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In 휟	푨푩푪: 

풂ퟐ ≥ (풃 − 풄)ퟐ + ퟒ푺
ퟐ(ퟐ푹 − 풓)

푹
 

Proposed by Martin Lukarevski-Stip-Macedonia 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Solution 2 by Soumava Chakraborty-Kolkata-India 

 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo 푨푩푪 

풂ퟐ ≥ (풃 − 풄)ퟐ + ퟒ푺
ퟐ(ퟐ푹 − 풓)

푹  

Tener en cuenta las siguientes identidades 

풂풃 = ퟐ푺 퐜퐬퐜푨, 

풃풄 = ퟐ풔 퐜퐬퐜푨, 

풄풂 = ퟐ푺 퐜퐬퐜푩, 

풂ퟐ + 풃ퟐ + 풄ퟐ = ퟒ푺(퐜퐨퐭푨 + 퐜퐨퐭푩 + 퐜퐨퐭푪) 

Si → 푨
ퟐ

+ 푩
ퟐ

+ 푪
ퟐ

= 흅
ퟐ
↔ 풙풚 + 풚풛 + 풛풙 = ퟏ ↔ 풙 = 퐭퐚퐧 푨

ퟐ
,풚 = 퐭퐚퐧 푩

ퟐ
, 풛 = 퐭퐚퐧 푪

ퟐ
 

La desigualdad es equivalente 

ퟐ(풂풃 + 풃풄 + 풄풂) − (풂ퟐ + 풃ퟐ + 풄ퟐ) ≥ ퟒ푺 ퟒ −
ퟐ풓
푹

 

ퟒ푺 (퐜퐬퐜푨 − 퐜퐨퐭푨) + (퐜퐬퐜푩 − 퐜퐨퐭푩) + (퐜퐬퐜푪 − 퐜퐨퐭 푪) ≥ ퟒ푺 ퟒ −
ퟐ풓
푹
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⇔ 퐭퐚퐧
푨
ퟐ

+ 퐭퐚퐧
푩
ퟐ

+ 퐭퐚퐧
푪
ퟐ
≥ ퟒ −

ퟐ풓
푹

 

⇔ 퐭퐚퐧ퟐ
푨
ퟐ + 퐭퐚퐧ퟐ

푩
ퟐ + 퐭퐚퐧ퟐ

푪
ퟐ +

ퟐ풓
푹 = 퐭퐚퐧ퟐ

푨
ퟐ + 퐭퐚퐧ퟐ

푩
ퟐ + 퐭퐚퐧ퟐ

푪
ퟐ + ퟖ 퐬퐢퐧

푨
ퟐ 퐬퐢퐧

푩
ퟐ 퐬퐢퐧

푪
ퟐ

≥ ퟐ 

1) Si: 풎,풏,풑 ∈ ℝ en un triángulo 풙풚풛, se cumple la siguiente 

desigualdad: 

풎ퟐ + 풏ퟐ + 풑ퟐ ≥ ퟐ풏풑 퐜퐨퐬 풙 + ퟐ풑풎퐜퐨퐬풚 + ퟐ풎풏퐜퐨퐬 풛 

Siendo: 풎 = 퐭퐚퐧 풙
ퟐ

> ퟎ,풚 = 퐭퐚퐧 풚
ퟐ

> ퟎ, 풛 = 퐭퐚퐧 풛
ퟐ

> ퟎ, resulta: 

