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Abstract. Measles is a highly contagious infectious disease caused by a virus in 

the paramyxovirus family. Mathematical models for epidemics are useful tools 

for understanding and predicting epidemic spread and its dynamics. These math-

ematical models allow researchers to simulate the spread of measles in the pop-

ulation by presenting the interactions between susceptible, exposed, infected, re-

covered, and vaccinated individuals. In this paper, an improved SEIRV+D model 

is developed based on known epidemiology models such as the SIR and SEIR 

models. The interactions between different compartments are given as a system 

of six Ordinary Differential Equations (ODEs) that represent the dynamics of the 

model. Additionally, the natural death rate and natural birth rate are considered. 

One of the key issues in epidemiology models is the reproduction number, which 

indicates the average number of secondary infections caused by a single infected 

individual. Another key issue is the disease-free equilibrium point (steady state) 

that can help predict disease outbreaks. Both the basic reproduction number and 

the disease-free equilibrium point have been obtained for the developed model. 

A case study for North Macedonia is analyzed for two different vaccination rates 

to demonstrate the impact of vaccination. 

Keywords: Epidemic Model, Measles, SEIRV+D Model. 

1 Introduction 

 

Measles is considered one of the most contagious infectious diseases within the 

human population, caused by the measles virus, which can result in a wide spectrum of 

diseases with significant consequences [1-3]. They are transmitted through respiratory 

droplets when an infected individual coughs and sneezes, or through direct contact with 

compromised secretions from the nose or throat of an infected individual. 
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Over a longer period, dynamic models are considered fundamental for understanding 

the expansion of contagious diseases within a population [4]. Dynamic models aim to 

describe the spread and progression of infectious diseases within a population over 

time. These models aim to capture the complex interactions between individuals and 

assist in the creation of effective strategies to control the disease, such as vaccination, 

quarantine, and social distancing.  

Modeling measles is based on the SIR (Susceptible-Infected-Recovered) model, as 

patients who have overcome the disease gain permanent immunity [5-8]. In the past 20 

years, multiple variations of the SIR model have been developed by different authors, 

incorporating factors such as inoculation (vaccination), coinfection, age, and seasonal 

parameters [9]. All these models strive to improve the accuracy of predictions based on 

the limited available data on incidents versus mortality. 

In this paper, an SEIRV+D model is developed for a case study in North Macedonia 

under different scenarios. Specifically, the spread of the measles epidemic with a vac-

cination rate of 74.8%, as in 2018, will be examined. Additionally, the number of in-

fected individuals will be represented for a vaccination rate of 95%, as recommended 

in [10,11]. A comparison between graphs of infected individuals will be presented for 

different vaccination rates. 

2 Model Description  

Mathematical models are used to describe many infectious diseases such as measle, 

tuberculosis, N1H1, Covid-19 etc. These models study the spread and control of disease 

and comprehend the dynamics of disease. Mathematical models are derived from SIR 

model developed by Kermack and McKendrick model, [14].  

In this paper, the SEIRV model is modified and adapted for research. The total pop-

ulation at any given time is divided into 6 compartments: susceptible, infected, exposed, 

recovered, vaccinated, and deceased. The compartments are as follows: 

 

( ) ( ) ( ) ( ) ( ) ( ) ( )N t S t E t I t R t V t D t= + + + + +                   (1) 

 

where time t  is in years. 

The first compartment, 'susceptible,' includes all individuals who have not yet been 

infected but are suspected of having the disease and are at risk of infection. The 'ex-

posed' compartment includes individuals who have had contact with an infected person. 

During the incubation period, exposed individuals are not yet infectious, but they can 

become infected after this period. 'Infectious' refers to individuals who have developed 

the disease and can transmit it to others. The 'vaccinated' compartment includes indi-

viduals who have received a vaccine. For simplicity in the model used in this research, 

it is assumed that only one dose of the vaccine is administered. 
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The 'recovered' compartment includes all individuals who were infectious but have 

now recovered from measles. Deceased individuals who were infected are part of the 

'deceased' compartment. The deployed model is illustrated in Figure 1.    

