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1. Introduction

Let A is the class of functions f which are analyticinD = {z € C: |z| < 1}
and are normalized such that f(0) =0 = f/(0) — 1, i.e,,

f(z) =z+asz® +azz®+--- (1.1)

We want to find upper bound of the modulus of the Hankel Hy(n)(f) of a
given function f, for ¢ > 1 and n > 1 defined with:

G Gp+1 - Opyg—1
Ap41 apt2 Gptq
Hyn)(f) =] . : :
Untq—1 Qn4q " Op42q-2

The third Hankel determinant is

1 as as
H3(1)(f) = a2 a3 a4| = az(agas — a%) — ayg(ay — azaz) + as(asz — a%)-
a3 a4 as

This research is focused on the class of starlike function of order «. The
class of starlike function of order « is defined with

) o 2f(2)
S (a)—{fE.A.Re 7B Za,ze]]])}.

More about this class can be found in Thomas et al. [12]. Research like ours
we have from Krishna and Ramreddy in Krishna et al. [4] who obtain an upper
bound of the second Hankel determinant |asay — a§| for starlike and convex
functions of order o.. The bounds of some initial coefficients, the Fekete-Szego
-type inequality and estimation of Hankel determinants of second and third
order were discussed in Shi et al. [10]. Upper bound of the Hankel determinant
of third order for inverse functions of functions from some classes of univalent
functions can find in Obradovié et al. [6].

Some of the more significant results for the Hankel determinant of second
order for the inverse functions of convex and starlike function can be found in
Obradovié et al. [7] and for the second Hankel determinant for starlike and
convex functions of order alpha in Sim et al. [I1]. Sharp bound of third Hankel
determinant for inverse coefficients of convex functions can be found in Raza
et al. [9] and the sharp bound of the third Hankel determinant |Hs(1)(f)| in
Lecko et al., Ahamed et al., and Rath at al., respectively [5], [1] and [§].

For every univalent function in D, there exists inverse at least on the disk
with radius 1/4. If the inverse has an expansion

Y w) = w+ Agw? + Aswd + - | (1.2)
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then, by using the identity f(f !(w)) = w, from (1)) and (L2)) we receive
Ag = —a
Az = —az + 2d3
3 (1.3)
Ay = —aq + Sagas — day
As = —as + 6asaq — 21a%a3 + 3a§ + 14a‘21.
By using the definition of H3(1)(f) and the relations (L3]), after some
calculations, we obtain:

Hg(l)(f_l) = A3(A2A4 — Ag) — A4(A4 — A2A3) + A5(A3 - A%)
= a3(azas — a3) — as(as — azaz) + as(az — a3) — (a3 — a3)’
= H3(1)(f) — (a3 — a3)?,
i.e.,

Hs(1)(f71) = H3(1)(f) — (a3 — a3)”. (1.4)

2. Preliminaries

Let P denote the class of functions p analytic in D, for which Re{p(z)} > 0,
[e.e]
p(z) = (1+012+02Z2+6323+'~) = 1+chz”, Vz € D.
n=1

More about this class can be found in Grenander at al. [2]. For our consider-
ation we need the next lemma which can be found in Kwon et al. [3] and Shi
et al. [10].

LEMMA 2.1. Let p € P. Then, for some p,o,x € D, we have
29 =4 +x(d—2),

des =03 4+2(4— A)err —e1(4— D)a? +2(4 — (1 - |zH)o,
8cy = cf + (4 — A)x[c3(2® — 3z + 3) + 4

—4(4 - )1~ aP)fer(x — Do +F0? — (1— [¢2)p).

(2.1)

3. Main results

THEOREM 3.1. If f(2) € S*(a)(0 < a < 1), then

[Hs(1)(f7h)] < — (1 - a)”.

