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Abstract  

Financial frictions for capital and unemployment frictions for labor is said to be main 
drivers of the business cycle dynamics.Large literature in general equilibrium models of 
entrepreneurship exists whereby financial frictions play major role in the underlying incentives 
and motives to trade. In these models entrepreneur wealth shock has different effect on the 
baseline (frictionless) economy and the economy with financial and unemployment 
frictions.Entrepreneurs are iintroduced in the models and they posses different abilities 
(measured by low,medium,high productivity) which in turn affects aggregate savings and 
aggregate wealth of the economies.In these models financial frictions are introduced following 
assumption that working capital loans are frictionless. Each entrepreneur faces probability of 
exit from economy (bankruptcy probability) which is identical for all entrepreneurs in the 
economy. In the endogenous entrepreneurship and financial frictions model it is shown that 
occupation choice is different for worker or entrepreneur based on productivity: low (worker) 
or high (entrepreneur) which in turn affects the aggregate wealth of the economy. Also, in this 
model it is shown that interest rate in the economy is determined by the intersection of total 
wealth with public and private capital. 
 
Key words: financial frictions, employment frictions, entrepreneurship, business cycles  
JEL Classification: E00,E30,G00,J64 
 
Introduction 
Financial crisis from 2008 has made it clear that business cycles modeling can no longer 
abstract itself from financial factors that appear prima facie to be main mechanism of the 
economic downturn (see Christiano et al. (2011)). Entrepreneurs developers of private firms 
are central actors in modern economies, and the anemic growth of firms and their plants is 
one of the unfortunate features of the underdeveloped economies (see, Hsieh,Klenow (2014), 
Buera et al.(2015)).Poor countries also have low levels of financial development. With lesser 
access to financial services, such as savings accounts and bank loans, and measures of 
externa; finance to GDP that can be of order of magnitude smaller than those of advanced 
economies (see Banerjee, Duflo (2005), King , Levine (1993)).One particular and common 
explanation of low performance of entrepreneurs in developing countries is their inability to 
obtain credit to expand their scale of operation. This literature shows that wealth of 
entrepreneurs is highly undiversified, suggesting limits to the feasibility of external financing. 
Some forms of contractual frictions or borrowing constraints must be at work to explain why 
entrepreneurs take so much risk, (see Quadrini ( 2009)). Several studies in macroeconomics 
have extended the basic model of precautionary savings, (see Carroll (1997)1, Huggett (1993), 

 
1 This is a significant body of literature whose goal is to understand the differential saving behavior 
between rich and poor households. 

https://doi.org/10.46763/IJEMT233106j
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Aiyagari (1994)) to incorporate entrepreneurs. These studies are quantitative in nature and 
they all share the following features: first the choice to become an entrepreneur is 
endogenous, second feature is that entrepreneurs generate income with the input of capital, 
and third external financing is limited due to some form of financial frictions.There is a list of 
papers that share some of the issues before mentioned: Akyol,Athreya (2007), Bohacek 
(2006), Buera (2007), Cagetti ,DeNardi (2004,2006), Li (2000), Meh (2005), Meh,Terajima 
(2007), Quadrini (2000),Terajima (2006).Entrepreneurship models can also study more 
specific policies such as subsidies and taxes. Examples of previous are such as: Cagetti 
,DeNardi (2004), Kitao (2008), Li (2000), Meh (2005). Another issue investigated in these 
models is whether financial imperfections have positive or negative effect on aggregate 
accumulation of capital, and in the representative model with uninsurable idiosyncratic risks 
to earnings, market incompleteness leads to higher accumulation of capital. About the 
incomplete markets we know that Storesletten et al. (2001) showed that liquidity-constrained 
households are hit particularly hard by aggregate productivity shocks. Arrow (1951) and 
Arrow,Debreu (1954),proved that competitive equilibrium in Arrow-Debreu economy is Pareto 
optimal and discovered class of convex Arrow-Debreu economies for which competitive 
equilibria always exist. In the case of incomplete (see Geanakoplos (1990)) markets this 
equilibrium may (will) not be efficient see Geanakoplos (1986) or the will be suboptimal 
constrained. Newer literature includes :Guntin,Kochen(2022), that relates to the literature of 
financial frictions and misallocation as a source of low total factor productivity see also Hsieh 
, Klenow, (2009) Buera, Kaboski, Shin, (2011); Midrigan ,Xu, (2014).These models have also 
been used to analyze business cycle fluctuation, particularly in the aftermath od the great 
depression or 2008 financial crisis (see Achdou et al.(2014), Bassetto et al. (2013), Buera 
,Moll (2012), Buera et al. (2014), Kiyotaki , Moore (2012), Shourideh,Zetlin-Jones(2014), with 
entrepreneurs playing an important role relative to corporations because of the interaction of 
consumption, saving, and risk that is linked with investment.In the unemployment section of 
this research Diamond-Mortensen-Pissarides framework (DMP model)2 has been used.  
Important standard textbook in macroeconomics use DMP framework these include: Carlin 
,Soskice (2006); Williamson (2013); Chugh (2015)3.DMP model has been accepted 
throughout macroeconomics in the economics of business cycles, Merz (1995) ;Andolfatto 
(1996), in the New Keynesian model, see Gertler, Trigari (2009),in the area of monetary policy, 
see  Blanchard and Gali (2010);and in the field of endogenous disasters, Petrosky-Nadeau, 
Zhang, and Kuehn (2015) ,see Petrosky-Nadeau, Zhang(2017).As per Hall (2012), DMP 
model is a central component of modern macroeconomics. Model by Christiano et al. (2011) 
implements financial frictions in the accumulation and management of capital similar to 
Bernanke et al. (1999) and Christiano et al. (2003, 2008). The financial frictions that are 
introduced in the paper by Christiano et al. (2011) show that borrowers and lenders are 
different agents, and that they have different information. Thus, they introduce 
“entrepreneurs”. These agents own and manage the capital stock, financed both by internal 
and borrowed funds. Only the entrepreneurs costlessly observe their own idiosyncratic 
productivity. The presence of asymmetric information in financing the capital stock leads to a 
role for the balance sheets of entrepreneurs. So, this paper is structured in the following way: 
First the  processes used in the MATLAB,DYNARE and PYTHON will be explained namely 
Ornstein-Uhlenbeck process, Hamilton-Jacobi-Bellman equation, Finite difference method, 
and Euler equation. After these, three examples will be used to show effects financial frictions, 

 
2 Even before this paper large literature existed on job rationing and matching frictions .Models of job 
ration include efficiency wage models, Solow (1979), gift-exchange model Akerlof (1982), insider-
outsider models such as Lindbeck ; Snower (1988),and social norm models Akerlof (1980). 
3 Also wage-setting frictions have an impact on the effort of an employer in recruiting new employees. 
Accordingly, the setup is not vulnerable to the Barro (1977) critique that wages cannot be allocational 
in ongoing employer–employee relationships (see Hall, (2005)) 
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and unemployment frictions (with entrepreneurs) on the economy. Codes used in those parts 
are written by: Frederic Martenet (PYTHON model)4, Christiano et al. (2011) a Dynare code 
5,and MATLAB code example by Benjamin Moll6 based on Achdou et.al (2014).In the end we 
will draw conclusion on models of entrepreneurship with financial and unemployment frictions.  
 
Ornstein–Uhlenbeck process 
The Ornstein–Uhlenbeck 7process 𝑥௧ is defined as follows: 
equation 1 

𝑑𝑥 ൌ 𝜇𝐹𝑑𝑡 ൅ √2𝐷𝑑𝑊 
Where 𝑥 drifts with velocity 𝜇𝐹, combining drift with an unbiased random walk with average 
step size√2𝐷𝑑𝑡. Suppose 𝑥ଵ, ሺ𝑡ሻ, 𝑥ଶሺ𝑡ሻ, … 𝑥ௗሺ𝑡ሻ  are 𝑑 dependent Ornstein-Uhlenbeck 

processes where 𝑑𝑥௜ሺ𝑡ሻ ൌ െ
ଵ

ଶ
𝛼𝑥௜ሺ𝑡ሻ𝑑𝑡 ൅ √𝛼𝑑𝐵௜ሺ𝑡ሻ, where 𝐵௜ሺ𝑡ሻ are standard Brownian 

motions , √𝛼 represents volatility and െ
ଵ

ଶ
𝛼 is a mean-reversion rate.Here 𝑥ሺ𝑡ሻ follows normal 

distribution with ቀ𝑥௜ሺ0ሻ𝑒ି
ഀ೟
మ ; 1 െ 𝑒ିఈ௧ቁ. 

The squared radius of the vector 𝑥ሺ𝑡ሻ is 𝑅ሺ𝑡ሻ ൌ ∑ 𝑥௜ሺ𝑡ሻଶ  → 𝑑𝑅ሺ𝑡ሻ ൌ ∑  ൫2𝑥௜ሺ𝑡ሻ𝑑𝑥௜ሺ𝑡ሻ ൅ௗ
௜ୀଵ

ௗ
௜ୀଵ

𝑑ሺ𝑥௜ሻሺ𝑡ሻ൯ ൌ 𝛼൫𝑑 െ 𝑅ሺ𝑡ሻ൯𝑑𝑡 ൅ √4𝛼𝑑𝑊ప෪ሺ𝑡ሻ ; 𝜃 ൌ
ସఈ

ఙమ and 𝑑 ൌ
ସఈఓ

ఙమ  and we have that 𝑟ሺ𝑡ሻ ൌ
ோሺ௧ሻ

ఏ
.  

 
Definition:  Let ሺ𝒲௧, ℱ௧ሻ௧∈ሺ଴,ஶ ሻ be an ℝ-valued continuous stochastic process in probability 
space ሺΩ, ℱ, 𝒫ሻ ,then ሺ𝒲௧, ℱ௧ሻ௧∈ሺ଴,ஶ ሻ is called standard Brownian motion if:𝒲 ൌ 0; 𝒲௧ െ
𝒲௦ ∼ 𝒩ሺ0, 𝑡 െ 𝑠ሻ ; 𝒲௧ െ 𝒲௦ ⊥ ℱ௦.An ℝ் valued process 𝕎௧ is called 𝑇-dimensional Brownian 
motion with initial value 𝑥 ∈ ℝ் if 𝕎௧ ൌ 𝑥 ൅ ሺ𝑊௧

ଵ, … . , 𝑊௧
்ሻ, ∀𝑡 ∈ ሺ0, ∞ሻ, where 𝒲௧

௜ are standard 
Brownian motions, see Ewald (2003).From here we can obtain Fokker-Planck equation8 for 

the PDF of finding Brownian particle at 
ௗ௫

ௗ௧
  

equation 2 
𝜕𝜌
𝜕𝑡

ൌ 𝜇
𝜕

𝜕𝑥
ሺ𝜙ᇱሺ𝑥ሻ𝜌ሻ ൅ 𝐷

𝜕𝜌ଶ 
𝜕𝑥ଶ  

Furthermore we can write previous as follows : 
equation 3 

𝜕𝑃ሺ𝑋, 𝑡ሻ

𝜕𝑡
ൌ න ൬െ

𝜕
𝜕𝑋

൰
௡

ሾ𝐷௡ሺ𝑋ሻ𝑃ሺ𝑋, 𝑡ሻሿ𝑑ሺ𝑡ሻ
ஶ

௡ୀଵ
 

Where : 
equation 4 

𝐷௡ሺ𝑋଴ሻ ൌ
1
𝑛!

lim
∆௧→଴

1
∆𝑡

ሾ𝑋ሺ𝑡 ൅ ∆𝑡ሻ െ 𝑋ሺ𝑡ሻ௡ሿ|௧ୀ଴ 

Which is commonly referred to as Kramers–Moyal expansion (see Kramers (1940), Moyal 

(1949)):
డ௣ሺ௫,௧ሻ

డ௧
ൌ ׬ 𝑑𝑥ᇱሾ𝑊ሺ𝑥|𝑥ᇱሻ𝑝ሺ𝑥ᇱ, 𝑡ሻ െ 𝑊ሺ𝑥ᇱ|𝑥ሻ𝑝ሺ𝑥, 𝑡ሻሿ.Where 𝑝ሺ𝑥, 𝑡|𝑥଴, 𝑡଴ሻ is probability or 

transition probability density to an infinite order PDE (see Gardiner (2009)): 

 
4 see: https://github.com/FredericMartenet/entrepreneurs   

5 DYNARE code : https://faculty.wcas.northwestern.edu/lchrist/course/Korea_2012/CTW.html  

6 Benjamin Moll codes https://benjaminmoll.com/codes/   
7 See Uhlenbeck, G. E.; Ornstein, L. S. (1930).  
8 See Fokker (1914), Planck (1917), Kolmogorov (1931). 
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equation 5 

𝜕𝑝ሺ𝑥, 𝑡ሻ

𝜕𝑡
ൌ ෍

ሺെ1ሻ௡

𝑛!