 

Fig. 1. Flow chart of measles disease  

In this model, the 'susceptible' compartment increases due to the birth rate λ in the 

overall population and the rate of ineffective vaccination σ. Ineffective vaccination oc-

curs when a vaccinated individual does not develop immunity after vaccination and 

returns to the susceptible compartment. According to [12], the rate of unsuccessful vac-

cination is 5%. The 'susceptible' compartment decreases due to interactions between 

the 'susceptible' and 'exposed' compartments. This interaction makes it a potential entry 

point into the 'exposed' compartment, governed by the transmission rate β and the vac-

cination rate q. The 'exposed' compartment increases due to interactions between the 

'susceptible' and 'infectious' compartments. A susceptible individual has the potential 

to become exposed through the transmission rate β. This compartment decreases as 

individuals progress to the 'infectious' state at the incubation rate α. This compartment 

diminishes by incubation rate α at which the individual becomes infectious. The in-

fected compartment is increased from exposed individuals that have symptoms of mea-

sles infection with incubation rate α and diminished by recovery rate γ i.e., recovery 

time 
cov

1
re ery



=  and death due measles infection with mortality rate δ.  The 'recov-

ered' compartment's population increases as individuals heal either through treatment 

or naturally, driven by the recovery rate γ. Additionally, the population of this 
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compartment increases through successful vaccination of susceptible individuals, 

which develops immunity at a rate ν. Conversely, the 'death' compartment's population 

increases due to infected individuals dying from measles infection, influenced by the 

mortality rate δ. The 'vaccination' compartment's population grows as a result of the 

vaccination rate q. However, it diminishes due to the combined effects of the mortality 

rate δ and successful vaccination at a rate ν. It's important to note that all compartments, 

except for the 'death' compartment, experience reduction due to the natural mortality 

rate μ. This rate signifies deaths resulting from natural causes not related to measles. 

Based on the above statements, the modified SEIRV+D model is represented by the 

following system of stochastic differential equations: 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( ) ( )

dS t S t I t
N qS t V t S t

dt N

dE t S t I t
E t E t

dt N

dI t
E t I t I t I t

dt

dR t
I t V t R t

dt

dD t
I t

dt

dV t
qS t V t V t V t

dt


  


 

   

  



  

= − − + −

= − −

= − − −

= + −

=

= − − −

           (2) 

The system has nonnegative initial conditions: 

 

0 0 0 0 0 0(0) 0, (0) 0, (0) 0, (0) 0, (0) 0, (0) 0S S E E I I R R V V D D=  =  =  =  =  =    

 

The population is infection- free at disease free equilibrium point (DFEP) known as
 

steady state solution. DFEP is obtained by equating to zero the ride sides of the equa-

tions (2).  

( ) ( ) ( ) ( ) ( ) ( )
0

dS t dE t dI t dR t dV t dD t

dt dt dt dt dt dt
= = = = = =  (3) 

Infection free populations means ( ) 0I t = , thus: 

 

              
( )

( ) ( ) ( ) 0
dS t

N qS t V t S t
dt

  = − − − =     

15th International Conference ICT Innovations 2023

42



5 

( )
( ) ( ) 0

dE t
E t E t

dt
 = − =                    (4) 

( )
( ) ( ) 0

dR t
V t R t

dt
 = − =  

( )
( ) ( ) ( ) ( ) 0

dE t
qS t V t V t V t

dt
  = − − − =  

Solving the system (4) simultaneously it is obtained the disease- free equilibrium point: 

 

 

 

* * * * * *
( , , , , , )

( )
, 0, 0, , , 0

( )( ) ( )( ) ( )( )

S E I R V D

N q N q N

q q q q q q

      
               

=

+ +

+ + + − + + + − + + + −

 
 
 

 

(5) 

 

The basic reproduction number is a fundamental concept in epidemiology and 

is defined as the expected number of new infections caused by an infected individual. 

It is calculated as the largest eigenvalue of the next-generation matrix developed by 

Van den Driessche and Watmough [13]. The next generation matrix is calculated based 

on two matrix F and -V-1.   The matrix F represents the rate of infection transmission 

between the exposed and infected compartments, while the matrix -V-1 encompasses all 

other transfers across the compartments. For the model (2), the matrix F is given as: 

0

0 0

F

S

N


=
 
 
 
 

     (6) 

The matrix -V-1 is given as: 

 

1

1
0

1

( )( )

V
 


       

−

 
 + − =
 
 + + + + + 

               (7) 

 

               

 

The next generation matrix is: 

1

1
0( )

0
( )( )

1
0 0

( )( )

q qFV

   
 

    


       

−

 + +  +  + + + −− =    
  + + + + + 

       (8) 
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Hence, the reproduction number is: 

0

( )

( )( ) ( )( )q q

    
         

+ +
 = 

+ + + − + + +
 (9) 

 

Theorem 2. The proposed epidemic model (2) has a unique equilibrium point. If 

0 1  , the disease-free equilibrium point (5) is unstable, and the disease is spread-

ing in the population. If 
0 1  , the disease-free equilibrium point (5) is asymptoti-

cally stable, and the disease dies off.  

3 Case Study 

The parameters of the measles model were estimated using data obtained from the 

Institute of Public Health of the Republic of North Macedonia [2] over the past five 

years. The data collected for the period 2018-2022 is presented in Table 1. The base 

year for this model is 2018, during which 64 new individuals were found to be infected 

with measles. Subsequently, in 2019, there was an epidemic of measles with 1819 

newly detected infected individuals. However, no new cases of measles infection were 

reported in the years 2020, 2021, and 2022. 