The result is sharp for the function f € S*(a), (0 < a < 3) given by f(z) =
z—i—@(l—a)z‘l—hw .
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Proof. From f(z) = 2+a2?+azz3+- - - there exists an analytic function
p € P in the unit disk D with p(0) =1 and Re{p(z)} > 0 such that

2f'(z) — af(z)} /
b =p(z) e z2f(2) —af(z) = (1 — a)f(2)p(z). 3.1
(252 =0 @ 21 - af() = (-G G
We calculate f'(z) = 1+ 2a2z + 3a32? + 4a42® + --- and than replacing
f(2), f'(2) and p(z) in Bl we get
[2{1 4+ 2a92 + 3a3z* + 4as2® + - } — a{z + a22® + az2® + ag2* + -]
=[(1-a){z+az®+a3? +agzt +- -} x {1 +ciz+ e+ 328+ ).
Equating the coefficients of powers of z, 22, 23 and z* after simplifying, we get:
as = (1—a)a
) 2

a3 =~ (c2+ (1 —a)c])
1—
ag = ( 5 ) (2c3 +3(1 — a)crea + (1 — a)?cs) (3.2)
_(1-q _ _ N2
as = —, (6¢q + 6c1c3 — 6c1c3a+ 3(1 — a)(ca + (1 — a)cf)ea

+(1 — a)(2¢3 + 3c1c2(1 — @) + (1 — a)’c)ey).
So, from (I4]) and (B:2), we obtain:
1
Hs(1)(f ") = s a)?(17(1 — a)cf — 51(1 — a)’cles
+8(1 — a)?cles +9(1 — a)c? (5(1 — a)cs — 2¢4)
+24(1 — @)creacs — 27(1 — @)c3 + 18cacy — 16¢3),
ie. 1

[H3()(f )| = yvits a)?(17(1 = a)*c} = 51(1 - a)’ciez

+8(1 — @)% cles +9(1 — a)c? (5(1 — a)cs — 2¢4)
+24(1 — a)ereaes — 27(1 — )3 + 18¢acq — 16¢3)).
Substituting the equation of cg,c3 and ¢4 from the given Lemma 2] in the
right side of [H3(1)(f~1)|, we have
_ 1 51
)] = 771~ aP[17(1 - a)*e} — (1~ a)*e]
51
+7(1 —a)Pdz(d—) +2(1 — )’ S +4(1 — 0)’clz(d — &)
—2(1—a)’ct(d— ) +4(1 —a)’S(4 - A1 - |z|*)o

+9(1 — )5(1 — a)i(c% + (4 — ) - %(1 —a)cf

9
=9(1 = a)cf(4 = ef)zci(a® = Bz +3) — (1 — a)cf(4 - )™
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+20 - )B4~ )1~ [aP)er( ~ 1o
20 - @A (-0 - )1~ o)z’
+20 - ) () — )1~ |21~ o)
+24(1 — a)c(fé +24(1 — a)cléx(él - c%)%ci’
+24(1 — a)cléci’x2(4 — ) +24(1 — a)cléx(él — )21
—24(1 — a)cléc?x2(4 — ) —24(1 — a)c%%m(él —)?22?

1 1
+24(1 — a)c§§2(4 —eH(1 = |z)o) + 24(1 — a)er a4 - 221 — |z]*)o)
27 6

2 2
_§(1 —a)d — g(l —a)12zcf + g(l — a)3zc8

- )@ - A)) - 21— a)b (- &P +9(d + (4 - ety

1
+9(ct + z(4 — c%))g(él — Axlcd(x? — 3z + 3) + 4]

1 _
=9(cf + 24 = )54 = )1 = 2 (er(z + Do +To® = (1= |o*)p)
—S -4l -z + 214 —A)z? —4(4 — o1 — |z} — 4tz (4 — &3)?
+2c323(4 — 3)? = 8c1(4 — &) wo(1 — |z]?) 4+ 2¢3(4 — )% — 3 (4 — 3)%a?
+2¢1(4 — e})22?o (1 — |z)*) + 2(4 — &)?o(1 — |z]*) ey 2
—4(4 - 4)?a* (1~ [2]*)?].
For ¢; = ¢ € |0, 2], and sorting the expression we obtain
1
Hy()(f71) = Taal— a)*(v1(c, @) + va(c, x)o + v3(c, 2)0” + (e, x,0)p),
where |z| < 1,]0] < 1,|p| <1, and
51
vi(e,z) = 17(1 — )b — ?(1 —a)f+2(1—a)?d - °
9 9 45
+§66 + Z(l —a)?ch — §(1 —a)c® +3(1 — a)cb
81 81 9
—?(1 —a)zct + §(1 —a)zc® + (4 - )[4 - 62)(1(1 — a)*cx?
27 9
+24(1 — a)c?x? — 12(1 — a)cPa® — §(1 — )z’ + ga:zcz(m2 —3z+3)

