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Introduction

Lorenz system
x=0o(y—X)

y=x(r-z)-y
Z2=Xy—-Dbz

o,r,b>0
with the initial values X, = x(0), y, = ¥(0),z, = z(0)
Modified Lorenz system
X=o(y-X)
y=x(r-z)-y
() (4)
z=—(A+b)z+(B-Ab)7-(C-Bb)Z+(D-Cb)z+ Dbz
o,r,b>0 A=1+0+b,B ZG(F—ZO)—XOZ,C =0 X,Y,, D =—O‘2y02

with the initial values x, =x(0),y, = y(0),2, = 2(0) 1z, = 2(0) , p < {1234}
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n-double integrals

z(t) = Kie " + Koe*?* + K3e™®' + Kaettt + Ksest.
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For the solutions A5 the system (2) of seventh order can be

The third equation of the Modified Lorenz transformed in the following systems of differential equations (SDE):
x=o0(y—x x=o(y-x

SyStem j’= x(r-2) - S 4 (3) j/: x(r—2) -y (4)

(5) ) z-Mz=0 g .

z =—(A+b) z+(B—-Ab)7 - (C -Bb)z+(D-Cb)z + Dbz z= (A +A) 2+ A A,z=0

o, rb>0,A=1+0+b>0,B=0(r-z,)-%2.C=0 %Y, *=0(-%

D=-0%y,"<0 y=x(r-2 -y (5)
(3) (2)

: : , ~(Ah+A,+4 MAy + LA+ Ay Ag) 2= A A, A32=0

is a fifth-order linear homogeneous N (( i : ) 2+ oy + s ¥ Jao) 2 a2
x=0(y—x

differential equation with the constant y=x(r-2)-y

.. . . ) ® 6
coefficients. Its characteristic equation is z2— (A + A, + A, +4,) z+ ©)

(2)
254 (A+b)A* —(B— AD)A®+ (C—Bb)A2 —(D—Cb)A—Db=0 A TAk T Ak + Ay + Aod, + A4) 2=
U Ao s A A A A B A =0
. . _ (2)
which solutions are 11/2/3/4/5 - k(A, B,C, D,b) with the initial wvalues ao=x(0),b0=y(0)'co=z(0)' 2(0) =q, z(0)=c,
(3)

z(0) =c,.
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x=0(y-x
y=x(r-2) -y
z2=-A4z=0
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x=0(y-x)
y=x(r"-z)-y (6)
Z2=1
u = (my + m, )u—mm,z
o,r >0,m,meR
with the initial values x,=x(0),y,=»(0),z,=2(0), u, =u(0)=z(0)==z, .

m,,m, =2m, € R
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Solving the algebraic equation

Theorem 1. The algebraic equation of the 5% degree
A° +(A+b)A* —(B— Ab)A®+(C -Bb)A* - (D-Ch)1-Db =0,
o,rb>0,A=1+6+b>0,B=0(r—z,)—%,°,C =0 XYy, D =—0°y,” <0
has one solution 4, =-b
Indeed by dividing this equation of the 5! degree with 2+b the algebraic equation of the 4th degree
A*+ AL -BA*+CA-D=0
o,r,b>0, A=1+G+b>O,B=G(I‘—ZO)—XO2,C =GX0y0,D:—02y02 <0

IS obtained.

For the solution 4 =-b, this fifth-order linear homogeneous differential equation with the constant
coefficients

(5) (4)
2 =—(A+b) 2+ (B - Ab)7 — (C — Bb)Z + (D — Cb)z + Dbz

o,r,b>0, A:1+O-+b>0’B:O'(r_zo)_xoz,c=O'Xoyo,D=—02yO2 <0

has a solution
2(t) = Ke ™ + Ke™' + Ko + K, e™' + K.e™'

where K;,i=1,2,3,4,5 are constants.




Solving the algebraic equation

Our algebraic equation of 4th-degree
A*+ AL -BA*+CA-D=0
o,rb>0,A=1+0+b>0,B=0(r-2z,)—%,,C=0 %Y, D=-0%y,” <0

IS the quartic equation.

In mathematical literature, the formulas for obtaining solutions for the quartic equation exist as the
Ferrari-Cardano method. This quartic equation is the highest-order equation that can be solved in a
general case where the coefficients can take any value. In most cases, the quartic equations are solved
using the numerical methods or the computer algorithms.

Because, the coefficients A, B, C and D depend from the parameters o,r,b>0 and the initial values
x, = X(0), Y, = y(0), z, = z(0), these formulas are complex for use in our case of the quartic equation.

This is a reason, why special cases of the quartic equation will have been considered.