 

Due to the Covid-19 pandemic, the rate of vaccination decreased, which is expected 

to result in new cases of measles infection.   

   Table 1. Measles infection in R. N. Macedonia (2018-2022). 

Year Infected individuals 

2018 64 

2019 1819 

2020 0 

2021 0 

2022 0 

 

 In order to describe the measles infection in R. North Macedonia the values in Table 

2 are assumed or calculated.  

Table 2. Description and estimated values of measles model parameters  

Parameters Description Value 

λ Birth rate 0.014 

β Transmission rate 0.9 

α Incubation rate  0.125 𝜏𝑖𝑛𝑐𝑢𝑏𝑎𝑡𝑖𝑜𝑛 = 1𝛼 Incubation time 8 days 
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γ Recovery rate 0.14285 

covre ery  Recovery period 7 days 

δ Mortality rate of measles 0.02 

μ Natural mortality rate 0.0014 

σ Unsuccessful vaccination rate 0.007 

ν Successful vaccination rate 0.993 

q Vaccination rate 0.744 

 

Measles vaccine is recommended not only for all newborns and infants but  for sus-

ceptible adults. In order measles infection to be eliminated, the vaccination rate should 

achieve ≥0.95 for both doses in every district, [11]. In 2018, the vaccination rate of 

infants and newborns in R. N. Macedonia is only 74.4%, [10] which led to epidemic in 

2019. Thus, in the case study simulations are performed for vaccination rate of 0.95. 

The model is developed AnyLogic® [15] and simulations are performed to illustrate 

the impact of vaccination rate on infected and dead individuals over the course of five 

years. From [16] the population in North Macedonia is 2083127 individuals. In this 

paper, for simplicity the total population is estimated to 
0 2000000N = . The initial num-

ber of infected form Table 1 is 
0

64I = . The recovery rate is 0.14286 = , thus the 

initially recovered population is 
0 00.14286 9R I=  . The initial death population is 

estimated as 
0 0

0,02 1,28 1D I= = , while the initial exposed population is 

0 0

0
512.

0.125

I I
Е


= = =  If the vaccination rate is 0.744 than the number of initially sus-

ceptible individuals is 0 0 0 0 0

0
1146453

1, 744

N E I R D
S

− − − −
=  and initial vaccinated popu-

lation is 
0 0

0, 744 852961V S=  . 

According to statements given above, the initial conditions from the proposed model 

are: 

 

( ) ( )0 0 0 0 0 0
, , , , , 1146453,512,64,9,1,852961S E I R D V =             (10) 

 

If the vaccination rate is 0.95 as recommendation in [10,11], then the initial condi-

tions would be: 

( ) ( )0 0 0 0 0 0
, , , , , 1025341,512,64,9,1,973574S E I R D V =    (11) 

 

 The graphs in Figure 2 illustrate the number of infected individuals for both vac-

cination rates. These graphs clearly show that as a higher percentage of the population 

becomes vaccinated, the number of infected individuals decreases. These findings em-

phasize the importance of vaccination and its substantial impact on preventing and con-

trolling the spread of infections. 
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 Fig. 2. Infected population for vaccination rate a) 0.744 and b) 0.95. 

According to Figure 3, the number of deaths is decreased from 15 individuals to 11 

individuals as the vaccination rate is increased. This significant decrease emphases the 

impact of vaccination.  

                                   

 

Fig. 3. Death population for vaccination rate a) 0.744 and  b) 0.95 

4 Conclusion 

The transmission dynamics of measles infection depend on various factors, primarily 

population density, vaccination rates, and the degree of contact among individuals 

within the population. Mathematical models for infectious diseases have proven to be 

valuable tools for comprehending the spread of measles, predicting future outcomes 

and outbreaks, and assessing the effectiveness of vaccination. 

 

In this paper, we have formulated and developed an SEIRV+D model to analyze the 

dynamics of measles. The disease-free equilibrium point was calculated to determine 

the reproduction number. Using data from the Public Health Institute of North Mace-

donia, we conducted simulations to analyze and forecast the course of measles infection 

from 2018 to 2022. These simulations, performed using AnyLogic® software, under-
score the critical role of vaccination in controlling measles and preventing its spread 

within the population. Notably, the results demonstrate the negative impact of low vac-

cination rates on disease prevalence, underscoring the need for increased vaccination 

rates to avert measles outbreaks. 

 

In this study, we simplified the model by assuming only one dose of vaccination is 

administered. However, the World Health Organization (WHO) recommends a two-

dose vaccination schedule. In future research, we intend to enhance the model by in-

corporating two vaccination compartments and exploring their impact on the dynamics 

of measles infection.  
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