9 o1
+§x3 — 4?2?44t — Pat + ?(1 —a)zct +4(1 — o)t

—2(1 — a)?ctz? + g(l —a)?ctr —9(1 — a)cta(x? — 32+ 3) — 9(1 — a)c*2?
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4 4 42,94 94 2
+3(1 —a)c*x + 24(1 — a)c*z — 12(1 — a)c’z —|—§c a:+§c x(z® — 3z +3)

9
—1—56233‘2 —4ctz + 26427,

va(e,z) = (4 — ) (1 — |z)?)[(4 — 02)(—§x(m + 1)c — 8ca + 4ex?)
+4(1 — a)?A +9(1 — )P (z — 1) + 24(1 — a)c® + 24(1 — a)ex
—gc?’(a: +1)] —4(4 - ),

vs(e, ) = (4 — (1 — |2|2)9(1 — 0)c*T — gc%

9
-3
¥(ew,0) = (4= )1~ o)1~ o) (901~ ) + 3¢2).

Setting |z| = z, |o| = y and utilizing the assumption |p| < 1, we obtain

Hs(D)(F )] < —(1 - a)2(v1 (¢, 2)|

(4 = ¢*) — 4(4 = )(1 — [a]*)]

144
+oa(e, @)y + [vs (e, 2)|y? + [(e, z,0)]) (3.3)
1
S m(l - Ol)2Q(C,.’E,y),
where
Q(C) xz, y) = QI(C7 l‘) + Q2(Cv :L‘)y + Q3(Cv :L‘)y2 + Q4(Ca $)(1 - y2)7
and 51 17
qi(c,x) =17(1 — a)® + ?(1 —a)3ch + Z(l —a)?cf O
1 21 81 81
—i-gc + §(1 —a)c® + 7(1 —a)zct + §(1 —a)zc®
9
+(4—cA)[(4 - 62)(1(1 —a)?Pa?
165 9 9
—I-?(l —a)?z? —12(1 — a)P2® + ngcz(aj2 —3x+3) + §ZL‘3
51 17
+4cx? + 4t + Aat) + 7(1 —a)dzct + ?(1 —a)?ctr +2(1 — a)*cta?

+9(1 — a)c*z(z? — 3+ 3) + 9(1 — a)c?a? + 27(1 — a)c*x
2
+12(1 — a)cta? + §364x + §c4x(x2 —3x+3)+ 202332 + 2¢t2?)
@lez)=4—-A)1 - 2[4 - 02)(233@ + 1)c + 8cx + 4cx?)
+4(1 — 2)?A +9(1 —a)(z — 1) + 24(1 — a)c?

+24(1 — a)ex + gcg’(az + 1)) +4(4 — )
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@(e,z) =4 -1 - 2291 — a)lz + gc% + 2332(4 - )

+4(4 — (1 — 22)

wule,z) =@ —AA —2H 91 —a)? + 202).

Next, to find the upper bound of |H3(1)(f~!)|, we have to maximize
Qc,x y) in the closed cuboid Q : [0, 2] x [0, 1] x [0, 1]. So, we need to consider
the following cases:

1) In the interior of Q:

%’;W) = 0 imples that g(c, ) + 2y(gs(c, z) — qa(c, ) =0,

SO
B q2(c, )
2(Q3(C7 l‘) - Q4(C7 l‘))
for ¢ € (0,2) and z € (0,1). Hence, we deduce that @ has no critical point in
the interior of €.

