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ON THE INTEGRABILITY OF A CLASS OF DIFFERENTIAL

EQUATIONS

BILJANA ZLATANOVSKA1 AND BORO M. PIPEREVSKI2

Abstract. In this paper, a class of second-order linear di�erential equations
is reviewed. For this class of B.S.Popov necessary and su�cient condition for
reductable according to Frobenius is obtained. By using another method, the
same condition is obtained where the existence of the natural number n is
replaced by the existence of an integer n. For the same class of second-order
linear di�erential equations, the case for reductable according to Frobenius
which is independent from an exist of a number n is reviewed. In both cases,
formulas of one particular solution and transformation to a system of �rst-
order di�erential equations are obtained. In end, this theory is supported by
examples.

1. Introduction

In [1], a class of second-order linear di�erential equations

z̈ + (αet + β)ż + (A1e
2t +B1e

t + C1)z = 0, α, β,A1, B1, C1 ∈ R (1.1)

is reviewed.
For the equation (1.1), the following necessary and su�cient condition for re-

ductable according to Frobenius is obtained by the method of Mitrinovic.
The equation (1.1) is reductable according to Frobenius if and only if there

exists a natural number n that satis�es the condition

αβ − 2B1 + α = ∓
√
α2 − 4A1[2n+ 1−

√
β2 − 4C1] (1.2)

In this paper for this class of second-order linear di�erential equations using
another method the same condition is obtained by what the existence of a natural
number n is replaced by the existence of an integer n. This is the coverage of
a larger class of di�erential equations. For the same class of second-order linear
di�erential equations, the case for reductable according to Frobenius which is
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independent from an exist of a number n is reviewed. In both cases, formulas of
one particular solution and transformation to a system of �rst-order di�erential
equations are obtained.

In the mathematical literature [2, 3, 4], the following theorems and a de�nition
that are known are:

Theorem 1. Let the di�erential equation

(Ax2 +Bx+ C)y′′ + (Dx+ E)y′ + Fy = 0, A,B,C,D,E, F ∈ R (1.3)

is given. The di�erential equation (1.3) is integrable if there exists an integer
n ∈ Z (the smallest number after absolute value if there are such numbers) that
satis�es the condition

n(n− 1)A+ nD + F = 0 (1.4)

In doing so, the di�erential equation (1.3) has a particular solution which is given
by the formula

yp = Pn(x) = (Ax2+Bx+C)e
−

∫ (Dx+E)

(Ax2+Bx+C)
dx
[(Ax2+Bx+C)n−1e

∫ (Dx+E)

(Ax2+Bx+C)
dx
](n)

(1.5)
if n ∈ N (a polynomial solution). But, if n ∈ Z−, k = −(n + 1) ∈ N then a
particular solution will be given by the formula

yp(x) = [(Ax2 +Bx+ C)k+1e
−

∫ (Dx+E)

(Ax2+Bx+C)
dx
](k) (1.6)

It is well known that if a second-order linear homogeneous di�erential equation
is integrable then it is also reductable according to Frobenius.

Theorem 2. Let the di�erential equation

P (x)y′′ +Q(x)y′ +R(x) = 0 (1.7)

is given. Let the equation (1.7) has a particular solution F (x). Then the equation
(1.7) is reductable according to Frobenius and the equation (1.7) is transformed to
the system of �rst-order di�erential equations

F (x)y′ − F ′(x)y = z

P (x)z′ +Q(x)z = 0 (1.8)

De�nition 1. (Frobenius): A linear homogeneous di�erential equation whose co-
e�cients are unambiguous functions is called more predictable according to Frobe-
nius if there is no common solution with a linear homogeneous di�erential equa-
tion with coe�cients unambiguous lower order functions. Otherwise it is called
reductable according to Frobenius.

This theory is supported by other mathematical papers such as [5, 6, 7].

2. Extending of the class of differential equations

For the di�erential equation (1.1) there exists a natural number n, which sat-
is�es the condition (1.2). For the same di�erential equation (1.1), we replace the
existence of the natural number n with the existence of an integer n with the
following Theorem 3.
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Theorem 3. The di�erential equation

z̈ + (αet + β)ż + (A1e
2t +B1e

t + C1)z = 0, α, β,A1, B1, C1 ∈ R (2.1)

is integrable if exist n ∈ Z which satis�es the condition

2B1−αβ −α+ (2n+1)[±
√
α2 − 4A1] + [±

√
α2 − 4A1][±

√
β2 − 4C1] = 0 (2.2)