ஶ

௡ୀଵ

𝜕௡

𝜕𝑥௡ ሾ𝑎௡ሺ𝑥ሻ𝑝ሺ𝑥, 𝑡ሻሿ 

Where 𝑎௡ሺ𝑥ሻ ൌ ׬ ሺ𝑥ᇱ െ 𝑥ሻ௡𝑊ሺ𝑥ᇱ|𝑥ሻ𝑑𝑥ᇱାஶ
ିஶ .So now lets get back to our previous 

equation: 
డఘ

డ௧
ൌ 𝜇

డ

డ௫
ሺ𝜙ᇱሺ𝑥ሻ𝜌ሻ ൅ 𝐷

డఘమ 

డ௫మ  which in the context of Brownian motion this is called 

Smoluchowski equation (see Smoluchowski, M. (1916)): 
equation 6 

𝜂
𝜕𝑤
𝜕𝑡

ൌ ∇ሺ𝑤∇𝑈ሻ ൅ 𝑇∇ଶ𝑤 

Where 𝑈ሺ𝑞, 𝑡ሻ is time dependent potential,𝑤ሺ𝑞, 𝑡ሻ are moments of probability density,  
equation 7 

𝑚 𝑞ሷ ൅ 𝜂 𝑞ሶ ൅
𝜕𝑈ሺ𝑞, 𝑡ሻ

𝜕𝑞 
ൌ ℱ෨ሺ𝑡ሻ 

Where : 
equation 8 

𝑚 𝑞෤ሷ ൅ 𝑛 𝑞෤ሶ ൅ 𝑘ሺ𝑡ሻ𝑞෤ ൌ ℱ෨ሺ𝑡ሻ; 𝑘ሺ𝑡ሻ ≡
𝜕ଶ

𝜕𝑞ଶ 𝑈ሺ𝑞ሺ𝑡ሻ, 𝑡ሻ 

The total probability is given as: 
equation 9 

𝑊ሺ𝑡ሻ ൌ න 𝑤ሺ𝑞, 𝑡ሻ𝑑𝑞
௪௘௟௟ᇲ௦ ௕௢௧௧௢௠

 

Where barriers height of Kramer’s problem is given as: 𝑈଴ ൌ 𝑈ሺ𝑞ଶሻ െ 𝑈ሺ𝑞ଵሻ ,the Boltzmann 

distribution 𝑤 ∝ ቄെ
௎ሺ௤ሻ

்
ቅ under decay law 𝑊ሶ ൌ െ

ௐ

ఛ
 where the lifetime 𝜏 has to obey the 

Arrhenius law9: 
equation 10 

𝜏 ൌ 𝜏஺ exp ൜
𝑈଴

𝑇
ൠ 

So in the context of our previous equation 
డఘ

డ௧
ൌ 𝜇

డ

డ௫
ሺ𝜙ᇱሺ𝑥ሻ𝜌ሻ ൅ 𝐷

డఘమ 

డ௫మ  it is convenient to write 

this equation in terms of probability of current 𝑆: 
equation 11 

𝜕𝜌
𝜕𝑡

൅
𝜕𝜌
𝜕𝑥

ൌ 0; 𝑆 ൌ െ𝜇𝜙ᇱሺ𝑥ሻ𝜌 െ 𝐷
𝜕𝜌
𝜕𝑥

ൌ െ𝐷𝑒𝑥𝑝 ൬െ
𝜙

𝑘஻𝑇
൰

𝜕
𝜕𝑥

൤exp ൬
𝜙

𝑘஻𝑇
൰ 𝜌൨  

Suppose a steady-state exists for the distribution i.e. some equilibrium. The state would ∃ →
𝑆 ൌ 0 so: 
equation 12 

𝜌ሺ𝑥ሻ ൌ 𝜌଴ exp ൬
𝜙

𝑘஻𝑇
൰ 

This exactly is Boltzmann formula.Or in most simple terms Ornstein- Uhlenbeck process is: 
equation 13 

𝑑𝑥 ൌ 𝜇𝑑𝑡 ൅ 𝜎𝑑𝑊 
Which is not-stationary random walk , but the following process is : 
equation 14 

𝑑𝑥 ൌ 𝜃ሺ𝑥̅ െ 𝑥ሻ𝑑𝑡 ൅ 𝜎𝑑𝑊 
Analogue to AR(1) process is  autocorrelation 𝑒ିఏ ൎ 1 െ 𝜃 or : 𝑥௧ାଵ ൌ 𝜃 𝑥̅ ൅ ሺ1 െ 𝜃ሻ𝑥௧ ൅ 𝜎𝜀௧ 

 
9 𝑘 ൌ 𝐴𝑒

ಶೌ
ೃ೅ ; where A is the pre-exponential factor, k is the rate constant (frequency of collisions resulting 

in a reaction),𝑅is universal constant.  
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So now we chose 𝜇ሺ𝑥ሻ ൌ 𝜃ሺ𝑥̅ െ 𝑥ሻ and we get a nice stationary process, which is called 
Ornstein-Uhlenbeck process.  
Figure 1 Ornstein-Uhlenbeck process  

 
Source : code provided by Travis Kupsche (2023). histNorm 
(https://www.mathworks.com/matlabcentral/fileexchange/27316-histnorm ), MATLAB Central 
File Exchange. Retrieved March 6, 2023.  
 
HJB equation  
HJB equation is modeled as in Achdou et al.(2022). The deterministic optimal control problem 
is given as: 
 
equation 15 
𝑉ሺ𝑥଴ሻ ൌ max

௨ሺ௧ሻ೟సబ
ಮ ׬ 𝑒ିఘ௧ℎሺ𝑥ሺ𝑡ሻ, 𝑢ሺ𝑡ሻ𝑑𝑡

ஶ
଴   s.t.  𝑥ሶሺ𝑡ሻ ൌ 𝑔൫𝑥ሺ𝑡ሻ൯, 𝑢ሺ𝑡ሻ, 𝑢ሺ𝑡ሻ ∈ 𝑈 ; 𝑡 ൒ 0, 𝑥ሺ0ሻ ൌ 𝑥଴ 

In previous expression:𝜌 ൒ 0 is the discount rate, 𝑥 ∈ 𝑋 ⊆ ℝ௠ is a state vector; 𝑢 ∈ 𝑈 ⊆ ℝ௡ is 
a control vector, and ℎ: 𝑋 ൈ 𝑈 → 𝑅.  The value function of the generic optimal control problem 
satisfies the Hamilton-Jacobi-Bellman equation, i.e.:  
equation 16 

𝜌𝑉ሺ𝑥ሻ ൌ max
௨∈௎

ℎሺ𝑥, 𝑢ሻ ൅ 𝑉ᇱሺ𝑥ሻ ∙ 𝑔ሺ𝑥, 𝑢ሻ 

In the case with more than one state variable 𝑚 ൐  1, 𝑉′ሺ𝑥ሻ  ∈  ℝ௠  is the gradient of the value 
function. Now for the derivation of the discrete-time Bellman eq. we have: time periods of 
length ∆ ,discount factor 𝛽ሺ∆ሻ ൌ 𝑒ିఘ∆ , here we can note that lim

∆→ஶ
𝛽ሺ∆ሻ ൌ 0 and 

lim
∆→଴

𝛽ሺ∆ሻ ൌ 1.Now that discrete Bellman equation is given as:  

 
equation 17 
𝑉ሺ𝑘௧ሻ ൌ max

௖೟
∆𝑈ሺ𝑐௧ሻ ൅ 𝑒ିఘ∆𝑉ሺ𝑘௧ା∆ሻ s.t. 𝑘௧ା∆ ൌ ∆ሾ𝐹ሺ𝑘௧ሻ െ 𝛿𝑘௧ െ 𝑐௧ሿ ൅ 𝑘௧ 
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For a small ∆ൌ 0 we can make: 𝑒ିఘ∆ ൌ 1 െ 𝜌∆, so that 𝑉ሺ𝑘௧ሻ ൌ max
௖೟

∆𝑈ሺ𝑐௧ሻ ൅ ሺ1 െ

𝜌∆, ሻ𝑉ሺ𝑘௧ା∆ሻ,if we subtract ሺ1 െ 𝜌∆, ሻ𝑉ሺ𝑘௧ሻ from both sides and divide by ∆ and manipulate the 
last term we get : 𝜌𝑉ሺ𝑘௧ሻ ൌ max

௖೟
∆𝑈ሺ𝑐௧ሻ ൅ ሺ1 െ 𝜌∆, ሻሾ𝑉ሺ𝑘௧ା∆ሻ െ 𝑉ሺ𝑘௧ሻ ሿ we get : 

equation 18 

 𝜌𝑉ሺ𝑘௧ሻ ൌ max
௖೟

∆𝑈ሺ𝑐௧ሻ ൅ ሺ1 െ 𝜌∆, ሻ ሾ௏ሺ௞೟శ∆ሻି௏ሺ௞೟ሻ ሿ

௞೟శ∆ା௞೟
 
௞೟శ∆ି௞೟

∆
 

If ∆→ 0 then 𝜌𝑉ሺ𝑘௧ሻ ൌ max
௖೟

∆𝑈ሺ𝑐௧ሻ ൅ 𝑉ᇱሺ𝑘௧ሻ  𝑘ሶ
௧ . Hamilton-Jacobi-Bellman equation in 

stochastic settings is given as: 
 
equation 19 
𝑉ሺ𝑥଴ሻሻ ൌ max

௨ሺ௧ሻ೟సబ
ಮ

𝔼଴ ׬ 𝑒ିఘ௧ℎ൫𝑥ሺ𝑡ሻ, 𝑢ሺ𝑡ሻ൯𝑑𝑡
ஶ

଴  s.t.𝑑𝑥ሺ𝑡ሻ ൌ 𝑔൫𝑥ሺ𝑡ሻ, 𝑢ሺ𝑡ሻ൯𝑑𝑡 ൅ 𝜎൫𝑥ሺ𝑡ሻ൯𝑑𝑊ሺ𝑡ሻ , 𝑢ሺ𝑡ሻ ∈

𝑈 ; 𝑡 ൒ 0, 𝑥ሺ0ሻ ൌ 𝑥଴  
In previous expression 𝑥 ∈ ℝ௠; 𝑢 ∈ ℝ௡. HJB equation without derivation is : 
equation 20 

𝜌𝑉ሺ𝑥ሻ ൌ max
௨∈௎ 

ℎሺ𝑥, 𝑢ሻ ൅ 𝑉ᇱሺ𝑥ሻ𝑔ሺ𝑥, 𝑢ሻ ൅
1
2

𝑉ᇱᇱሺ𝑥ሻ𝜎ଶሺ𝑥ሻ 

In the multivariate case: for fixed 𝑥 we define 𝑚 ൈ 𝑚 covariance matrix, 𝜎ଶሺ𝑥ሻ ൌ 𝜎ሺ𝑥ሻ𝜎ሺ𝑥ሻᇱ 
which is a function of 𝜎ଶ: ℝ௠ → ℝ௠ ൈ ℝ௠. HJB equation now is given as: 
equation 21 

𝜌𝑉ሺ𝑥ሻ ൌ max
௨∈௎ 

ℎሺ𝑥, 𝑢ሻ ൅ ෍
𝜕𝑉ሺ𝑥ሻ

𝜕𝑥௜
𝑔௜ሺ𝑥, 𝑢ሻ ൅

1
2

 ෍ ෍
𝜕ଶ𝑉ሺ𝑥ሻ

𝜕𝑥௜𝜕𝑥௝

௠

௝ୀଵ

௠

௜ୀଵ

௠

௜ୀଵ

𝜎௜௝
ଶ ሺ𝑥ሻ 

In vector notation previous is given as: 
equation 22 

𝜌𝑉ሺ𝑥ሻ ൌ max
௨∈௎ 

ℎሺ𝑥, 𝑢ሻ ൅ ∇௫𝑉ሺ𝑥ሻ ∙ 𝑔ሺ𝑥, 𝑢ሻ ൅
1
2

𝑡𝑟൫Δ௫𝑉ሺ𝑥ሻ𝜎ଶሺ𝑥ሻ൯ 

 
Where ∇௫𝑉ሺ𝑥ሻ: gradient of 𝑉 (dimension 𝑚 ൈ 1) ; Δ௫𝑉ሺ𝑥ሻ : Hessian matrix of 𝑉  (dimension 
𝑚 ൈ 𝑚).By Ito’s lemma10: 
equation 23 

𝑑𝑓ሺ𝑥ሻ ൌ ൭෍ 𝜇௜ሺ𝑥ሻ
𝜕𝑓ሺ𝑥ሻ

𝜕𝑥௜

௡

௜ୀଵ

൅
1
2

 ෍ ෍ 𝜎௜௝
ଶ ሺ𝑥ሻ

𝜕ଶ𝑓ሺ𝑥ሻ

𝜕𝑥௜𝜕𝑥௝

௠

௜ୀଵ

௠

௜ୀଵ

൱ 𝑑𝑡 ൅ ෍ 𝜎ூሺ𝑥ሻ
𝜕𝑓ሺ𝑥ሻ

𝜕𝑥௜

௠

௜ୀଵ

𝑑𝑊௜ 

 
In vector notation:  
equation 24 

𝑑𝑓ሺ𝑥ሻ ൌ ቆ∇௫𝑓ሺ𝑥ሻ ∙ 𝜇ሺ𝑥ሻ ൅
1
2

𝑡𝑟൫Δ௫𝑓ሺ𝑥ሻ𝜎ଶሺ𝑥ሻ൯ቇ 𝑑𝑡 ൅ ∇௫𝑓ሺ𝑥ሻ ∙ 𝜎ሺ𝑥ሻ𝑑𝑊  

 
Now for the Kolmogorov Forward (Fokker-Planck11) equation we have folowing: let 𝑥  be a 
scalar diffusion  
equation 25 

𝑑𝑥 ൌ 𝜇ሺ𝑥ሻ𝑑𝑡 ൅ 𝜎ሺ𝑥ሻ𝑑𝑊, 𝑥ሺ0ሻ ൌ 𝑥଴ 
 

 
10 Itô's lemma is an identity used in Itô calculus to find the differential of a time-dependent function of a 
stochastic process. It serves as the stochastic calculus counterpart of the chain rule, see Kiyosi Itô 
(1951).  
11 See Fokker (1914), Planck (1917), Kolmogorov (1931). 
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Let’s suppose that we are interested in the evolution of the distribution of 𝑥, 𝑓ሺ𝑥, 𝑡ሻ and 
lim

௧→ஶ 
𝑓ሺ𝑥, 𝑡ሻ .So, given an initial distribution 𝑓ሺ𝑥, 0ሻ ൌ 𝑓଴ሺ𝑥ሻ, 𝑓ሺ𝑥, 𝑡ሻ satisfies PDE : 

  
equation 26 

𝜕𝑓ሺ𝑥, 𝑡ሻ

𝜕𝑡
ൌ െ

𝜕
𝜕𝑥

ሾ𝜇ሺ𝑥ሻ𝑓ሺ𝑥, 𝑡ሻሿ ൅
1
2

𝜕ଶ

𝜕𝑥ଶ ሾ𝜎ଶሺ𝑥ሻ𝑓ሺ𝑥, 𝑡ሻሿ 

Previous PDE is called “Kolmogorov Forward Equation” or “Fokker-Planck Equation”. 
 