<0

2) On the edges of Q: For z =1,y = 0, we get
Q(c,1,0) = q1(c, 1) + qu(c, 1)
1 1
=17(1 — a)*c® + 5?(1 —a)3c® + 17(1 — )’
1 1
+=(1—a)b + 8?(1 —a)ct + %(1 —a)c® + 206

HA- - (G0 - )
165 9, 9 (34)

—1—?(1 —a)® —12(1 —a)® + 80 +9¢% + 2)
51 17
+=(1—a)3ct + ?(1 —a)’ct +2(1 — )%t

2
+9(1 — a)c* +9(1 — ) +27(1 — a)c?
2%

23 9
+12(1 — a)ct + §C4 + g€ + 502] < 1144,

for0<c<2and0<a<%.Formzl,yzl,weget
Qle,1,1) = qi(e, 1) + q2(c, 1) 4 gs(c, 1) < 1144,
for0<e<2.
2.1) On x =0,y = 1, we get
Q(c,0,1) = q1(c, 0) + g2(c, 0) + g3(c, 0)
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o1 17
=17(1 — a)*c® + 7(1 —a)3ch + Z(l —a)?cb
21

1
+8 4+ =f + = (1 —a)®
8 8( ) (3.5)

+(4 — A4 —a)?c?
—9(1 —a)c® +24(1 — a)c + gc?’ +444(4 — )] <496
for0<c<2and0<o¢<%.
2.2) For c =0,y =0,
Q(0,,0) = q1(0,x) + qa(0,x) = T22° < 72
which is equivalent to 22 < 1, which is true.
2.3) If c=0,y = 1 we can see
Q0,2,1) = q1(0,2) + ¢2(0,z) + ¢3(0, x)
= 7223 +16 + 4(1 — 2?) 4 182 4+ 16(1 — 2?) = 722° — 22 + 36 < 106
which is equivalent to 7223 — 222 — 70 < 0 which is true.
2.4) If c = 0,2 = 0 we can see that
Q(0,0,y) = 2(0,0)y + g3(0,0)y* = 16y + 16y* < 32,0 < y < 1.

2.5) If c= 0,2 = 1 we can see that
Q0 1,9) = 10, 1) + 2(0, )y + g3(0, )y” + (0, 1)(1 = %)
=722% +16y < 88,0 <y < 1.
2.6) If c = 2,2 = 0 we can see that
Q(2,0,y) = q1(2,0) +¢2(2, 0)y + g5(2,0)y”
=17(1 — )*® + %(1 —a)3ch + 117(1 —a)?f
+éc6 + %(1 —a)c® < 496,
0<y<1,0<a<%.
2.7) If c= 2,2 =1 we can see that
Q(2.1,y) = q1(2,1) +¢2(2, Dy + (2, 1)y”
=17(1 — a)*c® + 5—21(1 —a)3c® + 1747(1 — )
+c + 106 + E(1 —a)® + g(1 —a)ct + g(1 —a)c® <1128,
8 8 2 8
0<y<1,0<a<%.
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2.8) If ¢ = 2,y = 0 we can see that
Q(27 xr, 0) = Q1(2, 33)
51 17
=171 — a)*® + ?(1 — )l + Z(l —a)?d

1 21 81 81
+c8 + §c6 + §(1 —a)® + ?(1 —a)zct + §(1 —a)zc® <1128,

0<:13<1,0<0z<%.
We also have
Q(2,z,1) = qi(2,2) = Q(2,1,y),
@(2,0,0) = Q(2,0,y).
3) On the faces of Q:
3.1) On = = 0 we have

1 1
Q(c,0,y) = 17(1 — a)*c® + 57(1 —a)3ch + 17(1 —a)?d
6 1, 21 6 2 3 2 3 2
+c —i-gc +§(1—a)c +41—-a)*c’(4— )y —9(1 —a)c’(4 — ¢%)
+24(1 — )3 (4 — Ay + 203(4 — Ay +4(4 - Ay + (4 — A4 - A)y?

HA= )01~ ) + 51— 17)

51 17
=17(1 — a)*® + ?(1 — ) + Z(l — )%

1 21 9
—I—CG—|—§CG+g(l—a)cﬁ—|—(4—62)(4(1—a)203y—9(1—a)03—|—24(1—a)03y—|—§c?’y

9
Hy + 4y + (1= y")9(1 — a)c” + 5% (1 - y%)) <32,

1
0<y<l0<a<g.