Proof. Let us consider the di�erential equation

xy′′ + (Dx+ E)y′ + Fy = 0, D,E, F ∈ R (2.3)

where

y = y(x), y′ =
dy

dx
, y′′ =

d2y

dx2

By the substitution
x = et (2.4)

the di�erential equation (2.1) is transformed in the di�erential equation

ÿ + [Det + E − 1]ẏ + Fety = 0 (2.5)

where

y = y(x), ẏ =
dy

dt
, ÿ =

d2y

dt2

By the substitution

y(t) = e
∫
(ret+s)dtz(t), r, s ∈ R (2.6)

the di�erential equation (2.5) is transformed in the di�erential equation

z̈+[(2r+D)et+2s+E−1]ż+[(r2+rD)e2t+(2rs+rE+sD+F )et+s2+sE−s]z = 0
(2.7)

where

z = z(x), ż =
dz

dt
, z̈ =

d2z

dt2

The equation (2.1) is equal of the equation (2.7) if the following relations

2r +D = α

2s+ E − 1 = β

r2 + rD = A1 (2.8)

2rs+ rE + sD + F = B1

s2 + sE − s = C1

are satis�ed.
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From the relations (2.8), the relations

D = ±
√
α2 − 4A1, E = 1±

√
β2 − 4C1

r = −1

2
(−α±

√
α2 − 4A1), s = −1

2
(−β ±

√
β2 − 4C1) (2.9)

F =
1

2
[2B1 − α− αβ + [±

√
α2 − 4A1] + [±

√
α2 − 4A1][±

√
β2 − 4C1]]

are obtained.
By using the Theorem 1, the equation (2.3) is integrable if there exists an integer
n ∈ Z that satis�es the condition

nD + F = 0 (2.10)

By using the relations (2.9) in the condition (2.10) is obtained the relation (2.2).
�

Remark 1: In connections (2.9) the sign before the roots is equal to the sign
before the roots the condition (2.2).

By the existence of an integer n, which satis�es the condition (2.10) of Theorem
1, we have made an extension of the class of di�erential equations (2.1). This covers
a larger number of di�erential equations that the di�erential equations given in
[1].

On particular integral can be computed for the class of di�erential equations
(2.1). The formulas for calculating the particular integral are given by the following
Theorem 4.

Theorem 4. Let the di�erential equation (2.1) is given. Let the condition (2.2)
is satis�ed. Then one the particular solution is given by the formula

zp(t) = e−
∫
(ret+s)dtyp(e

t) (2.11)

where

yp(x) = Pn(x) = x1−Ee−Dx[xn−1+EeDx](n) (2.12)

if n ∈ N,
or

yp(x) = [xk+1−Ee−Dx](k) (2.13)

if n ∈ Z−, k = −(n+ 1) ∈ N.
By using the formulas (2.9) according to the Remark 1, the coe�cients r, s,D,E
are given.

Proof. By using the formulas (1.5) and (1.6) from Theorem 1 in the equation (2.3),
the formulas (2.12) and (2.13) are obtained. Finally, by using the substitutions
(2.4) and (2.6), the formula (2.11) is obtained. �

The di�erential equation (2.1) can be transformed in the system of di�erential
equations. This is given by Theorem 5.
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Theorem 5. Let the di�erential equation (2.1) is given. Let the condition (2.2)
is satis�ed. Then the equation (2.1) is reductable and the equation (2.1) is trans-
formed to the system of �rst-order di�erential equation

zp(t)z
′ − z′p(t)z = w

w′ + (αet + β)w = 0 (2.14)

where zp(t) is a particular solution of the di�erential equation (2.1).

Proof. By using of Theorem 2, the di�erential equation (2.1) is reductable and the
di�erential equation (2.1) is transformed to the system (2.14). �

Next, the case for reductable according to Frobenius of the di�erential equation
(2.1), which is independent from an exist of a number n is reviewed. The proving
procedure in this case is the same as in the case where reductable according to
Frobenius of the di�erential equation (2.1) depends on the existence of n given by
the previous Theorem 3, Theorem 4 and Theorem 5. For this case we have the
following Lemma 1:

Lemma 1. The di�erential equation (2.1) is reductable according to Frobenius if
the conditions

α2 − 4A1 = 0

2B1 − αβ − α = 0 (2.15)

are satis�ed.
By the formula

zp(t) = e−
∫
(ret+s)dt (2.16)

a particular solution is given.
The di�erential equation (2.1) is transformed to the system of �rst-order di�eren-
tial equation (2.14) where

r =
α

2
, s =

1

2
(β ±

√
β2 − 4C1)