Corollary 1: if a stationary equilibrium exists lim

௧→ஶ 
𝑓ሺ𝑥, 𝑡ሻ ൌ 𝑓ሺ𝑥ሻ, it satisfies ODE  

equation 27 

0 െ
𝑑

𝑑𝑥
ሾ𝜇ሺ𝑥ሻ𝑓ሺ𝑥ሻሿ ൅

1
2

𝑑ଶ

𝑑𝑥ଶ ሾ𝜎ଶሺ𝑥ሻ𝑓ሺ𝑥ሻሿ 

In the multivariate case Kolmogorov Forward Equation is given as: 
equation 28 

𝜕𝑓ሺ𝑥, 𝑡ሻ

𝜕𝑡
ൌ െ ෍

𝜕
𝜕𝑥௜

ሾ𝜇ሺ𝑥ሻ𝑓ሺ𝑥, 𝑡ሻሿ
௠

௜ୀଵ

൅
1
2

෍ ෍
𝜕ଶ

𝜕𝑥ଶ ൣ𝜎௜௝
ଶ ሺ𝑥ሻ𝑓ሺ𝑥, 𝑡ሻ൧

௠

௝ୀଵ

௠

௜ୀଵ

 

Comparison between Hamiltnian and HJB equation gives: 
equation 29 
ℋሺ𝑥, 𝑢, 𝜆ሻ ൌ ℎሺ𝑥, 𝑢ሻ ൅ 𝜆𝑔ሺ𝑥, 𝑢ሻ (Hamiltonian)  
equation 30 
𝜌𝑉ሺ𝑥ሻ ൌ max

௨∈௎
ℎሺ𝑥, 𝑢ሻ ൅ 𝑉ᇱሺ𝑥ሻ𝑔ሺ𝑥, 𝑢ሻ (Bellman)  

Connection i.e. co-state value is 𝜆ሺ𝑡ሻ ൌ 𝑉ᇱ൫𝑥ሺ𝑡ሻ൯  which is a shadow value. Bellman can be 
written as: 
equation 31 

𝜌𝑉ሺ𝑥ሻ ൌ max
௨∈௎

ℋ൫𝑥, 𝑢, 𝑉ᇱሺ𝑥ሻ൯ 

Finite difference method of HJB equation 
Finite difference method of HJB equation is given as: 
As in Achdou et al.(2022),  two functions 𝑣ଵ, 𝑣ଶ at 𝐼 discrete points in the space dimension 𝑎௜ 
, 𝑖 ൌ 1, … , 𝐼 . Equispaced grids are denoted by ∆𝑎௜as the distance by the grid points, and shot 
hand notation used is 𝑣௜,௝ ≡ 𝑣௝ሺ𝑎௜ሻ and so on. Backward difference approximation is given as:  
equation 32 

൞
𝑣௝

ᇱሺ𝑎௜ሻ ൎ
𝑣௜ାଵ,௝ െ 𝑣௜,௝

∆𝑎 
≡ 𝑣௜,௝,ி

ᇱ

𝑣௝
ᇱሺ𝑎௜ሻ ൎ

𝑣௜ାଵ,௝ െ 𝑣௜ିଵ,௝

∆𝑎 
≡ 𝑣௜,௝,஻

ᇱ
 

Two basic equations to explain Huggett economy are : 
equation 33 

൭
𝜌𝑣ଵሺ𝑎ሻ ൌ max

௖
𝑢ሺ𝑐ሻ ൅ 𝑣ଵ

ᇱ ሺ𝑎ሻሺ𝑧ଵ ൅ 𝑟𝑎 െ 𝑐ሻ ൅ 𝜆ଵ൫𝑣ଶሺ𝑎ሻ െ 𝑣ଵሺ𝑎ሻ൯

𝜌𝑣ଶሺ𝑎ሻ ൌ max
௖

𝑢ሺ𝑐ሻ ൅ 𝑣ଶ
ᇱ ሺ𝑎ሻሺ𝑧ଶ ൅ 𝑟𝑎 െ 𝑐ሻ ൅ 𝜆ଶ൫𝑣ଵሺ𝑎ሻ െ 𝑣ଶሺ𝑎ሻ൯

 

Where 𝜌 ൒ 0 represents the discount factor for the future consumption 𝑐௧ (Individuals have 
standard preferences over utility flows), 𝑎 represents wealth in form of bonds that evolve 
according to : 
equation 34 

𝑎ሶ ൌ 𝑦௧ ൅ 𝑟௧𝑎௧ െ 𝑐௧ 
𝑦௧ is the income of individual, which is endowment of economy’s final good, and 𝑟௧ represents 
the interest rate. Equilibrium in this Huggett (1993) economy is given as: 
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equation 35 

න 𝑎𝑔ଵሺ𝑎, 𝑡ሻ𝑑𝑎 ൅ න  𝑎𝑔ଶሺ𝑎, 𝑡ሻ𝑑𝑎 ൌ 𝐵
ஶ

௔

ஶ

௔
  

Where in previous expression 0 ൑ 𝐵 ൑ ∞ and when 𝐵 ൌ 0 that means that bonds are zero net 
supply. So the finite difference method approx. to 

൭
𝜌𝑣ଵሺ𝑎ሻ ൌ max

௖
𝑢ሺ𝑐ሻ ൅ 𝑣ଵ

ᇱ ሺ𝑎ሻሺ𝑧ଵ ൅ 𝑟𝑎 െ 𝑐ሻ ൅ 𝜆ଵ൫𝑣ଶሺ𝑎ሻ െ 𝑣ଵሺ𝑎ሻ൯

𝜌𝑣ଶሺ𝑎ሻ ൌ max
௖

𝑢ሺ𝑐ሻ ൅ 𝑣ଶ
ᇱ ሺ𝑎ሻሺ𝑧ଶ ൅ 𝑟𝑎 െ 𝑐ሻ ൅ 𝜆ଶ൫𝑣ଵሺ𝑎ሻ െ 𝑣ଶሺ𝑎ሻ൯

 is given as: 

equation 36 
𝜌𝑣௜,௝ ൌ 𝑢൫𝑐௜,௝൯ ൅ 𝑣௜,௝

ᇱ ൫𝑧௝ ൅ 𝑟𝑎௜ ൅ 𝑐௜,௝൯ ൅ 𝜆௝൫𝑣௜,ି௝ െ 𝑣௜,௝൯, 𝑗 ൌ 1,2 

𝑐௜,௝ ൌ ሺ𝑢ᇱሻିଵ൫𝑣௜,௝
ᇱ ൯

  

Figure 2 (a,b) Finite difference method  

 
 
Source: Greif, Constantin, "Numerical Methods for Hamilton-Jacobi-Bellman Equations" 
(2017). Theses and Dissertations. 1480. 
CRRA utility  
An example of Constant relative risk aversion is given as: 
equation 37 

 𝑢ሺ𝑥ሻ ൌ
௫భషഐିଵ

ଵିఘ
 

Note that 𝑢ᇱሺ𝑥ሻ ൌ 𝑥ିఘ  and 𝑢ᇱᇱሺ𝑥ሻ ൌ െ𝜌𝑥ఘିଵ; 𝑅ሺ𝑥ሻ ൌ 𝑥𝐴ሺ𝑥ሻ ൌ െ
௫௨ᇲᇲሺ௫ሻ

௨ᇲሺ௫ሻ
.Where 𝐴ሺ𝑥ሻ ൌ 𝑎 ; and 

𝑢ᇱሺ𝑥ሻ ൌ 𝑎𝑒ି௔௫ and so 𝑢ᇱᇱሺ𝑥ሻ ൌ െ𝑎ଶ𝑒ି௔௫ , or 𝐴ሺ𝑥ሻ ൌ
ି௨ᇲᇲሺ௫ሻ

௨ᇲሺ௫ሻ
.  

Expected utility theorem  
Next will give expected utility theorem  
Theorem: 𝑋 is a finite set of prizes,∆ሺ𝑋ሻ is a set of lotteries on 𝑋. Let ≽ be a binary relation 
on ,∆ሺ𝑋ሻ. Then ≽ is complete, reflexive , transitive, and satisfies independence . Preference 
relation ≿ is a relation ≳⊂ ℝା

௟ ൈ ℝା
௟ .With properties 𝑥 ≿ 𝑥, ∀𝑥 ∈ ℝା

௟  (reflexivity), 𝑥 ≿ 𝑦, 𝑦 ≿
𝑧 ⇒ 𝑥 ≿ 𝑧 (transitivity), ≿ is a closed set (continuity), ∀ሺ𝑥 ≿ 𝑦ሻ, ∃ሺ𝑦 ≿ 𝑥ሻ  (completeness) 
,given ≳, ∀ ሺ𝑥 ≫ 0ሻ the at least good set ሼy: y ≳ x ሽis closed relative to 𝑅௟  (boundary condition), 
𝐴 is convex, 𝑖𝑓 ሼy: y ≳ x ሽis convex set for every y , 𝑎𝑦 ൅ ሺ1 െ 𝜆ሻ𝑥 ≳ 𝑥, whenever y ≳ x  𝑎𝑛𝑑 0 ൏
𝑎 ൏ 1 , Mas-Colell, A. (1989). 
Lemma 1: If ≽ is complete, reflexive, transitive, and satisfies independence then: 

1. 𝑝 ≻ 𝑞 and 0 ൑ 𝛼 ൏ 𝛽 ൑ 1  
𝛽𝑝 ൅ ሺെ𝛽 ൅ 1ሻ𝑞 ≻ 𝛼𝑝 ൅ ሺ1 െ 𝛼ሻ𝑞 

2. 𝑝 ≽ 𝑞 ≽ 𝑟; 𝑝 ≻ 𝑟 ; ∃𝛼∗ ⇒ 𝑞 ∼ 𝛼∗𝑝 ൅ ሺ1 െ 𝛼ሻ𝑟∗ 
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Well in the standard model of one risk-free asset and one risky asset, under constant relative 
risk aversion the fraction of wealth optimally placed in the risky asset is independent of the 
level of initial wealth, (see Arrow(1965)).  
MIT shock  
In definition given by Boppart et al. (2018) “MIT shock” is defined as:“An “MIT shock” is an 
unexpected shock that hits an economy at its steady state, leading to a transition path back 
towards the economy’s steady state……”.Mukoyama (2021) also follows Boppart et al. (2018) 
definition:”…. the probability of the shock is considered zero, and no prior (contingent) 
arrangement is possible for the occurrence of the MIT shock”…..The dynamic analysis that 
was using exogenous shocks or policy changes has been used in the literature with the earlier 
examples including: Abel,Blanchard (1983), Auerbach, Kotlikoff (1983), and Judd (1985).And 
more recent examples being: Boppart et al. (2018), Kaplan et al. (2018), Boar ,Midrigan 
(2020), Guerrieri et al. (2020). 
 