%’;’y) = (4- )41 - a)?E +24(1 — )
+gc3 +4+8y(4—c*) —18y(1 — a)c® — 9yc®) =0
%’f’y) =102(1 — a)*c¢® +153(1 — a)3c®
+%(1 —a)?d + 665 + 2c5 + 64—3(1 —a)c®

+(4— )41 —a)*c +24(1 — a)P + gc?’ + 448y — 18y(1 — a)c® — 9%y = 0.
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3.2) On ¢ =0 we have
Q0,2,y) = 722% 4 16y + 4(1 — 2%)(1822 + 16(1 — 22))y?
= 7223 4+ 16y + 8(1 — 2°%)(8 + z°)y* < 722° + 16 + 8(1 — z?)(8 + 2?)
= 7223 + 16 4 64 + 82° — 642% — 8z*
= 80 + 7223 — 8z* — 5622 < 88,
which is equivalent to
7223 — 8zt — 5622 < 8,0 < x < 1,

which is true.

3.3) On ¢ = 2 we have

Q2,7,9) = a(2,7) = 170 — a)*e + 2(1 — a)*e*

17 1 21
+Z(1 — )+ b+ gcﬁ + §(1 —a)cb
81 81
+—1—a)zct + =1 —a)z® =17(1 — a)64

2 8
1 1 1
+%(1 —a)364 + 17(1 — )64 4 64 + 504

21 81 81
—i—g(l — )64 + ?(1 — a)zl6 + §(1 — )64 < 1144

1
0<a<§,0<a:,y<1.

3.4) On z = 1 we have
Qe 1,1) = g1, 1) + (e, 1) + gs(e, 1) < 1144
for0<c<2,0<a<%.
3.5) On y = 0 we have
Q(c,r,0) = qi(c, ) + qulc,z) = 17(1 — a)*cb + %(1 —a)3cb
1_7 1 21

+ 1 (1—a)?c®+ 8+ gcﬁ + §(1 —a)c®
1 1
—|—%(1 —a)zct + %(1 — )z’

HA- (- A (G0 - 0)Pda?

165 9 9
—I-?(l —a)?z? —12(1 — a)P2® + §$202(a:2 —3x+3) + §x3
51 17
+4ctx? + 4223 + Aot + = (1 — a)Pzct + —(1 — )¢tz + 2(1 — a)?cta?

2 2
+9(1 — a)ctz(z? — 3+ 3) + 9(1 — a)c?a? + 27(1 — a)c*x



THIRD ORDER HANKEL DETERMINANT ... 379

23 9 9
+12(1 — a)ctz? + =ctz 4+ =ctz(z? =3z + 3) + 5021‘2 + 2¢422]

8 8
+(4 = A1 —2*)(9(1 — ) + gcz).
Then
0Q(c,2,0) _ 81

81
oA S V6
p 2(1 a)c + 8(1 a)c
165

+(4 —cA)[(4 - 62)(2(1 —a)?ctr + T(l —a)ctr —36(1 — a)cta?

9 27
—|—§c2(4aj3 — 922 + 61) + ?ZL‘z

51 17
+8c%x + 12¢% 2% + 4c%x3) + 7(1 —a)dct + 7(1 —a)?c +4(1 - a)?c'x
+9(1 — a)c*(32% — 62 + 3) + 18(1 — a)c®z + 27(1 — a)c?

2
+24(1 — o)tz + §304 + 204(3x2 — 62 +3) + 9c%x + 4ctx]

+(4 — ) (—22)(9(1 — a)c? + 262) =0

Also, if we calculate
9Q(c, z,0)
dc

we get system of equations that has no critical point on (0,2) x (0,1), and
max Q(c, z,0) < 80

=0,

forc=0,z =0.
3.6) On y =1 we have

Q(C,SL‘, 1) = QI(CV’L‘) + Q2(C’x) + Q3(C7$)

OQ(c,x,l) _ g(l _a)c4+%(1 —Oé)CG

Ox 2
9
+(4 —A)[(4 - 02)(5(1 —a)’x
165 9 27
+T(1 —a)c*r —36(1 — a)ctz? + gcz(4x3 — 927 + 6z) + ?m2
+8c2x + 12?22 + 4c%23)
o1 3.4, 17 2 4 2 4
+7(1—a) c +7(1—a) c+4(1 — a)*cx

+9(1 — a)c*(32% — 62 + 3) + 18(1 — a)c®z + 27(1 — a)c?

2
+24(1 — a)cta + §304 + 204(3x2 — 62 + 3) + 9cx + 4cta]

Ha - )24 - A e
+4(1 — a)?’A +9(1 — )P (x — 1) + 24(1 — a)c?

