validation, positioning the
TM-3 turbine as a benchmark reference case for turbulence modeling and providing methodological
insights relevant for future CFD design, optimization, and education.

In contrast, earlier TM-3 investigations at Lodz University primarily explored different aspects
of turbine operation, such as vane clocking effects (Smolny et al. [49]) or fuzzy-logic-based control for
two-phase flows (Fiderek et al. [50]). While these studies confirmed the rig’s value for aerodynamic
and control research, they did not provide a systematic turbulence model benchmark. The present
work therefore extends the TM-3 research legacy by explicitly evaluating RANS turbulence model
performance, reporting detailed mesh and near-wall resolution metrics, and linking quantified
prediction errors to computational cost trade-offs. Jeon et al. [51] further support this direction by
showing that swirl clocking of nozzle guide vanes significantly alters turbine stage performance,
reinforcing the broader applicability of our TM-3 study as a reproducible CFD benchmark for
turbulence modeling in design and optimization contexts.

5. Conclusions

This paper presents a rigorous mathematical and numerical analysis of turbulent, compressible
flow in a two-stage steam turbine, combining theoretical modeling with advanced CFD simulations.
The governing Reynolds-Averaged Navier-Stokes (RANS) equations were discretized using the finite
volume method and solved with structured meshes in ANSYS CEX.

Three turbulence models—k-¢, k-w, and SST k-w—were evaluated based on pressure loss,
velocity, and thermodynamic behavior. The SST k-w model showed the best agreement with experi-
mental data, particularly in capturing near-wall effects and flow separation. Quantitatively, the SST
k-w model deviated by only 4.2% from experimental pressure loss coefficients, compared to 8.3% for
k-w and 16.7% for k-¢, confirming its superior accuracy.

The study’s novelty lies in its combination of advanced mathematical modeling, detailed
discretization techniques, and multi-parameter validation, including total-relative temperature,
turbulent viscosity, and the turbulence blending function. These contributions extend the value of
the work beyond simple validation and provide a benchmark for future turbulence modeling in
laboratory-scale turbines.

In practice, the SST k-w model is recommended as the most robust closure, provided low-Re
wall treatment (y* < 1) and structured meshes are applied. Coarser meshes may suffice for preliminary
design, while finer grids are necessary for optimization. Although demonstrated on a laboratory-scale
turbine (TM-3), the framework is scalable to industrial systems with appropriate adjustments in mesh
density, Reynolds similarity, and boundary conditions. The scalability of TM-3-based findings has
been demonstrated in earlier Lodz investigations, where vane clocking informed industrial-scale
design considerations. In the same spirit, the present turbulence model benchmarking provides
transferable guidelines for larger turbomachinery systems, provided Reynolds number and aspect
ratio adjustments are respected.

Limitations and future work: This study is restricted to a single turbine geometry (TM-3) and
steady RANS modeling, which cannot capture unsteady flow phenomena such as vortex shedding,
stall, or transient leakage flows. Future extensions will include unsteady URANS/DES/LES and the
exploration of off-design operating points to broaden the generalizability and industrial applicability
of the results.

The results offer practical insights for accurate and efficient CFD simulations in steam turbine
design, with direct relevance to both academic studies and industrial applications.
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Abbreviations

The following abbreviations are used in this manuscript:

.curve Blade Profile Coordinate Data File Used in TurboGrid
ANSYS Analysis System (Software Suite for Engineering Simulations)
CFD Computational Fluid Dynamics

CFX ANSYS CFX CFD Solver

CFX-Post ~ ANSYS Post-Processing Module for CFD Results

Cp,loss Pressure Loss Coefficient (Isentropic Total Pressure Loss)

cv Control Volume

DOF Degrees of Freedom

DNS Direct Numerical Simulation

¢ (epsilon)  Rate of Turbulent Dissipation
F1_TURB Turbulence Model Blending Function in SST

ILU Incomplete Lower-Upper (Matrix Decomposition)

k Turbulent Kinetic Energy

k-¢ Turbulence Model: Turbulent Kinetic Energy—Dissipation Rate
k-w Turbulence Model: Turbulent Kinetic Energy—Specific Dissipation Rate
LES Large Eddy Simulation

LU Lower—Upper (Matrix Decomposition)

RANS Reynolds-Averaged Navier-Stokes

Skewness ~ Mesh Quality Indicator for Element Distortion

SST Shear Stress Transport (Turbulence Model)

T™-3 Two-Stage Steam Turbine Test Rig (Lodz University of Technology)
TurboGrid ~ ANSYS Module for Structured Blade Mesh Generation

y* Dimensionless Wall Distance (Turbulence Mesh Quality Metric)

w (omega)  Specific Rate of Turbulent Dissipation
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