Euler equation  
Here following lemma applies see Achdou et al.(2022) 
Lemma 2: The consumption and savings policy functions 𝑐௝ሺ𝑎ሻ and 𝑠௝ሺ𝑎ሻ for 𝑗 ൌ 1,2.. 

corresponding to HJB equation : 𝜌𝑣௝ሺ𝑎ሻ ൌ max
௖

𝑢ሺ𝑐ሻ ൅ 𝑣௝
ᇱሺ𝑎ሻ൫𝑦௝ ൅ 𝑟𝑎 െ 𝑐൯ ൅ 𝜆௝ ቀ𝑣ି௝ሺ𝑎ሻ െ 𝑣௝ሺ𝑎ሻቁ 

which is maximized at : 0 ൌ െ
ௗ

ௗ௔
ൣ𝑠௝ሺ𝑎ሻ𝑔௃ሺ𝑎ሻ൧ െ 𝜆௝𝑔௝ሺ𝑎ሻ ൅ 𝜆ି௝௚షೕ

ሺ𝑎ሻ is given as: 

equation 38 

ሺ𝜌 െ 𝑟ሻ𝑢ᇱ ቀ𝑐௝ሺ𝑎ሻቁ ൌ 𝑢ᇱᇱ ቀ𝑐௃ሺ𝑎ሻቁ 𝑐௃
ᇱሺ𝑎ሻ𝑠௝ሺ𝑎ሻ ൅ 𝜆௝ሺ𝑢ᇱ ቀ𝑐ି௝ሺ𝑎ሻቁ െ 𝑢ᇱ ቀ𝑐௝ሺ𝑎ሻቁ

𝑠௃ሺ𝑎ሻ ൌ 𝑦௃ ൅ 𝑟𝑎 െ 𝑐௝ሺ𝑎ሻ
 

Proof :  differentiate 𝜌𝑣௝ሺ𝑎ሻ ൌ max
௖

𝑢ሺ𝑐ሻ ൅ 𝑣௝
ᇱሺ𝑎ሻ൫𝑦௝ ൅ 𝑟𝑎 െ 𝑐൯ ൅ 𝜆௝ ቀ𝑣ି௝ሺ𝑎ሻ െ 𝑣௝ሺ𝑎ሻቁ with respect 

to 𝑎 and use that 𝑣௝
ᇱሺ𝑎ሻ ൌ 𝑢ᇱ ቀ𝑐௝ሺ𝑎ሻቁ and hence 𝑣௝

ᇱᇱሺ𝑎ሻ ൌ 𝑢ᇱᇱ ቀ𝑐௝ሺ𝑎ሻቁ 𝑐௝
ᇱሺ𝑎ሻ ∎ 

The differential equation
ሺ𝜌 െ 𝑟ሻ𝑢ᇱ ቀ𝑐௝ሺ𝑎ሻቁ ൌ 𝑢ᇱᇱ ቀ𝑐௃ሺ𝑎ሻቁ 𝑐௃

ᇱሺ𝑎ሻ𝑠௝ሺ𝑎ሻ ൅ 𝜆௝ሺ𝑢ᇱ ቀ𝑐ି௝ሺ𝑎ሻቁ െ 𝑢ᇱ ቀ𝑐௝ሺ𝑎ሻቁ

𝑠௃ሺ𝑎ሻ ൌ 𝑦௃ ൅ 𝑟𝑎 െ 𝑐௝ሺ𝑎ሻ
 

is and Euler equation , the right hand sideሺ𝜌 െ 𝑟ሻ𝑢ᇱ ቀ𝑐௝ሺ𝑎ሻቁ is  expected change of marginal 

utility of consumption 
𝔼೟ൣௗ௨ᇱሺ௖ೕሺ௔೟ሻ൧

ௗ௧
.This uses Ito’s formula to Poisson process: 

equation 39 

 𝔼௧ൣ𝑑𝑢′ሺ𝑐௝ሺ𝑎௧ሻ൧ ൌ ቂ𝑢′′ሺ𝑐௝ሺ𝑎௧ሻ𝑐௝
ᇱሺ𝑎௧ሻ𝑠௝ሺ𝑎௧ሻ ൅ 𝜆௝ ቀ𝑢′ሺ𝑐ି௝ሺ𝑎௧ሻቁ െ 𝑢ᇱ ቀ𝑐௝ሺ𝑎௧ሻቁቃ 𝑑𝑡 

So, this equation 
ሺ𝜌 െ 𝑟ሻ𝑢ᇱ ቀ𝑐௝ሺ𝑎ሻቁ ൌ 𝑢ᇱᇱ ቀ𝑐௃ሺ𝑎ሻቁ 𝑐௃

ᇱሺ𝑎ሻ𝑠௝ሺ𝑎ሻ ൅ 𝜆௝ሺ𝑢ᇱ ቀ𝑐ି௝ሺ𝑎ሻቁ െ 𝑢ᇱ ቀ𝑐௝ሺ𝑎ሻቁ

𝑠௃ሺ𝑎ሻ ൌ 𝑦௃ ൅ 𝑟𝑎 െ 𝑐௝ሺ𝑎ሻ
 can be 

written in more standard form: 
equation 40 

𝔼௧ൣ𝑑𝑢′ሺ𝑐௝ሺ𝑎௧ሻ൧
𝑑𝑡

ൌ ሺ𝜌 െ 𝑟ሻ𝑑𝑡  

Generalized Euler equations when 𝑊 is defined recursively 𝑊௧ାଵ ൌ 𝑅ሺ𝑊௧ െ 𝑐௧ሻ previously we 
should define that ∑ 𝑅ି௧ାଵ𝑐௧ ൑ 𝑊ଵ ஶ

௧ୀଵ  and gross interest rate 𝑅 ൌ 𝑟 ൅ 1; are given in the 
following form: 
equation 41 

𝑢ᇱሺ𝑐௧ሻ ൌ 𝑅 ቈ𝛽𝛿 ቆ
𝜕𝑐௧ାଵሺ𝑊௧ାଵሻ

𝜕𝑊௧ାଵ
ቇ ൅ 𝛿 ቆ1 െ

𝜕𝑐௧ାଵሺ𝑊௧ାଵሻ

𝜕𝑊௧ାଵ
ቇ቉ 𝑢ᇱሺ𝑐௧ାଵሻ 
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Where ቂ𝛽𝛿 ቀడ௖೟శభሺௐ೟శభሻ

డௐ೟శభ
ቁ ൅ 𝛿 ቀ1 െ

డ௖೟శభሺௐ೟శభሻ

డௐ೟శభ
ቁቃ is the effective discount factor, also 𝑐௧ାଵሺ𝑊௧ାଵሻ 

represents the optimal consumption choice. With uncertainty Euler equation will become: 
equation 42 

𝑢ᇱሺ𝑐௧ሻ ൌ 𝛽𝑅𝐸෠ ሾ𝑢ᇱሺ𝑐௧ାଵሻ|𝐼௧ሿ 
Where 𝐸෠ ሾ𝑢ᇱሺ𝑐௧ାଵሻ|𝐼௧ሿ represents the agents, expectation given the information set 𝐼௧.Now, 
taking 2nd order approx.to marginal utility in 𝑡 ൅ 1 around 𝑐௧ gives: 
equation 43 

𝐸෠ ൤
𝑐௧ାଵ െ 𝑐௧

𝑐௧
|𝐼௧൨ ൌ 𝜎௧ሺ1 െ ሺ𝛽𝑅ሻିଵሻ ൅

1
2

𝜙௧𝐸෠ሾሺ𝑐௧ାଵ െ 𝑐௧ሻଶ|𝐼௧ሿ 

Where 𝜙௧ ൌ െ
௖೟௨ᇲᇲᇲሺ௖೟ሻ

௨ᇲᇲሺ௖೟ሻ
 is a coefficient of relative prudence (see Dynan (1991), expected 

consumption growth that rises with the real interest rate and falls with impatience.In 
continuous time previous would be: 
equation 44 

𝑐ሶ௧
𝑐௧

ൌ 𝜎௧ሺ𝑟 െ 𝜌ሻ 

Where 𝜎௧ ൌ െ
௨ᇲሺ௖೟ሻ

௖೟௨ᇲᇲሺ௖೟ሻ
; and 𝑐௧ା∆௧ ൌ 𝑐௧ ൅ ∆𝑐௧, 𝛽 ൌ 1 െ 𝜌∆𝑡; ∆𝑡 → 0 .Now, let’s consider that 

𝜀௧ାଵ ൌ 𝑢ᇱሺ𝑐௧ାଵሻ െ ሺ𝛽𝑅ሻିଵ𝑢ᇱሺ𝑐௧ሻ as in Hall (1978) . It was pointed by Hall (1978) that this 
equation 𝑢ᇱሺ𝑐௧ሻ ൌ 𝛽𝑅𝐸෠ ሾ𝑢ᇱሺ𝑐௧ାଵሻ|𝐼௧ሿ implies that 𝐸෠ሾ𝜀௧ାଵ𝑧௧|𝐼௧ሿ ൌ 𝑧௧𝐸෠ሾ𝜀௧ାଵ|𝐼௧ሿ for any 𝑧௧ ∈ 𝐼௧ . 
 
Entrepreneurship and financial frictions (code example by Benjamin Moll) 
This model is due to: Achdou et.al (2014); Buera and Shin (2013) and Cagetti and De Nardi 
(2006). A version with aggregate shocks and business cycle implications will be presented: 
 

1. 𝔼଴ ׬ 𝑒ିఘ௧𝑢ሺ𝑐௧ሻ𝑑𝑡  
ஶ

଴ (Individual preferences)  

2. 𝑤𝑧ఏ; 𝜃 ൒ 0 (labor income of workers from 𝑧 earnings)  
3. 𝑦௨ ൌ 𝐹௨ሺ𝑧, 𝑘, ℓሻ ൌ 𝑧𝐵௨𝑘ఈℓఉ (unproductive technology)  
4. 𝑦௣ ൌ 𝐹௣ሺ𝑧, 𝑘, ℓሻ ൌ 𝑧𝐵௣ሺሺ𝑘 െ 𝑓௞ሻା ሻఈሺሺℓ െ 𝑓ℓሻାሻ ఉ (productive technology)  
5. 𝐵௣ ൐ 𝐵௨ per-period overhead costs 𝑓௞ െ 𝐹ℓ (productivity of unproductive and 

productive entrepreneurs )  
6. 𝐴௧  ≡  𝑞𝑘௧ିଵ  ൅  𝐵௧ where  𝐵௧ is the borrowers liquid savings or debt if 𝐵௧ ൏ 0 ; 𝑞𝑘௧ିଵ is 

the value of housing services 
7. ∀𝑥, 𝑥ା ൌ maxሼ𝑥, 0ሽ 
8. 𝐹௣ non concave in 𝑘, ℓ 
9. 𝑧:idisosyncratic shock  
10. Collateral constraints are: 𝑘 ൑ 𝜆𝑎 ; 𝜆 ൒ 1 

11.  ൫1 െ 𝜏௬೔
൯𝑒௜൫𝑘௜

௔ℓ௜
ଵିఈ൯

ଵି௩
ൌ 𝑤𝑙௜ െ ሺ𝛿 ൅ 𝑟ሻ𝑘௜ ; 𝑘௜ ൑ 𝜆𝑎௜ 

12. financial frictions apply equally to everyone in the economy—𝜆 has no individual 
subscript, 𝜏௬೔

 has and it is individually specific.  
13. 𝜏௬೔

െtaxes/subsidies/wedges on output 

14. 𝜏ାሺ൒ 0ሻ; 𝜏ିሺ൑ 0ሻ∀𝑒 ; Pr൛𝜏௬ ൌ 𝜏ା|𝑒ൟ ൌ 1 െ 𝑒ି௤௘ 
15. 𝜆 ∈ ሼ1, ∞ሽ െ 1 financial autarky; ∞ - perfect credit, maximum leverage ratio 
16. Income maximization: 𝑀ሺ𝑎, 𝑧, 𝐴; 𝑤, 𝑟ሻ ൌ

max൛𝑤𝑧ఏ, Π௨ሺ𝑎, 𝑧, 𝐴; 𝑤, 𝑟ሻ, Π௣ሺ𝑎, 𝑧, 𝐴; 𝑤, 𝑟ሻൟ ; Π௝ሺ𝑎, 𝑧, 𝐴; 𝑤, 𝑟ሻ ൌ max
௞ழିఒ௔

𝐹௝ሺ𝑧, 𝐴, 𝑘, 𝑙ሻ െ

ሺ𝑟 ൅ 𝛿ሻ𝑘 െ 𝑤𝑙; 𝑗 ൌ 𝑝, 𝑢 
17. Individuals solve:\ 
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equation 45 
max
ሼ௖೟ሽ

𝔼଴ ׬  𝑒ିఘ௧𝑢ሺ𝑐௧ሻ𝑑𝑡 
ஶ

଴ 𝑠. 𝑡 𝑑𝑎௧ ൌ ሾ𝑀ሺ𝑎௧, 𝑧௧, 𝐴௧; 𝑤௧, 𝑟௧ሻ ൅ 𝑟௧𝑎௧ െ 𝑐௧ሿ𝑑𝑡 ; 𝑑𝑧𝑡 ൌ 𝜇𝑧ሺ𝑡ሻ𝑑𝑡 ൅

𝜎ሺ𝑧௧ሻ𝑑𝑊௧; 𝑎௧ ൒ 0 
18. Optimal capital and labor choices corresponding to the productive technology are 

given as: 
equation 46 

𝑘௣ሺ𝑎; 𝑧; 𝑤; 𝑟ሻ ൌ min ቊ𝜆𝑎, ൫𝑧𝐴𝐵௣൯
భ

భషഀషഁ ቀఉ

௪
ቁ

ഁ
భషഀషഁ ൅ 𝑓௞ቋ; 

 ℓ௣ሺ𝑎, 𝑧, 𝑤, 𝑟ሻ ൌ ቀ
ఉ௭ ஺஻೛

௪
ቁ

భ
భషഁ

𝑘௣ሺ𝑎, 𝑧, 𝑤, 𝑟ሻ
ഀ

భషഁ ൅ 𝑓ℓ 

 
19. Equilibrium conditions are: 

equation 47 
𝜌𝑣ሺ𝑎, 𝑧, 𝑡ሻ ൌ max

௖
𝑢ሺ𝑐ሻ ൅ 𝜕௔𝑣ሺ𝑎, 𝑧, 𝑡ሻൣ𝑀൫𝑎, 𝑧; 𝑤ሺ𝑡ሻ൯ ൅ 𝑟ሺ𝑡ሻ𝑎 െ 𝑐൧ ൅ 𝜕௭𝑣ሺ𝑎, 𝑧, 𝑡ሻ𝜇ሺ𝑧ሻ

൅
1
2

𝜕௭.௭𝑣ሺ𝑎, 𝑧, 𝑡ሻ𝜎ଶሺ𝑧ሻ ൅ 𝜕௧𝑣𝑣ሺ𝑎, 𝑧, 𝑡ሻ 

equation 48 

𝜕௧𝑔ሺ𝑎, 𝑧, 𝑡ሻ ൌ െ𝜕௔ሾ𝑠ሺ𝑎, 𝑧, 𝑡ሻ𝑔ሺ𝑎, 𝑧, 𝑡ሻሿ െ 𝜕௭ ቈ𝜇ሺ𝑧ሻ𝑔ሺ𝑎, 𝑧, 𝑡ሻ ൅
1
2

𝜕௭௭ሾ𝜎ଶሺ𝑧ሻ𝑔ሺ𝑎, 𝑧, 𝑡ሻሿ቉ 

Where 𝑔 is PDF of the statistical distribution. 