퐭퐚퐧ퟐ
풙
ퟐ + 퐭퐚퐧ퟐ

풚
ퟐ + 퐭퐚퐧ퟐ

풛
ퟐ

≥ ퟐ퐭퐚퐧
풚
ퟐ 퐭퐚퐧

풛
ퟐ 퐜퐨퐬 풙 + ퟐ 퐭퐚퐧

풛
ퟐ 퐭퐚퐧

풙
ퟐ 퐜퐨퐬풚 + ퟐ 퐭퐚퐧

풙
ퟐ 퐭퐚퐧

풚
ퟐ퐜퐨퐬 풛 

퐭퐚퐧ퟐ
풙
ퟐ + 퐭퐚퐧ퟐ

풚
ퟐ + 퐭퐚퐧ퟐ

풛
ퟐ

≥ ퟐ퐭퐚퐧
풚
ퟐ 퐭퐚퐧

풛
ퟐ 퐜퐨퐬 풙 + ퟐ 퐭퐚퐧

풛
ퟐ 퐭퐚퐧

풙
ퟐ 퐜퐨퐬풚 + ퟐ 퐭퐚퐧

풙
ퟐ 퐭퐚퐧

풚
ퟐ퐜퐨퐬 풛 

Probaremos que 

ퟐ 퐭퐚퐧
풚
ퟐ 퐭퐚퐧

풛
ퟐ퐜퐨퐬 풙 + ퟐ 퐭퐚퐧

풛
ퟐ 퐭퐚퐧

풙
ퟐ 퐜퐨퐬 풚 + ퟐ 퐭퐚퐧

풙
ퟐ 퐭퐚퐧

풚
ퟐ 퐜퐨퐬 풛 = ퟐ − ퟖ 퐬퐢퐧

풙
ퟐ 퐬퐢퐧

풚
ퟐ 퐬퐢퐧

풛
ퟐ 

⇔ ퟐ 퐭퐚퐧
풚
ퟐ 퐭퐚퐧

풛
ퟐ − ퟏ 퐜퐨퐬 풙 + ퟐ 퐭퐚퐧

풛
ퟐ 퐭퐚퐧

풙
ퟐ − ퟏ 퐜퐨퐬풚 + ퟐ 퐭퐚퐧

풙
ퟐ 퐭퐚퐧

풚
ퟐ − ퟏ 퐜퐨퐬 풛 + 

+ퟐ(퐜퐨퐬 풙 + 퐜퐨퐬 풚 + 퐜퐨퐬 풛) 

⇔
ퟐ 퐜퐨퐬 풚 풛

ퟐ
퐜퐨퐬풚ퟐ퐜퐨퐬

풛
ퟐ
퐜퐨퐬 풙 −

ퟐ 퐜퐨퐬 풛 풙
ퟐ

퐜퐨퐬풛ퟐ퐜퐨퐬
풙
ퟐ
퐜퐨퐬 풚 −

ퟐ 퐜퐨퐬 풙 풚
ퟐ

퐜퐨퐬풙ퟐ 퐜퐨퐬
풚
ퟐ
퐜퐨퐬 풛 + ퟐ ퟏ + ퟒ 퐬퐢퐧 풙

ퟐ
퐬퐢퐧 풚

ퟐ
퐬퐢퐧 풛

ퟐ
  

⇔ −
(퐬퐢퐧 ퟐ풙 + 퐬퐢퐧 ퟐ풚 + 퐬퐢퐧 ퟐ풛)

ퟐ 퐜퐨퐬 풙ퟐ 퐜퐨퐬
풚
ퟐ퐜퐨퐬

풛
ퟐ

+ ퟐ ퟏ + ퟒ퐬퐢퐧
풙
ퟐ퐬퐢퐧

풚
ퟐ퐬퐢퐧

풛
ퟐ = 

= −ퟏퟔ 퐬퐢퐧
풙
ퟐ 퐬퐢퐧

풚
ퟐ 퐬퐢퐧

풛
ퟐ + ퟐ ퟏ + ퟒ퐬퐢퐧

풙
ퟐ퐬퐢퐧

풚
ퟐ 퐬퐢퐧

풛
ퟐ  

Por la tanto  
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퐭퐚퐧ퟐ
풙
ퟐ

+ 퐭퐚퐧ퟐ
풚
ퟐ

+ 퐭퐚퐧ퟐ
풛
ퟐ
≥ ퟐ − ퟖ 퐬퐢퐧

풙
ퟐ
퐬퐢퐧

풚
ퟐ
퐬퐢퐧

풛
ퟐ

 