Solving the algebraic equation

Theorem 2. If the initial value Y,=0 then the solution of this differential equation
7 —(A+b) 7+ (B— Ab)Z — (C —Bb)Z + (D —Cb)Z + Dbz
o,r,b>0, A=1+O‘+b>O,B=O'(I’—ZO)—X02,C=O'X0y0,
D=-0%y,”<0

has a form 2(t) = Ke ™™ + K, + Kyt + K, e™' + Kee™' K, =const,i =1,2,3,4,5

—(U+ 0 +b) £ A+ 0 +b)? + Ao (r — 75) — 4%,
. .

where

415 —

Indeed, for the y,=0 the parameters C and D are C=o XY, =0,D=-0%y,”=0. The quartic equation has the
form A*(A*+AA+B)=0

A+~ A% +4B

by the solutions 4,, =0 and Ays =— A=1+0+b,B=0(r-2,) - X’




Solving the algebraic equation

Theorem 3. If the initial values x,=+Ay, _+1 then this differential equation
(o)

(5) (4)
2 =—(A+b) z+(B— Ab)Z — (C — Bb)Z + (D — Cb)Z + Dbz

,1,b>0,A=1+0+b>0,B=0(r-2,)-%",C =0 %Yo, D=-07y," <0

has the solution
Z(t) = Ke ™ + K e™' + K et + K, e™' + K.e™'
where

Ayaars =%[—Ai\/A2 +4(B +2) J_r\/ZAz +4B -85 2A\/A? +4(B+2)},A=1+o-+b,B:a(r—zo)—A2,20 = 2(0).

, the quartic equation can transform to an algebraic symmetric equation of the
A+ AL -BA*+ AL+1=0,

1
Indeed for x, =tAY, =i;

4th-degree

because A=l+c+b,B=c(r-z))—%=0(r-z,)—-A*>C=0X,Y, = a(iA)(ii) =A D=-c%,’ =—02(J_r£)2 =-1
O O

1
By mathematical transformations and using the replacement Y=4+- the equation
v +Ay—(B+2)=0

. . . . ~A+ A’ +4(B+2
IS obtained with solutions vy, = \/ 2+ (B+ ).




Solving the algebraic equation

Theorem 4. If for the initial values x,=x(0),y, = y(0),z, =2(0) and the parameters o and r, the following
relations

X, " +oz,=or and Y,=0
are satisfied then the differential equation

(5) (4)
2 =—(A+b) z+(B— Ab)Z — (C — Bb)Z + (D — Ch)Z + Dbz

o,1,b>0,A=1+0+b>0,B=0(r-2z,)-%",C =0 X¥,,D =—0"y," <0

has the solution
z(t) = Ke™ + Kye ™™ L K, + K, t+ K t?, K, =const,i =1,2,3,4,5.

Indeed for x,”+oz,=or and Y,=0, the quartic equation has the form
2*(A+A)=0,

because
A=1+c+b,B=0c(r-z,)-x,"=0, C=0%,Y,=0,D=-c°y,” =0.

Its solutions are
Ay ==A<0, 4345 =0.




Solving the algebraic equation

Theorem 5. If for the initial values x,=x(0),y, =y(0),z, =2(0) and the parameters o, r and b, the following
relations
51+ o +b)?

8o

3 (1+ o +b)?

Zy=r—
5o cand %

X, =1+oc+b , Y

are satisfied then the quartic equation
A+ AL -BA*+CA-D=0

o,rb>0,A=1+0+b>0,B=0(r-2z,)—%,°,C =0 X,Y,,D=-0"y,” <0

has one real root with multiplicity-4
l+o0+b

4

1=

In this case, the solution of this differential equation
(5) (4)
z =—(A+b) z+(B- Ab)Z — (C — Bb)Z + (D —Ch)Z + Dbz
o,rb>0,A=1+0+b>0,B=0(r-z,)—%,°,C=0%Y,,D=-0y,” <0

has a form _(roh),
z(t) = Ke™ + (K, + Kt + K, t* + K. t°)e 4 K, =const,i=1,2,3,4,5.




Solving the algebraic equation

Example. By using the parameters o =5;r = 25;b = 0,8 and the initial values x,=10;y, =0;z,=8

the solution
z(t) = Kie ** + K, + K t+e>*(C, cos 1876, C, sin V13,76

t),K;,C,,C, =const,i=12,3

of this differential equation

®) (4)
z=—(A+b)z+(B-Ab)Z-(C—-Bb)Z+(D-Cb)z+ Dbz
o,r,b>0, A=1+O‘+b>O,B=O'(r—Zo)—X02,C=O'X0y0,

D=-0%y,"<0
IS obtained.

For the initial values
(4)
z, =2(0)=-6,4; z, = 7(0) =1705,12; z, = 7(0) = -27924,1; z, = 7 (0) = 746387,3

the particular solution has the form

2(t) =89166, 7e *** —82007,9+ 47411, 7t +&~>* (~7150,83c0s ¥ 1?; "0 ¢ _214,33sin @t).




Some examples

In Mathematica, the solution z(t) and the solution of the MLS are shown by

a) Runge-Kutta

5000 f
4000 f
3000 —
2000 ,

1000 |-

b) z(t) =89166,7e"* —82007,9+47411, 7t + e >* (~7150,83c0s

5000
4000 —
3000 ,
2000 F

1000 [

13,76

t —214,33sin

13,76

).



Conclusion

By using of the theorems for these special cases, the explicit solutions of the Modified Lorenz
system is completed.

As further work, it remains to find a way to obtain the solution of the Modified Lorenz system
for the other cases, which do not cover in this paper.
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