In previous 𝜕௔𝑣 ൌ
డ௩

డ௔
 and the optimal savings function is given as: 

equation 49 
𝑠ሺ𝑎, 𝑧, 𝑡ሻ ൌ 𝑀ሺ𝑎, 𝑧; 𝑤ሺ𝑡ሻ, 𝑟ሺ𝑡ሻ ൅ 𝑟ሺ𝑡ሻ𝑎 െ 𝑐ሺ𝑎, 𝑧, 𝑡ሻ 

In previous current assets  𝑎 ൌ് ሺ1 ൅ 𝑟ሻ𝑎 ൅ 𝑝 െ 𝑐  ; and 𝑝 are social security payments,𝑐  is 

consumption and utility from consumption is givenas 𝑢ሺ𝑐ሻ ൌ
௖భష഑

ଵିఙ
  as in Cagetti and De Nardi 

(2006) where public firms maximize: 
equation 50 

𝑟ሺ𝑡ሻ ൌ 𝜕௄𝐹௖൫𝐴, 𝐾௖ሺ𝑡ሻ, 𝐿௖ሺ𝑡ሻ൯ െ 𝛿 
𝑤ሺ𝑡ሻ ൌ 𝜕௅𝐹௖ሺ𝐴𝐾௖ሺ𝑡ሻ, 𝐿௖ሺ𝑡ሻ 

Capital and labor market clear at: 
equation 51 

𝐾௖ሺ𝑡ሻ ൌ න 𝑎𝑔ሺ𝑎, 𝑧, 𝑡ሻ𝑑𝑎𝑑𝑧  

𝐿௖ሺ𝑡ሻ ൌ න 𝑧ఏ 𝟏൛௪௭ഇவ୫ୟ୶൛ஈೠ,ஈ೛ൟൟ𝑔ሺ𝑎, 𝑧, 𝑡ሻ𝑑𝑎𝑑𝑧 

Where 𝟏൛௪௭ഇவ୫ୟ୶൛ஈೠ,ஈ೛ൟൟ is an indicator function12 and: 

equation 52 
𝟏: 𝑤𝑧ఏ ൐ max൛Π௨, Π௣ൟ 

Defined as: 
equation 53 

𝟏: ቊ
1 ∵ 𝑤𝑧ఏ ൐ max൛Π௨, Π௣ൟ

0 ∴ 𝑧ఏ ൑ max൛Π௨, Π௣ൟ
 

Where 𝜃 represents entrepreneurial ability. Now about numerical computation given 𝜉௟ ൌ
𝐾௖/𝐿௖ and then find (compute)  𝐿௖,௟ ൌ

௄೎,೗

క೗
 so that “excess demand” is given as: 

 
12 Indicator function is a function that returns 1 if an element is present in a specified subset and 0 if 
absent; naturally isomorphic with a set's subsets. 
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equation 54 

𝐷௟ ൌ 𝐿௖ሺ𝑡ሻ ൅ න 𝑙௨൫𝑎, 𝑧, 𝑤ሺ𝑡ሻ, 𝑟ሺ𝑡ሻ൯ 𝟏൛ஈೠவ୫ୟ୶൛ஈ೛,௪௭ഇൟൟ𝑔ሺ𝑎, 𝑧, 𝑡ሻ𝑑𝑎𝑑𝑧

൅ න 𝑙௣൫𝑎, 𝑧, 𝑤ሺ𝑡ሻ; 𝑟ሺ𝑡ሻ൯ 𝟏൛ஈೠவ୫ୟ୶൛ஈ೛,௪௭ഇൟൟ𝑔ሺ𝑎, 𝑧, 𝑡ሻ𝑑𝑎𝑑𝑧

െ න 𝑧ఏ𝟏൛௪௭ഇவ୫ୟ୶൛ஈೠ;ஈ೛ൟൟ௚ሺ௔,௭,௧ሻௗ௔ௗ௭  

Next Savings,consumption function as well as wealth function with entrepreneurship are 
presented. 
Figure 3 savings and consumption functions with entrepreneurship 
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Figure 4 Wealth with entrepreneurship 

 
Source code: Benjamin Moll codes https://benjaminmoll.com/codes/   
 
Endogenous entrepreneurship and financial frictions  
Code used in this part was written by Frederic Martenet 13.In this model there are continuum 
of individuals that differ in wealth 𝑎 and entrepreneurial ability 𝑧. Entrepreneurial ability 𝑧 Is 
drawn from Pareto distribution: 
equation 55 

𝜇௣ௗ௙ሺ𝑧ሻ ൌ 𝜂𝑧ିఎିଵ, 𝑧 ൒ 1 
Entrepreneurial ability is persistent in each period ability is drawn with probability 𝛾 .Banks 
collect deposits and rent out capital to entrepreneurs with rate 𝑅 ൌ 𝑟 ൅ 𝛿 where 𝑟 is deposit 
rate. There is also representative public firm. Government taxes all entrepreneurial profits and 
revenues 𝜏గ and 𝜏௬, and rebates receipts with lump-sum payments 𝒯௧.CRRA preferences are 
given as: 
equation 56 

max 𝔼଴ ෍ 𝛽௧ 𝑐௧
ଵିఙ െ 1
1 െ 𝜎 

ஶ

௧ୀ଴

 

Inverse intertemporal elasticity of substitution is 𝜎 .The budget constraint is given as: 
equation 57 

𝑐௧ ൅ 𝑎௧ାଵ ൑ maxሼ𝑤௧, 𝜋ሺ𝑧௧, 𝑎௧ሻሽ ൅ ሺ1 ൅ 𝑟௧ሻ𝑎௧ ൅ 𝒯௧ 
Profits from operation technology are given as: 
equation 58 

𝜋ሺ𝑧௧, 𝑎௧ሻ ൌ max
௟೟,௞೟

൛ሺ1 െ 𝜏௧
గሻൣ൫1 െ 𝜏௧

௬൯𝑧௧𝑍௧ሺ𝑘௧
௔𝑙௧

ଵି௔ሻଵି௩ െ 𝑤௧𝑙௧ െ ሺ𝛿 ൅ 𝑟௧ሻ𝑘௧൧ൟ 

s.t. 𝑘௧ ൑ 𝜆𝑎௧ 
individuals with productivity 𝑧௧ choose to become entrepreneurs if their wealth exceeds the 
threshold value 𝑎തሺ𝑧௧ሻ which solves : 
equation 59 

𝑤௧ ൌ 𝜋ሺ𝑧௧, 𝑎തሺ𝑧௧ሻሻ  

 
13 See: https://github.com/FredericMartenet/entrepreneurs  
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The technology operated by individual entrepreneurs has decreasing returns to scale : 
equation 60 

𝑦௧ ൌ 𝑓ሺ𝑧, 𝑘, 𝑙ሻ ൌ 𝑧𝑍௧ሺ𝑘௔𝑙ଵି௔ሻଵି௩ 
𝑍௧ ൌ ∑𝑧௧ or they are aggregate TFP shocks. On the other hand, public firm operates with 
constant returns to scale of CRS technology: 
equation 61 

𝐹ሺ𝐾௖௧, 𝐿௖௧ሻ ൌ 𝑍௧𝑍௖௧𝐾௖௧
௔ 𝐿௖௧

ଵି௔ 
FOCs are given as: 
equation 62 

𝑟௧ ൌ 𝑎𝑍௧𝑍௖௧𝐾௖௧
௔ 𝐿௖௧

ି௔ାଵ 

𝑤௧ ൌ ሺ1 െ 𝑎ሻ𝑍௧𝑍௖௧ ൬
𝐾௖௧

𝐿௖௧
൰

௔

 

Capital-labor ratio is given by: 
equation 63 

𝐾௖௧

𝐿௖௧
ൌ ൬

𝑎𝑍௧𝑍௖௧

𝑟௧ ൅ 𝛿
൰

ଵ
ି௔ାଵ

 

Labor market clearing condition is given as: 
equation 64 

𝐿௖௧ ൅ න 𝑙௧ሺ𝑧, 𝑎ሻ𝑑𝐷௧ሺ𝑎, 𝑧ሻ െ න 𝑑𝐷௧ሺ𝑎, 𝑧ሻ ൌ 0 
௪ோ

 

Asset market (capital market) clears: 
equation 65 

𝐾௖௧ ൅ න 𝑘௧ሺ𝑧, 𝑎ሻ𝑠𝐷௧ሺ𝑎, 𝑧ሻ െ න 𝑎𝐷௧ሺ𝑎, 𝑧ሻ ൌ 0
ா

 

Government budget balance is given as: 
equation 66 

𝒯௧ ൌ න ൣሺ𝜏௧
గ ൅ 𝜏௧ െ 𝜏௧

గ𝜏௧ሻ𝑦௧ሺ𝑧, 𝑘, 𝑙ሻ െ 𝜏௧
గ൫𝑤௧𝑙௧ሺ𝑧, 𝑎ሻ ൅ ሺ𝛿 ൅ 𝑟௧ሻ𝑘௧ሺ𝑧, 𝑎ሻ൯൧𝑑𝐷௧ሺ𝑎, 𝑧ሻ

ா
 

𝐷௧ሺ𝑎, 𝑧ሻ is some distribution of assets and skills and initial distribution is given as 𝐷଴ሺ𝑎, 𝑧ሻ. 
Now when solving for entrepreneurial profits: 

𝜋ሺ𝑧௧, 𝑎௧ሻ ൌ max
௟೟,௞೟

൛ሺ1 െ 𝜏௧
గሻଵି௩ൣ൫1 െ 𝜏௧

௬൯𝑧௧𝑍௧ሺ𝑘௧
௔𝑙௧

ଵି௔ሻଵି௩ െ 𝑤௧𝑙௧ െ ሺ𝛿 ൅ 𝑟௧ሻ𝑘௧൧ൟ 

s.t. 𝑘௧ ൑ 𝜆𝑎௧ 
if collateral constraint is binding following applies : 𝑘௖ሺ𝑎௧ሻ ൌ 𝜆𝑎௧ or if the collateral constraint 
is not binding then we have: 
equation 67 

𝑘௨ሺ𝑧௧ሻ ൌ ൣ൫1 െ 𝜏௧
௬൯𝑧௧𝑍௧൧

ଵ
௩ ቆ

𝑎ሺ1 െ 𝑣ሻ

𝑟௧ ൅ 𝛿
ቇ

ଵିሺଵି௔ሻሺଵି௩ሻ
௩

൬
ሺ1 െ 𝑎ሻሺ1 െ 𝑣ሻ

𝑤௧
൰

ሺଵି௔ሻሺଵି௩ሻ
௩

 

Capital policy function is given as: 
equation 68 

𝑘ሺ𝑧௧, 𝑎௧ሻ ൌ minሼ𝑘௖ሺ𝑎௧ሻ, 𝑘௨ሺ𝑧௧ሻሽ 
Labor policy function is given as: 
equation 69 

𝑙ሺ𝑧௧, 𝑎௧ሻ ൌ ቆ
ሺ1 െ 𝑎ሻሺ1 െ 𝑣ሻ൫1 െ 𝜏௧

௬൯𝑧௧𝑍௧

𝑤௧
ቇ

ଵ
ଵିሺଵି௔ሻሺଵି௩ሻ

𝑘ሺ𝑧௧, 𝑎௧ሻ
௔ሺଵି௩ሻ

ଵିሺଵି௔ሻሺଵି௩ሻ 

Indirect profit function is given by : 
equation 70 

𝜋ሺ𝑧௧, 𝑎௧ሻ ൌ ሺ1 െ 𝜏௧
గሻൣ൫1 െ 𝜏௧

௬൯𝑧௧𝑍௧ሺ𝑘ሺ𝑧௧, 𝑎௧ሻ௔𝑙ሺ𝑧௧, 𝑎௧ሻଵି௔ሻଵି௩ െ 𝑤௧𝑙ሺ𝑧௧, 𝑎௧ሻ െ ሺ𝛿 ൅ 𝑟ሻ𝑘ሺ𝑧௧, 𝑎௧ሻ൧ 
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𝜏௧
గ does affect policies and 𝜏௧

