A NEW DEMONSTRATION OF GARFUNKEL-BANKOFF INEQUALITY
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The following inequality

2

tg §+ tg’ g +1g° % > 2—83inésin§sing (1)
proposed by J.Garfunkel and solution by L.Bankoff in journal Crux Mathematicorum
shows that it is equivalent to O.Kooi's inequality :
§2 < R(4R—+r)2 (2)

2(2R - r)
In this article I give a new demonstration
letzg = % - a,g = %— ,B,% = % —y,where a, B,y the angles an acute triangle
inequality (1) will be equivalent to :
ctg’a +ctg’ f+ctg’y >2—8cosacos fcos y
a’ =b*>+c*=2bccosa =b* +c* —4AF - ctga,where a,b,c,F the sides and area
rezult : ctga = M,similaﬂy cctgf = M,ctg}/ = M

4F 4F 4F
16F* = Zlaz(b2 +c’ —a2)= Z:(b2 +c’ —az)(c2 +a’ —bz)
ciclic ciclic

let:b>+c*—a’=x,20,c’+a’-b’=y,>20,b>+a’-c*=7>0

. 2
rezult :16F~ = x,y, + y,2, + 2,%,

pract—a)e? 2_p2\(p? 2 2
SCosacos,Bcos;/=( T )(c +2a2 - )( ez )= 8,312,
a’bc (% +y) 0 +2)(z+x)
we shall obtain :
xl2 + yl2 + 112 8x,),2, 59 or

XY 0+ (x1 + y1)(y1 + Zl)(zl + x1)

(% + +Z1)2 =2(x ), + 3z +2%) + 8x, 1%

>2
N0 N+ x5 (xl +tyt Z1)(951)’1 gt lel)_ X%




let:x, +y, +z,=p, x,y,+ 2, +2X =9, x,y,2, =r,rezult :
2
LA
q pq—r
p2(pq—r)+8qr24(pq—r)q,
r(12q—p2)+p3q—4pq2 >0
f(r)= r(lzq—P2)+P3q—4pq2,

is a first degree equation

> 2,equivalent to:

and represents the equations of a straight line in the plane
we consider p and q parameters

because : pg > 9r,we obtain :r < % and r >0

it is necessary and sufficient : if and only if : f (%j >0 and f(0)=0

9 9 9

_8p'q—24pq” _8pq
9 9
if r=0,rezult x;y,z, =0, letz, =0,rezult;p = x, + y,,q = x,y,

and f(0)= p’q—4pq’ = pq(p* —44) 20,

because : p2 —4q = (x1 + y1)2 —4xy, = (x1 - y1)2 >0

23 3 2
f(mj:@(lzq_pz)+p3q_4pqz:12pq P’q+9p°q—36pq" _

(p2 - 3q) > 0,because :p° —3q >0, well — known inequality

equality for p° —3q =0, rezult :

1
('xl + +Zl)2 —3(x1y1 + V4 +Z1X1):0:5|:(x1 _yl)z +(y1 _Z1)2 +(Z1 _xl)z}
rezult : x, = y, = z, imply;a=b=c,A=B=C
and : p* —4q =(x, +y,)2—4x1y1 =(x, —yl)2 =0
rezult: x, =y, and z, =0,imply:a=b and b* +a* —c* =0

the triangle is rectangular and isosceles

szandA:Bzz,
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