Proof. Let us consider the di�erential equation

xy′′ + Ey′ = 0 (2.17)

where

y = y(x), y′ =
dy

dx
, y′′ =

d2y

dx2

By the substitution (2.4), the di�erential equation (2.1) can be writen as

ÿ + [E − 1]ẏ = 0

where

y = y(t), ẏ =
dy

dt
, ÿ =

d2y

dt2

By the subsitution (2.6), this di�erential equation is transformed in the di�erential
equation

z̈ + [2ret + 2s+ E − 1]ż + [r2e2t + (2rs+ rE)et + s2 + sE − s]z = 0 (2.18)
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where

z = z(t), ż =
dz

dt
, z̈ =

d2z

dt2

The equation (2.1) is equal of the equation (2.18) if the following relations

2r = α

2s+ E − 1 = β

r2 = A1

2rs+ rE = B1

s2 + sE − s = C1

are satis�ed.
From these relations, the formulas

E = 1∓
√
β2 − 4C1, r =

α

2
, s =

1

2
(β ±

√
β2 − 4C1)

and the conditions (2.15) are obtained.
The di�erential equation (2.17) has a particular solution y = K (K is a constant).
By the substitution (2.6), the formula (2.16) is obtained. By applied of Theorem 2,
the di�erential equation (2.1) is transformed to the system of �rst-order di�erential
equation (2.14). �

3. Examples of the differential equations

In this section, we will give examples of di�erential equations belonging to the
extended class of di�erential equations from Theorem 3. Using Theorem 4, we will
compute a particular integral for a given di�erential equation.
Example 1. Let the di�erential equation

z̈ + (3et − 2)ż + (2e2t + 1)z = 0 (3.1)

is given.
A di�erential equation (3.1) satis�es the condition (2.2) for n = −2. By using the
formulas (2.9) according the Remark 1 the coe�cients r = 1, s = −1, D = 1, E = 1
are obtained. According to the formula (2.13) for k = 1, the formula

yp(x) = e−x(1− x)
is obtained.
But, by the formula (2.11), the particular solution of the di�erential equation (3.1)

zp(x) = e−2e
t

(et − e2t) (3.2)

is obtained.
By using the Theorem 5, the di�erential equation (3.1) can transform to the fol-
lowing system of �rst-order di�erential equation

zp(t)z
′ − z′p(t)z = w

w′ + (3et − 2)w = 0

where zp(t) is a particular solution which is given by the formula (3.2).
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Example 2. Let the di�erential equation

z̈ − (5et + 5)ż + (4e2t + et + 4)z = 0 (3.3)

is given.
A di�erential equation (3.3) satis�es the condition (2.2) for n = −2. By using the
formulas (2.9) according the Remark 1 the coe�cients r = −1, s = −1, D = −3,
E = −2 are obtained. According to the formula (2.13) for k = 1, the formula

yp(x) = x3e3x(4 + 3x)

is obtained.
But, by the formula (2.11), the particular solution of the di�erential equation (3.3)

zp(x) = e4e
t

(4e4t + 3e5t) (3.4)

is obtained.
By using the Theorem 5, the di�erential equation (3.3) can transform to the fol-
lowing system of �rst-order di�erential equation

zp(t)z
′ − z′p(t)z = w

w′ − (5et + 5)w = 0

where zp(t) is a particular solution which is given by the formula (3.4).
Example 3. Let the di�erential equation

z̈ + (−et + 2)ż + 2etz = 0 (3.5)

is given.
A di�erential equation (3.5) satis�es the condition (2.2) for n = −3. By using
the formulas (2.9) according to Remark 1 the coe�cients r = −1, s = 2, D = 1,
E = −1 are obtained. According to the formula (2.13)) for k = 2, the formula

yp(x) = e−x(x4 − 8x3 + 12x2)

is obtained.
But, by the formula (2.11), the particular solution of the di�erential equation (3.5)

zp(x) = e2t − 8et + 12 (3.6)

is obtained.
By using the Theorem 5, the di�erential equation (3.5) can transform to the fol-
lowing system of �rst-order di�erential equation

zp(t)z
′ − z′p(t)z = w

w′ + (−et + 2)w = 0

where zp(t) is a particular solution which is given by the formula (3.6).
Next examples will be solved with applied of Lemma 1.
Example 4. Let the di�erential equation

z̈ + (2et + 1)ż + (e2t + 2et − 2)z = 0 (3.7)

is given.
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A di�erential equation (3.7) satis�es the condition (2.15) from the Lemma 1. By
using the formula (2.16), a particular solution of the di�erential equation (3.7)

zp(x) = e−e
t

et

is obtained. The di�erential equation (3.7) can transform to the following system
of �rst-order di�erential equation

zp(t)z
′ − z′p(t)z = w

w′ + (2et + 1)w = 0

according to (2.14).
Example 5. Let the di�erential equation

z̈ + (2et + 2)ż + (e2t + 3et + 1)z = 0 (3.8)

is given.
A di�erential equation (3.8) satis�es the condition (2.15) from the Lemma 1. By
using the formula (2.16), a particular solution of the di�erential equation (3.7)

zp(x) = e−e
t

e−t

is obtained. The di�erential equation (3.8) can transform to the following system
of �rst-order di�erential equation

zp(t)z
′ − z′p(t)z = w

w′ + (2et + 2)w = 0

according to (2.15).
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