௬ does not. Bellman equation here can be written as: 
equation 71 

𝑣௧ሺ𝑎௧, 𝑧௧ሻ ൌ max
௖೟,௔೟శభ

൜𝑢ሺ𝑐௧ሻ ൅ 𝛽 ൤𝛾𝑣௧ାଵሺ𝑎௧ାଵ, 𝑧௧ሻ ൅ ሺ1 െ 𝛾ሻ න 𝑣௧ାଵሺ𝑎௧ାଵ. 𝑧௧ାଵሻ𝜇ሺ𝑧௧ାଵሻ𝑑𝑧௧ାଵ൨ൠ 

s.t. 𝑐௧ ൅ 𝑎௧ାଵ ൌ 𝑀ሺ𝑎௧ାଵ, 𝑧௧ሻ ൅ ሺ1 ൅ 𝑟௧ሻ𝑎௧ ൅ 𝒯௧ 
where 𝑀ሺ𝑎௧ାଵ, 𝑧௧ሻ ൌ max  ሼ𝑤௧, 𝜋ሺ𝑧௧, 𝑎௧ሻሽ and the corresponding Euler equation is given as: 
equation 72 

𝑢ᇱ൫𝑐௧ሺ𝑧௧, 𝑎௧ሻ൯

ൌ 𝛽 ൤𝛾 ቀ1 ൅ 𝑟௧ାଵ
௘௙௙ሺ𝑧௧, 𝑎௧ାଵ, 𝑑௧ାଵሻቁ 𝑢′ሺ𝑐௧ାଵሺ𝑧௧, 𝑎௧ାଵሻ

൅ ሺ1

െ 𝛾ሻ න ቀ1 ൅ 𝑟௧ାଵ
௘௙௙ሺ𝑧௧ାଵ, 𝑎௧ାଵ, 𝑑௧ାଵሻቁ 𝑢ᇱ൫𝑐௧ାଵሺ𝑧௧ାଵ, 𝑎௧ାଵ, 𝑑௧ାଵሻ൯𝑢′ሺ𝑐௧ାଵሺ𝑧௧ାଵ, 𝑎௧ାଵሻሻ𝜇ሺ𝑧௧ାଵ𝑑𝑧௧ାଵ൨ 

Effective rate of return 𝑟௧
௘௙௙ is defined as: 

equation 73 

𝑟௧
௘௙௙ሺ𝑧௧, 𝑎௧ሻ ൌ ቐ

𝑟௧ 𝑖𝑓 𝑤𝑜𝑟𝑘𝑒𝑟 

𝑟௧ ൅
𝜕𝜋ሺ𝑧௧, 𝑎௧ሻ

𝜕𝑎௧
 𝑖𝑓 𝑒𝑛𝑡𝑟𝑒𝑝𝑟𝑒𝑛𝑒𝑢𝑟 

 

Where : 

𝜕𝜋ሺ𝑧௧, 𝑎௧ሻ
𝜕𝑎௧

ൌ ቐ
𝜕𝜋௖௢௡௦௧ሺ𝑧௧, 𝑎௧ሻ

𝜕𝑎௧
 𝑖𝑓 𝑤𝑜𝑟𝑘𝑒𝑟 

0  𝑖𝑓 𝑢𝑛𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑒𝑑 𝑒𝑛𝑡𝑟𝑒𝑝𝑟𝑒𝑛𝑒𝑢𝑟 
 

Cash on hand for the next period on the grids 𝑎, 𝑧 
equation 74 

𝑐𝑜ℎሺ𝑧௧ାଵ, 𝑎௧ାଵሻ ൌ 𝑀ሺ𝑧௧ାଵ, 𝑎௧ାଵሻ ൅ ሺ1 ൅ 𝑟௧ሻ𝑎௧ାଵ ൅ 𝒯௧ 
 

Right hand side of Euler equation 𝑢ᇱ൫𝑐௧ሺ𝑧௧, 𝑎௧ሻ൯ ൌ 𝛽 ቂ𝛾 ቀ1 ൅

𝑟௧ାଵ
௘௙௙ሺ𝑧௧, 𝑎௧ାଵ, 𝑑௧ାଵሻቁ 𝑢′ሺ𝑐௧ାଵሺ𝑧௧, 𝑎௧ାଵሻ ൅ ሺ1 െ 𝛾ሻ ׬ ቀ1 ൅

𝑟௧ାଵ
௘௙௙ሺ𝑧௧ାଵ, 𝑎௧ାଵ, 𝑑௧ାଵሻቁ 𝑢ᇱ൫𝑐௧ାଵሺ𝑧௧ାଵ, 𝑎௧ାଵ, 𝑑௧ାଵሻ൯𝑢′ሺ𝑐௧ାଵሺ𝑧௧ାଵ, 𝑎௧ାଵሻሻ𝜇ሺ𝑧௧ାଵ𝑑𝑧௧ାଵቃ  is given as: 

equation 75 

𝑅𝐻𝑆ሺ𝑎௧ାଵ𝑧௧ሻ ൌ 𝛽 ൤𝛾 ቄ1 ൅ 𝑟௧ାଵ
௘௙௙ሺ𝑧௧, 𝑎௧ାଵሻቁ 𝑢ᇱ൫𝑐௧ାଵሺ𝑧௧, 𝑎௧ାଵሻ൯

൅ ሺ1 െ 𝛾ሻ න൛1 ൅ 𝑟௧ାଵ
௘௙௙ሺ𝑧௧ାଵ, 𝑎௧ାଵሻሻൟ𝜇ሺ𝑧௧ାଵሻ𝑑_𝑧௧ାଵ൨ 

This inverted will give us consumption function: 
equation 76 

𝑐ሺ𝑎௧ାଵ, 𝑧௧ሻ ൌ
1

𝑢൫𝑅𝐻𝑆ሺ𝑎௧ାଵ𝑧௧ሻ൯
 

Asset policy function is given as: 
equation 77 

𝑎௧ ൌ
𝑐௧ሺ𝑎௧ାଵ, 𝑧௧ሻ ൅ 𝑎௧ାଵ െ 𝑀ሺ𝑎௧ାଵ, 𝑧௧ሻ െ 𝒯௧

1 ൅ 𝑟௧
 

Results are graphically depicted in the following two figures. 
Figure 5 Occupational choice, wealth distribution 
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Figure 6 Equilibrium interest rate, total wealth ,and public ,private capital 

 
  
Financial frictions and unemployment with entrepreneurs (snippet by Cristiano et 
al.2011) 
This model starts with the following production function: 
equation 78 

𝑌௧ ൌ ቎න 𝑌௜,௧

ଵ

଴

ଵ
ఒ೏

𝑑𝑖቏

ఒ೏

; 1 ൑ 𝜆ௗ ൏ ∞ 

Where 𝑌௧ is homogenous domestic good, 
ଵ

ఒ೏ is a degree of substitutability. Intermediate good 

𝑌௜,௧ is : 
equation 79 

𝑌௜,௧ ൌ ൫𝑧௧, 𝐻௜,௧൯
ଵିఈ

𝜖௧𝐾௜,௧
ఈ െ 𝑧௧

ା𝜙 
Where 𝐾௜,௧

ఈ  is capital rented and its services by intermediate goods producer, log ሺ𝑧௜,௧ሻ is a 
technology shock whose first-difference has positive mean, and 𝜙 denotes production costs. 
And Ψ୲ denotes investment specific technology shock (IST),and 𝑧௧

ା is : 
equation 80 

𝑧௧
ା ൌ Ψ௧

ఈ
ଵିఈ𝑧௧ 

𝐻௜,௧ are homogeneous labor services, firms borrow fraction of wage bill, one unit of labor 

costs is denoted as 𝑊௧𝑅௧
௙ where: 

equation 81 
𝑅௧

௙ ൌ 𝑣௙𝑅௧ ൅ 1 െ 𝑣௙ 
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where 𝑊௧ is the aggregate wage rate, 𝑅௧ is the risk-free interest rate that applies to working 
capital loans and 𝑣௙ corresponds to the fraction that must be financed in advance.Firms 
marginal costs are: 

𝑚𝑐௧ ൌ 𝜏௧
ௗ ൬

1
1 െ 𝛼

൰
ଵିఈ

൬
1
𝛼

൰
ఈ

൫𝑟௧
௞൯

ఈ
൫𝑤ഥ௧𝑅௧

௙൯
ଵିఈ

൬
1
𝜖௧

൰ 

where 𝑟௧
௞ is the nominal rental rate of capital scaled by 𝑃௧ and 𝑤ഥ௧ ൌ

௪೟

௭೟
శ௉೟

 . Also, 𝜏௧
ௗis a tax-like 

shock, which affects marginal cost, but does not appear in a production function. In the 
linearization of a version of the model in which there are no price and wage distortions in the 
steady state, 𝜏௧

ௗis isomorphic to a disturbance in 𝜆ௗ, i.e., a markup shock.Productive 
efficiency states that 𝑚𝑐௧ is equal to the cost of producing another unit using labor, which in 
turn implies :  
equation 82 

𝑚𝑐௧ ൌ 𝜏௧
ௗ ൫𝜇ట,௧൯

ఈ
 𝑤ഥ௧𝑅௧

௙

𝜖௧ሺ1 െ 𝛼ሻ ൮

𝑘௜,௧

𝜇௭
ା

𝐻௜,௧
൲

ఈ 

Price setting is subject to Calvo frictions. With probability 𝜀ௗ the intermediate good firm 
cannot reoptimize its price, in which case following applies: 
equation 83 

𝑃௜,௧ ൌ 𝜋ොௗ,௧𝑃௜,௧ିଵ ; 𝜋ොௗ,௧ ≡ ሺ𝜋௧ିଵሻ௞೏ሺ𝜋ത௧
௖ሻଵି௞೏ିఞ೏ሺ𝜋ොሻఞ೏   

Where 𝑘ௗ, 𝜒ௗ, 𝑘ௗ ൅ 𝜒ௗ ∈ ሺ0,1ሻ are parameters 𝜋௧ିଵ is lagged inflation rate and 𝜋ത௧
௖ is the CB 

target inflation rate. With probability 1 െ 𝜉ௗ firm can change its price: 
equation 84 

𝐸௧ ෍ 𝛽௝𝑣௧ା௝൛𝑃௜,௧ା௝, 𝑌௜,௧ା௝𝑃௧ା௝𝑌ሺ௜,௧ା௝ሻൟ

ஶ

௝ୀ଴

 

  Previous expression are discounted profits. Demand is given by: 
equation 85 

ቆ
𝑃௧

𝑃௜,௧
ቇ

ఒ೏
ఒ೏ିଵ

𝑌௧ ൌ 𝑌௜,௧ 

Domestic intermediate output good is allocated as follows: 
equation 86 

𝑌௧ ൌ 𝐺௧ ൅ 𝐶௧
ௗ ൅ 𝐼௧

ௗ ൅ න  𝑋௜,௧
ௗ

ଵ

଴
 

Where 𝐺௧ denotes government consumption, 𝐶௧
ௗ denotes intermediate goods used to produce 

final consumption goods, also 𝐼௧
ௗs the amount of intermediate domestic goods used in 

combination with imported foreign investment goods to produce a homogeneous 
investment good. Final consumption goods are : 
equation 87 

𝐶௧ ൌ ሾሺ1 െ 𝜔௖ሻሿ
ଵ

ఎ೎൫𝐶௧
ௗ൯

ఎ೎ିଵ
ఎ೎ ൅ 𝜔௖

ଵ
ఎ೎ሺ𝐶௧

௠ሻሺఎ೎ିଵሻ/ఎ೎ሿ
ఎ೎

ఎ೎భ 
𝐶௧

ௗ is the first input for final goods consumption production14, and has a price 𝑃௖. The input 
prices for representative firm are:𝑃௧, 𝑃௧

௠௖  : 
equation 88 

𝑐௧
ௗ ൌ ሺ1 െ 𝜔௖ሻሺ𝑃௧

௖ሻఎ೎𝑐௧  

 
14 one‐for‐one transformation of the homogeneous domestic good  
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𝑐௧
௠ ൌ 𝜔௖ ቆ

𝑝௧
௖

𝑝௧
௠௖ቇ 𝑐௧ 

Where 𝑃௧
௖ ൌ 𝑝௧

௖/𝑝௧ and 𝑝௧
௠௖ ൌ 𝑝௧

௠௖/𝑝௧ and  
equation 89 

𝑝௖
௧ ൌ ሾሺ1 െ 𝜔௖ሻ ൅ 𝜔௖ሺ𝑝௧

௠௖ሻଵିఎ೎ሿ
ଵ

ଵିఎ೎ 
The rate of inflation of consumption goods is : 
equation 90 

𝜋௧
௖ ൌ

𝑝௧
௖

𝑝௧ିଵ
௖ ൌ ቈ

ሺ1 െ 𝜔௖ሻ ൅ 𝜔௖ሺ𝑝௧
௠௖ሻଵିఎ೎

ሺ1 െ 𝜔௖ሻ ൅ 𝜔௖ሺ𝑝௧ିଵ
௠௖ ሻଵିఎ೎

቉

ଵ
ଵିఎ೎

 