⇔ 퐭퐚퐧ퟐ 풙
ퟐ

+ 퐭퐚퐧ퟐ 풚
ퟐ

+ 퐭퐚퐧ퟐ 풛
ퟐ

+ ퟖ 퐬퐢퐧 풙
ퟐ
퐬퐢퐧 풚

ퟐ
퐬퐢퐧 풛

ퟐ
≥ ퟐ  (LQQD) 

 

Solution 2 by Soumava Chakraborty-Kolkata-India 

풂ퟐ ≥⏞
(ퟏ)

(풃 − 풄)ퟐ + ퟒ풔
ퟐ(ퟐ푹 − 풓)

푹
 

(1) ⇔ ퟐ∑풂풃 − ∑풂ퟐ ≥ ퟒ풓풔 ퟐ(ퟐ푹 풓)
푹

 

⇔ ퟐ(풔ퟐ + ퟒ푹풓+ 풓ퟐ) − ퟐ(풔ퟐ − ퟒ푹풓− 풓ퟐ) ≥ ퟒ풓풔
ퟐ(ퟐ푹 − 풓)

푹
 

⇔ ퟒ풓(ퟒ푹 + 풓) ≥ ퟒ풓풔
ퟐ(ퟐ푹 − 풓)

푹  

⇔ 푹(ퟒ푹 + 풓)ퟐ ≥ ퟐ풔ퟐ(ퟐ푹 − 풓) = 풔ퟐ(ퟒ푹 − ퟐ풓)   (2) 

Using Rouche’s inequality, 

풔ퟐ(ퟒ푹 − ퟐ풓) ≤ (ퟒ푹 − ퟐ풓)(ퟐ푹ퟐ + ퟏퟎ푹풓 − 풓ퟐ) + 

+ퟐ(ퟒ푹 − ퟐ풓)(푹 − ퟐ풓) 푹ퟐ − ퟐ푹풓 ≤
?
푹(ퟒ푹 + 풓)ퟐ 푹ퟐ − ퟐ푹풓 

⇔ ퟖ푹ퟑ − ퟐퟖ푹ퟐ풓 + ퟐퟓ푹풓ퟐ − ퟐ풓ퟑ ≥
?
	ퟒ(푹 − ퟐ풓)(ퟐ푹 − 풓) 

⇔ (푹 − ퟐ풓)(ퟖ푹ퟐ − ퟏퟐ푹풓 + 풓ퟐ) ≥
?
ퟒ(푹 − ퟐ풓)(ퟐ푹 − 풓) 푹ퟐ − ퟐ푹풓 

⇔ ퟖ푹ퟐ − ퟏퟐ푹풓 + 풓ퟐ ≥
?
ퟒ(ퟐ푹 − 풓)√푹ퟐ − ퟐ푹풓	(∵ 푹 − ퟐ풓 ≥ ퟎ)   (3) 

Now, ퟖ푹ퟐ − ퟏퟐ푹풓 + 풓ퟐ = 풓ퟐ(ퟖ풕ퟐ − ퟏퟐ풕 + ퟏ)   (where 풕 = 푹
풓

) 

= 풓ퟐ{ퟖ(풕ퟐ − ퟒ)− ퟏퟐ(풕 − ퟐ) + ퟑퟐ − ퟐퟒ + ퟏ} 
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= 풓ퟐ{(풕 − ퟐ)(ퟖ풕 + ퟏퟔ − ퟏퟐ) + ퟗ} = 풓ퟐ{(풕 − ퟐ)(ퟖ풕 + ퟒ) + ퟗ} 

> ퟎ,∵ 풕 = 푹
풓
≥ ퟐ  (Euler) 

∴ (3) ⇔ (ퟖ푹ퟐ − ퟏퟐ푹풓 + 풓ퟐ)ퟐ − ퟏퟔ(ퟐ푹 − 풓)ퟐ(푹ퟐ − ퟐ푹풓) ≥ ퟎ 

⇔ ퟏퟔ푹ퟐ풓ퟐ + ퟖ푹풓ퟑ + 풓ퟒ ≥
?
ퟎ → true 

⇒ (3) is true ⇒ (2) is true ⇒ (1) is true (Proved) 

 

 

 
 

 