(z + 1)c + Scx + 4cx?)
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2 9 3
+24(1 — a)c*z + 3¢ (x +1)]
2 2 2y, 9
+d-c)(1—-27)[4d—-c )(5(23: +1)c + 8¢+ 8cx)
+9(1 — a)c® +24(1 — a)c® + gc?’]

+(4 — ) (—22)[9(1 — a)cPx + gczx + gxz(él - )

FA( = )1 2] + (4= )1~ 2?01 — ) + 2 + 92(4 — )

+4(4 — &) (—2x)] = 0.
If we calculate
0Q(c,z,1)
oc
we will got a system which has no solutions on (0,2) x (0,1). So Q(c,x,1) has
no critical point on (0,2) x (0,1) and hance,

max Q(c,x,1) = 80

=0,

forc=0,z =0.
4) On the vertices of Q:
4.1) We note that

Summerizing 1) to 4), we get

max {Q(c,z,y)} < 1144.
(c,z,y)eQ

Consequently, from inequality (3.3]) we have that

Hy()(F] < 20 - ).

O

In the end, we will show that the upper bound is sharp. We consider the

function f obtained by choosing as = a3 = a5 = 0 and a4 = %(1 —a). So,
it follows from H3(1)(f) that
_ 143
|Hs(1)(f~h)| = K(l - ),

which prove that the bound is sharp.



THIRD ORDER HANKEL DETERMINANT ... 381

References

[1] M.B. Ahamed and P.P. Roy, The third Hankel determinant for inverse co-
efficients of starlike function of order 1/2, Submitted, arXiv:2307.02746v1.

[2] U. Grenander and G. Szegd, Toeplitz Forms and Their Applications, Cal-
ifornia Monographs in Mathematical Sciences, University of California
Press, Berkeley-Los Angeles (1958).

[3] O.S. Kwon, A. Lecko and Y.J. Sim, On the fourth coefficient of functions
in the Carathéodory class, Comput. Methods Funct. Theory, 18, No 6
(2018), 307-314.

[4] D.V. Krishna and T. Ramreddy, Hankel determinant for starlike and con-
vex functions of order alpha, Tbilisi Mathematical Journal, 5, No 1 (2012),
65-76.

[5] A. Lecko , Y.J. Sim and B. Smiarowska, The sharp bound of the Hankel
determinant of the third kind for starlike function of order 1/2, Complex
Anal. Oper. Theory, 13, No 6 (2019), 2231-2238.

[6] M. Obradovi¢ and N. Tuneski, On the third order Hankel determinant for
inverse functions of certain classes of univalent functions, Fur. J. Math.
Appl., 2, No 2 (2022), 1-7.

[7] M. Obradovi¢ and N. Tuneski, Hankel determinant of second order for
inverse functions of certain classes of univalent functions, Advances in
Mathematics: Scientific Journal, 12, No 4 (2023), 519-528.

[8] B. Rath, K.S. Kumar, D.V. Krishna and A. Lecko, The sharp
bound of the Hankel determinant for starlike functions of or-
der 1/2, Complex Anal. and Oper. Theory, 16, No 5 (2022).
https://link.springer.com /article/10.1007/s11785-022-01241-8

[9] M. Raza, A. Riaz and D.K. Thomas, The third Hankel determinant for
inverse coefficients of convex functions, Bull. Aust. Math. Soc., 109, No 1
(2024), 94-100.

[10] L. Shi, H.M. Srivastava, A. Rafiq, M. Arif and M. Thsan, Results on
Hankel determinants for the inverse of certain analytic functions sub-
ordinated to the exponential function, Mathematics, 10, No 19 (2022).
https://doi.org/10.3390 /math10193429

[11] Y.J. Sim, D.K. Thomas and P. Zaprawa, The second Hankel determinant
for starlike and convex functions of order alpha, Complex Var. Elliptic
Equ., 67, No 10 (2022), 2423-2443.

[12] D. K. Thomas, N. Tuneski and A. Vasudevarao, Univalent Functions, De
Gruyter Studies in Mathematics (2018).



	1. Introduction
	2. Preliminaries
	3. Main results
	References