Investment goods are produced as: 
equation 91 

𝐼௧ ൅ 𝑎ሺ𝑢௧ሻ𝐾ഥ௧ ൌ Ψ௧ ቈሺ1 െ 𝜔௜ሻ
ଵ
ఎ೔൫𝐼௧

ௗ൯
ఎ೟ିଵ

ఎ೔  ቉

ఎ೔
ఎ೔ିଵ

 

The sum of investment goods is 𝐼௧ , plus investment goods in capital maintenance 𝑎ሺ𝑢௧ሻ𝐾ഥ௧ 
,where: 
equation 92 

𝐾௧ ൌ 𝑢௧𝐾ഥ௧ 
And 𝑢௧ denotes utilization rate of capital. Profit maximization leads to: 
equation 93 

𝑖௧
ௗ ൌ ൫𝑝௧

௜൯
ఎ೔ ቆ𝑖௧ ൅ 𝑎ሺ𝑢௧ሻ

𝑘௧
ഥ

𝜇ట,௧, 𝜇௭,௧
ା ቇ  

𝑖௧
௠ ൌ 𝜔௜ ቆ

𝑝௧
௜

𝑝௧
௠,௜ቇ

ఎ೔

ቆ𝑖௧ ൅ 𝑎ሺ𝑢௧ሻ
𝑘௧
ഥ

𝜇ట,௧, 𝜇௭,௧
ା ቇ  

Where 𝑝௧
௜ ൌ

ஏ೟௣೔
೟

௣೟
 and 𝑝௧

௠,௜ ൌ
௣೟

೘,೔

௣೟
 ,the price of 𝐼௧ is given as: 

equation 94 

𝑝௧
௜ ൌ ቂሺ1 െ 𝜔௜ሻ ൅ 𝜔௜൫𝑝௧

௠௜൯
ଵିఎ೔ቃ

ଵ
ଵିఎ೔ 

The rate of inflation of investment good is : 
equation 95 

𝜋௧
௜ ൌ

𝑝௧
௜

𝑝௧ିଵ
௜ ൌ ൥

ሺ1 െ 𝜔௜ሻ ൅ 𝜔௜൫𝑝௧
௠௜൯

ଵିఎ೔

ሺ1 െ 𝜔௜ሻ ൅ 𝜔௜൫𝑝௧ିଵ
௠௜ ൯

ଵିఎ೔
൩

ଵ
ଵିఎ೔

 

Homogenous labor service is given as: 
equation 96 

𝐻௧ ൌ ቈන ൫ℎ௝,௧൯
ଵ

ఒೢ𝑑𝑗
ଵ

଴
቉

ఒೢ

; 1 ൑ 𝜆௪, ∞   

With probability 1 െ 𝜉௪ household jth can reoptimize its wage according to: 
 
equation 97 

𝑤௝,௧ାଵ ൌ 𝜋ത௪,௧ାଵ𝑊௝,௧ 
𝜋ത௪,௧ାଵ ൌ ሺ𝜋௧

௖ሻ௞ೢሺ𝜋ത௧ାଵ
௖ ሻଵି௞ೢିఞೢሺ𝜋ොሻఞೢሺ𝜇௭శሻదೢ  

Where 𝑘௪ ൅ 𝜒௪, 𝑘௪, 𝜒௪, 𝜚௪ ∈ ሺ0,1ሻ.Now households reoptimize: 
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equation 98 

𝐸௧
௜ ෍ሺ𝛽𝜉௪ሻ௜ ቈെ𝜉௧ାଵ

௛ 𝐴௅
ሺℎ௝,௧ାଵ

1 ൅ 𝜎௅
൅ 𝑣௧ା௜𝑊௝,௧ାଵℎ௝,௧ାଵ

1 െ 𝜏௬

1 ൅ 𝜏௪቉

ஶ

௜ୀ଴

 

Where 𝜏௬  and 𝜏௪ are taxes on labor income and payroll tax respectively. And: 
equation 99 

ℎ௝,௧ାଵ ൌ ቆ
𝑊ഥ௧𝜋ො௪,௧ାଵ, … . 𝜋ො௪,௧ାଵ

𝑊௧ା௜
ቇ

ఒ೘
ଵିఒ೘

𝐻௧ା௜ 

Next in the model financial frictions are introduced following assumption that working capital 
loans are frictionless. Our strategy of introducing frictions in the accumulation and 
management of capital follows the variant of the BGG model implemented in Christiano et al. 
(2003). The discussion and derivation here borrows heavily from Christiano et al. (2008).  
 
Entrepreneurs and financial frictions in Christiano et al.2011 
Entrepreneurs net-worth is given as:𝑁௧ାଵ. Entrepreneur combines net worth with bank loan 
𝐵௧ାଵ : 
equation 100 

𝐵௧ାଵ ൌ 𝑃௧𝑃௞ᇲ,௧𝐾ഥ௧ାଵ െ 𝑁௧ାଵ  
Entrepreneur must pay gross interest rate 𝑍௧ାଵ for the bank loan in period 𝑡 ൅ 1. Risk free 
interest rate is : 
equation 101 

𝑅௧ାଵ
௞ ൌ

൫1 െ 𝜏௞൯ ቈ𝑢௧ାଵ𝑟௧ାଵ
௞ െ

𝑝௧ାଵ
௜

Ψ௧ାଵ
𝑎ሺ𝑢௧ାଵሻ቉ 𝑃௧ାଵ ൅ ሺ1 െ 𝛿ሻ𝑃௧ାଵ ൅ 𝜏௞𝛿𝑃௧𝑃௞ᇲ,௧ 

𝑃௧𝑃௞ᇲ,௧
 

Where : 
equation 102 

𝑎௧ ൌ
𝑆𝐴௧ାଵ

∗

𝑃௧𝑧௧
ା  

𝐴௧ାଵ
∗  are the net-foreign assets. Real costs of assets are 𝑆௧/𝑃௧.Cut of value for idiosyncratic 

productivity of entrepreneurs in order to be able to repay debt is given as: 
equation 103 

𝜔ഥ௧ାଵ𝑅௧ାଵ
௞ 𝑃௧𝑃௞ᇲ,௧𝐾ഥ௧ାଵ ൌ 𝑍௧ାଵ𝐵௧ାଵ 

Entrepreneurs with 𝜔 ൏ 𝜔ഥ௧ାଵ are bankrupt and turn over resources: 
equation 104 

𝑅௧ାଵ
௞ 𝜔𝑃௧𝑃௞ᇲ,௧𝐾ഥ௧ାଵ ൏ 𝑍௧ାଵ𝐵௧ାଵ 

The bank monitors entrepreneur at cost: 
equation 105 

𝜇𝑅௧ାଵ
௞ 𝜔𝑃௧𝑃௞ᇲ,௧𝐾ഥ௧ାଵ 

Where 𝜇 ൒ 0 is a parameter.For loans amounted 𝐵௧ାଵ the bank receives gross interest rate 
𝑍௧ାଵ𝐵௧ାଵ from fraction 1 െ 𝐻ሺ𝜔ഥ௧ାଵ; 𝜎௧ሻ of entrepreneurs who are not bankrupt, CDF is given 
as ሺ𝜔, 𝜎ሻwhere 𝜎 is shock of idiosyncratic uncertainty. Zero profit condition is given as: 
equation 106 

ሾ1 െ 𝐹ሺ𝜔ഥ௧ାଵ; 𝜎௧ሻሿ𝑍௧ାଵ𝐵௧ାଵ ൅ ሺ1 െ 𝜇ሻ න 𝜔𝑑𝐹ሺ𝜔; 𝜎௧ሻ𝑅௧ାଵ
௞ 𝑃௧

ఠഥ ೟శభ

଴
𝑃௞ᇲ,௧𝐾ഥ௧ାଵ ൌ 𝑅௧𝐵௧ାଵ 

And after rearranging with using of 𝜔ഥ௧ାଵ𝑅௧ାଵ
௞ 𝑃௧𝑃௞ᇲ,௧𝐾ഥ௧ାଵ ൌ 𝑍௧ାଵ𝐵௧ାଵ we get: 

equation 107 

ሾΓሺ𝜔ഥ௧ାଵ; 𝜎௧ሻ െ 𝜇௧𝐺ሺሺ𝜔ഥ௧ାଵ; 𝜎௧ሻሻሿ
𝑅௧ାଵ

௞

𝑅௧
𝜚௧ ൌ 𝜚௧ െ 1 
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Where  
equation 108 

𝐺ሺሺ𝜔ഥ௧ାଵ; 𝜎௧ሻ ൌ න 𝜔𝑑𝐹ሺ𝜔; 𝜎௧ሻ
ఠഥ ೟శభ

଴
 

Γሺ𝜔ഥ௧ାଵ; 𝜎௧ሻ ൌ 𝜔ഥ௧ାଵሾ1 െ 𝐹ሺ𝜔ഥ௧ାଵ; 𝜎௧ሻሿ ൅ න 𝜔𝑑𝐹ሺ𝜔; 𝜎௧ሻ
ఠഥ ೟శభ

଴
 

𝜚௧ ൌ
𝑃௧𝑃௞ᇲ,௧𝐾ഥ௧ାଵ

𝑁௧ାଵ
 

This is leverage ratio 𝜚௧ ൌ
௉೟௉ೖᇲ,೟௄ഥ೟శభ

ே೟శభ
 and it implies that : 

equation 109 
𝐵௧ାଵ 
𝑁௧ାଵ

ൌ 𝜚௧ െ 1 

And rate of interest aid by the entrepreneur is: 
equation 110 

𝑧௧ାଵ ൌ
𝜔ഥ௧ାଵ𝑅௧ାଵ

௞

1 െ
𝑁௧ାଵ

𝑃௧𝑃௞ᇲ,௧𝐾ഥ௧ାଵ

ൌ
𝜔ഥ௧ାଵ𝑅௧ାଵ

௞

1 െ
1
𝜚௧

  

The motion law foe every entrepreneur is given as: 
equation 111 

𝑉௧ ൌ 𝑅௧
௞𝑃௧𝑃௞ᇲ,௧𝐾௧ െ Γሺ𝜔ഥ௧; 𝜎௧ିଵሻ𝑅௧

௞𝑃௧ିଵ𝑃௞ᇲ,௧ିଵ𝐾௧ 
Each entrepreneur face probability to exit economy 𝛾 which is identical for all entrepreneurs. 
Fraction of entrepreneurs who survive bankruptcy is 𝛾௧ 𝑉ത௧ and a fraction of 1 െ 𝛾 
entrepreneurs arrive. Entrepreneurs who survive or are new receive transfer 𝑊௧

௘ ൌ 𝑍௧
ା𝑊௘ . 

The average net worth across all entrepreneurs is : 
equation 112 

𝑁ഥ௧ାଵ ൌ 𝛾௧𝑉ത௧ ൅ 𝑊௧
௘ 

Or alternatively: 
equation 113 

𝑁ഥ௧ାଵ ൌ 𝛾௧൛𝑅௧
௞𝑃௧𝑃௞ᇲ,௧ିଵ𝐾ഥ௧ൟ െ ൥𝑅௧ିଵ ൅

𝜇 ׬ 𝜔𝑑𝐹ሺ𝜔; 𝜎௧ିଵሻ𝑅௧
௞𝑃௧ିଵ

ఠഥ ೟శభ

଴ 𝑃௞ᇲ,௧𝐾ഥ௧

𝑃௧ିଵ𝑃௞ᇲ,௧ିଵ𝐾ഥ௧ െ 𝑁ഥ௧
൩ 

Because of its direct effect on entrepreneurial net worth, we refer to 𝜆௧  as the shock to net 
worth. 
 
