Sum of Powers of the Sides of a Triangle

11984 [2017, 466]. Proposed by Daniel Sitaru, Drobeta Turnu Severin, Romania. Let a, b,
and ¢ be the lengths of the sides of a triangle with inradius . Prove a® + b°® 4 ¢® > 51847°.

Solution by Leonard Giugiuc, Drobeta Turnu Severin, Romania. We first prove the well-
known inequality @ + b 4 ¢ > 6+/3r. Writing a + b + ¢ = 2s, where s is the semiperime-
ter and recalling that
s A B C A B
—=cot500t500t5=cot5+cot5+cot5, (%)
we see that this follows from Jensen’s inequality in the form

A B C A+B+C
COtE —|—cot§ +cot5 > 3cot% = 3cot% =3./3.
The requested inequality follows from combining this with the power mean inequality
@ +b°+c®/3> ((a+b+c)/3)°.

Editorial comment. Motivated by the power mean inequality, we examine the inequalities

Py pb 4P\ VP
(%) - 23,

The requested inequality is the case p = 6, so to solve the problem it suffices to prove
this for any p < 6. When p = 1 we get the much stronger inequality (Question 1273
posed by M. E. Fauquembergue in 1878 in Nouv. Ann. Math. 37, p. 475, or item 5.11 in
Bottema, O. et al. (1969), Geometric Inequalities, Groningen: Wolters-Noordhoff) that is
proved above and was cited or reproved by many solvers. The strongest version that is in

the literature seems to be the case p = —1, the inequality § > % + 117 + % This appears

(without proof) on page 342 of Posamentier, A. S., Lehmann, 1. (2012), The Secrets of
Triangles, New York: Prometheus Books. The p = —2 case is the strongest member of
this family that holds. It asserts
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To proveit,welets = (a +b +c)/2asaboveandletx =s —a,y =s —b,andz =5 —c.
Using (), we see that this inequality becomes

xX+y+z 1 1 1
> 5 + 5+ X
4xyz (y+2) (z+x) x+y)
which follows by summing three inequalities
1 1 1 1
— 2z T 20
dyz T (y+2? dxz T (x+2)?
each a form of the AM—GM inequality.
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and —> ———,
dxy T (x +y)?

Also solved by K. F. Andersen (Canada), D. Bailey & E. Campbell & C. Diminnie, H. Bailey, M. Bataille
(France), R. Boukharfane (France), P. Bracken, D. Chakerian, R. Chapman (U. K.), P. P. Dalyay (Hungary),
D. Fleischman, O. Geupel (Germany), M. Goldenberg & M. Kaplan, A. Hannan (India), E. A. Herman,
J. G. Heuver (Canada), A. Kadaveru, J. S. Kim (South Korea), K. T. L. Koo (China), O. Kouba (Syria),
W. Lai, J. H. Lindsey II, O. P. Lossers (Netherlands), M. Lukarevski (Macedonia), D. Marinescu (Romania),
J. McHugh, V. Mikayelyan (Armenia), R. Molinari, D. Moore, R. Nandan, T. Y. Noh (South Korea), A. Pathak,
P. Perfetti (Italy), C. R. Pranesachar (India), M. Reid, J. C. Smith, A. Stadler (Switzerland) N. Stanciu &
T. Zvonaru (Romania), R. Stong, M. Tang, R. Tauraso (Italy), V. Tibullo (Italy), M. Vowe (Switzerland),
T. Wiandt, M. R. Yegan (Iran), L. Zhou, AN-anduud Problem Solving Group (Mongolia), GCHQ Problem
Solving Group (U. K.), and the proposer.
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