Labor market fictions in this model  Christiano et al.2011 
Economists had been using search models for more than 50 years to describe labor market 
more closely. And the seminal work of Diamond(1982); Pissarides (1985); and Mortensen and 
Pissarides (1994), had become a framework for macroeconomists to study unemployment. 
Matching function is given as:𝑚𝐿 ൌ 𝑚ሺ𝑢𝐿, 𝑣𝐿ሻ,it is concave and homogenous of degree 1. 
Homogeneity or constant returns to scale. Where 𝑢 is unemployment rate, 𝑣 -vacancy rate, 𝑢𝐿 
unemployed worker 𝐿-total labor force, and 𝑣𝐿 job vacancies. Vacancy to filled jobs equals 

௩

௨
 

is denoted to 𝜃 15 and equals to: 𝜃 ൌ 𝑚 ቀ௨

௩
, 1ቁ.Also, 𝛿𝑡 is a small time interval during some 

vacant job is matched to an unemployed person,with a probability 𝑞ሺ𝜃ሻ𝛿𝑡. Toa  related Poisson 

 
15 𝜃 ൌ

௩

௨
 is a market tightness, and for the firms probability of filling a vacancy is given as:

௠ሺ௨,௩ሻ

௩
ൌ

𝑚 ቀ
ଵ

ఏ
, 1ቁ ≡ 𝑞ሺ𝜃ሻ, and 𝑞ᇱሺ𝜃ሻ ൏ 0; and for the workers probability of finding a job is: 

௠ሺ௨,௩ሻ

௩
ൌ 𝑚ሺ1, 𝜃ሻ ≡

𝜃𝑞ሺ𝜃ሻ.There flowing applies : lim
ఏ→଴

ሾ𝜃𝑞ሺ𝜃ሻሿ ൌ lim
ఏ→ஶ

𝑞ሺ𝜃ሻ ൌ 0 and lim
ఏ→ஶ

ሾ𝜃𝑞ሺ𝜃ሻሿ ൌ lim
ఏ→ஶ

𝑞ሺ𝜃ሻ ൌ ൅∞ 
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proces 𝜆 ൌ
௠ሺ௨௅,௩௅ሻ

௨௅
  where 𝜆 ൌ 𝜃𝑞ሺ𝜃ሻ and has elasticity  1 െ 𝜂ሺ𝜃ሻ ൒ 0 .The mean duration of 

unemployment is 1/𝜃𝑞ሺ𝜃ሻ.The evolution of unemployment is given as: 
equation 114 

𝑢ሶ ൌ 𝜆ሺ1 െ 𝑢ሻ െ 𝜃𝑞ሺ𝜃ሻ𝑢 
𝑉 is  the present-discounted value of expected profit from a vacant job and satisfies Bellman 
equation: 
equation 115 

𝑟𝑉 ൌ — 𝑝𝑐 ൅  𝑞ሺ𝜃ሻሺ𝐽 —  𝑉ሻ. 
 
The permanent incomes of unemployed and employed workers, in terms of the returns 𝑧 and 
𝑤 and the discount and transition rates: 
equation 116 

𝑟𝑈 ൌ
ሺ௥ାఒሻ௭ାఏ௤ሺఏሻ௪

௥ାఒାఏ௤ሺఏሻ
 ; 𝑟𝑊 ൌ

ఒ௭ାሾ௥ାఏ௤ሺఏሻሿ௪

௥ାఒାఏ௤ሺఏሻ
 

The job is worth t the worker : 𝑟𝑊௜ ൌ 𝑤௜ െ 𝜆ሺ𝑊௜ െ 𝑈ሻthe job rate for this job satsfies : 
equation 117 

𝑤௜ ൌ 𝑎𝑟𝑔𝑚𝑎𝑥ሺ𝑊௜ െ 𝑈ሻఉሺ𝐽௜ െ 𝑉ሻଵିఉ 

𝛽 is labor’s share of the total surplus that an occupied job creates,0 ൑ 𝛽 ൑ 1  , 𝛽 ൌ
ଵ

ଶ
 is the 

most plausible value.Now, 𝑟𝑈 -reservation wage, 𝛽ሺ𝑝 െ 𝑟ሻ fraction of net surplus they create 

by accepting the job, product value net of what they give up16, 𝑟𝑈 ⇒ 𝑟𝑈 ൌ 𝑧 ൅
ఉ

ଵିఉ
𝑝𝑐𝜃. 

Aggregate wage equation that holds in equilibrium, is given as: 𝑤 ൌ ሺ1 െ 𝛽ሻ𝑧 ൅ 𝛽𝑝ሺ1 ൅ 𝑐𝜃ሻ.  
Figure 7 DMP model without benefit shock  

 
Source: author calculation based on the code published on: 
https://github.com/pdevlieger/MatLab-files  

 
16 It is intuitive for a market equilibrium if we note that 𝑝𝑐𝜃 is the average hiring cost for each unemployed 
worker (since 𝑝𝑐𝜃 ൌ  𝑝𝑐𝑣/𝑢 and 𝑝𝑐𝑣 is total hiring cost in the economy). 
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Figure 8 DMP model with benefit shock 

 
Source: author calculation based on the code published on: 
https://github.com/pdevlieger/MatLab-files  
Figure 9 DMP model with productivity shock 

 
Source: author calculation based on the code published on: 
https://github.com/pdevlieger/MatLab-files  
That was the textbook model DMP, but in this model hours worked are presented as: 
equation 118 

 𝐸௧ ∑ 𝛽௟ି௧ ൝𝜉௧ାଵ
௖ logሺ𝐶௧ାଵ െ 𝑏𝐶௧ା௟ିଵሻ െ 𝜉௧ା௟

௛ ൥∑ ൫చ೔,೟శ೗൯
భశ഑ಽ

ଵାఙಽ

ேିଵ
௜ୀ଴ ൣ1 െ ℱሺ𝑎ത௧ାଵ

௜ ; 𝜎௔,௧ା௟ ൧൩ 𝐼௧ାଵ
௜ ൡஶ

௧ି଴  

Where 𝑖 ∈ ሼ0, 𝑁 െ 1ሽ represents cohort where agency belongs. And 𝐼௧ାଵ
௜  represents number 

of workers in the cohort𝑖,after endogenous separations and new arrivals. And 𝑎௧
௜ ൏ 𝑎ത௧

௜  are 
laid of from the firm. Also: 
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equation 119 

ℱ௧
௜ ൌ ℱ൫𝑎ത௧

௜ ; 𝜎௔,௧൯ ൌ න 𝑑ℱ൫𝑎; 𝜎௔,௧൯
௔ത೟

೔

଴
 

The disutility experienced by worker form working hours is given as: 
equation 120 

𝜉௧
௛𝐴௅ ൌ

൫𝜍௜,௧൯
ଵାఙಽ

1 ൅ 𝜎௅
 

each household has sufficiently many workers so that the total fraction of workers employed 
equation 121 

𝐿௧ ൌ ෍ൣ1 െ ℱ ൅ 𝑡௜൧

ேିଵ

௜ୀ଴

𝐼௧
௜ 

The household currency receipts from labor market are given as: 
equation 122 

ሺ1 െ 𝜏௬ሻሺ1 െ 𝐿௧ሻ𝑃௧𝑏௨𝑧௧
ା ൅ ෍ൣ1 െ ℱ௧

௜൧𝐼௧
௜𝜍௜,௧

1 െ 𝜏௬

1 ൅ 𝜏௪

ேିଵ

௜ୀ଴

 

Where 𝑏௨𝑧௧
ା is a pre tax payment to the workers. Firm is posting vacancies as a: 

equation 123 

𝑣෤௧
௜ ≡

𝑄௧
௟𝑣௧

௜

൫1 െ ℱ௧
௜൯𝐼௧

௜ 

The agency hiring rate is:𝜒௧
௜ ൌ 𝑄௧

ଵିூ𝑣෤௧
௜.Where 𝑄௧ represents probability of filing vacancy. The 

value function of the firms is given as: 
equation 124 

𝐹ሺ𝑙௧
଴, 𝜔௧ሻ ൌ ෍ 𝛽௝𝐸௧

𝑉௧ା௝

𝑣௧
 , max

௩෤೟శೕ;௔ത೟శೕ
൥න ሺ𝑊௧ା௝𝑎 െ ൣΓ௧,௝𝜔ሶ ௧൯𝜍௝,௧ା௝𝑑ℱሺ𝑎ሻ െ 𝑃௧ା௝

𝑘𝑧௧
ା

௜ା௝

𝜑

ஶ

௔ത೟శೕ
ೕ

 ቀ𝑣෤௧ା௝
௝ ቁ

ఝ
ሺ1

ேିଵ

௝ୀ଴

െ ℱ௧ା௝
௝ ሻ൩ 𝐼௧ା௝

௜ ൅ 𝛽ே𝐸௧
𝑣௧ାே

𝑣௧
𝐹ሺ𝐼௧ାே

଴ , 𝑊෩௧ାேሻ  

Where : 
equation 125 

Γ௧,௝ ൌ ൜
𝜋ො௪,௧ା௝, … , 𝜋ො௪,௧ାଵ, 𝑗 ൐ 0

1                   , 𝑗 ൌ 0
 

Γ௧,௝𝜔ሶ ௧ represents the wage rate in period 𝑡 ൅ 𝑗 .Value function from being worker in an 
agency in period 𝑡  is 𝑉௧

௜ and: 
equation 126 

𝑉௧
௜ ൌ Γ௧ିଵ,௜𝑊෩௧ିଵ𝜍௜,௧

1 െ 𝜏௬

1 ൅ 𝜏௪ െ 𝐴௅

𝜉௧
௛𝜍௜,௧

ଵାఙಽ

ሺ1 ൅ 𝜎௅ሻ𝑣௧

൅ 𝛽𝐸௧
𝑣௧ାଵ

𝑣௧
ቂ𝜌 ቀ1 െ ℱ௧ାଵ

ሺ௜ାଵሻቁ 𝑉௧ାଵ
௜ାଵ ൅ 1 െ 𝜌 ൅ 𝜌ℱ௧ାଵ

ሺ௜ାଵሻሻ 𝑈௧ାଵ ቃ 

Γ௧ିଵ,௜𝑊෩௧ିଵ represents the wage received by cohort 𝑖 at time 𝑡. The currency value fo being 
unemployed is given as: 
equation 127 

𝑈௧ ൌ 𝑃௧𝑧௧
ା ൅ 𝑏௨ሺ1 െ 𝜏௬ሻ ൅ 𝛽𝐸௧

𝑣௧ାଵ

𝑣௧
ൣ𝑓௧𝑉௧ାଵ

ఞ ൅ ሺ1 െ 𝑓௧ሻ𝑈௧ାଵ൧ 

Where 𝑓௧ is the probability that an unemployed worker will land job in period 𝑡 ൅ 1.Also 𝑉௧ାଵ
ఞ  

is period 𝑡 ൅ 1 function of a worker who knows that he has matched with an unemployment 
agency at the start of period 𝑡 ൅ 1. And following applies: 
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equation 128 

𝑉௧ାଵ
ఞ ൌ ෍

𝜒௧
௜൫1 െ ℱ௧

௜൯𝐼௧
௜

𝑚௧

ேିଵ

௜ୀ଴

𝑉෨௧ାଵ
௜ାଵ  

Total matching function is given as: 
equation 129 

𝑚௧ ൌ ෍ 𝜒௧
௝൫1 െ ℱ௧

௜൯𝐼௧
௝

ேିଵ

௝ୀ଴

 

The aggregate surplus across all 𝐼௧
଴ workers in the representative agency is given by: 

equation 130 
ሺ𝑉௧

଴ െ 𝑈௧ሻሺ1 െ ℱ௧
଴ሻ𝐼௧

଴ 
Each fraction 1 െ ℱ௧

଴ workers with 𝑎 ൒ 𝑎ത௧
଴ who stay in the agency experiences the same 

surplus 𝑉௧
଴ െ 𝑈௧. Agency surplus per worker in 𝐼௧

଴ is given by 𝐽ሺ𝜔ሶ ௧ሻ and this si readily 
confirmed to have the following structure as: 
equation 131 

𝐽ሺ𝜔ሶ ௧ሻ ൌ max
௔ത೟

బ
𝐽ሺ𝜔ሶ ௧, 𝑎ത௧

଴ሻ ሺ1 െ ℱ௧
଴ሻ 

Where: 
equation 132 

 𝐽ሚሺ𝜔ሶ ௧, 𝑎ത௧
଴ሻ ൌ max

௩෤೟
బ

ቄሺ𝑊௧𝜍௧
଴ െ 𝜔ሶ ௧ሻ𝜍଴,௧ െ 𝑃௧ 𝑧௧

ା ௞

ఝ
ሺ𝑣෤௧

଴ሻఝ ൅ 𝛽
௩೟శభ

௩೟
ሺ𝜒௧

଴ ൅ 𝜌ሻ𝐽௧ାଵ
ଵ ሺ𝜔ሶ ௧ሻቅ   

Previous denotes the vaue fo an agency in cohort 0 after endogenous separatiot has taken 
place. Next, graphically is depicted result in the economy with entrepreneur wealth shock. 
Simulated are :full model, financial friction model, employment friction model and baseline 
model.  
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Figure 10 Entrepreneur wealth shock in, full model, baseline economy and financial and 
unemployment friction economy  

 
Source :Authors’ caculation based on DYNARE code : 
https://faculty.wcas.northwestern.edu/lchrist/course/Korea_2012/CTW.html  
 
Conclusion  
The model with savings and consumption shows that savings and consumption policy function 
can be non-monotonic, and that wealth distribution has right fat tail as in Cagetti and De Nardi 
(2006). Also, consumption, savings and wealth distribution are affected by the productivity of 
entrepreneurs which may be low, medium, or high. On the other hand, endogenous 
entrepreneurship and financial frictions model shows that occupation choice is different for 
worker or entrepreneur based on productivity: low (worker) or high (entrepreneur) which in 
turn affects the aggregate wealth of the economy. Also, in this model it is shown that interest 
rate in the economy is determined by the intersection of total wealth with public and private 
capital. In the entrepreneurship with financial and labor market frictions model it is shown that 
entrepreneur wealth shock has different effect on the baseline economy and financial and 
unemployment friction economy. These models do prove that Financial frictions for capital and 
unemployment frictions for labor is said to be main drivers of the business cycle dynamics. 
For the open economy we will have to introduce small open economy setting in the standard 
New-Keynesian model.  
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