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Prove that in any triangle 푨푩푪, 

ퟏ
퐬퐢퐧푨 +

ퟏ
퐬퐢퐧푩 +

ퟏ
퐬퐢퐧 푪 ≥

ퟔ푹
풓 . 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru , Solution 2 by Adil 

Abdullayev – Baku – Azerbaidjian , Solution 3 by Martin Lukarevski – Skopje – 

Macedonia , Solution 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

Solution 5 by George Apostolopoulos – Messolonghi – Greece 

 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo 푨푩푪: 

ퟏ
퐬퐢퐧푨

+
ퟏ

퐬퐢퐧푩
+

ퟏ
퐬퐢퐧 푪

≥
ퟔ푹
풓

 

Recordar lo siguiente: 

풓 = ퟒ푹퐬퐢퐧
푨
ퟐ 퐬퐢퐧

푩
ퟐ 퐬퐢퐧

푪
ퟐ =

ퟒ(풑 − 풂)(풑 − 풃)(풑 − 풄)
풂풃풄 , 

ퟐ푺
풃풄 = 퐬퐢퐧푨 ,

ퟐ푺
풂풄 = 퐬퐢퐧푩 ,

ퟐ푺
풂풃 = 퐬퐢퐧푪 

푺 = 풑(풑 − 풂)(풑 − 풃)(풑 − 풄),풑 = 풂 풃 풄
ퟐ

,풂풃 + 풃풄 + 풂풄 ≥

ퟑ풂풃풄(풂 + 풃 + 풄)  

Reemplazando en la desigualdad: 

풃풄
ퟐ푺

+ 풂풄
ퟐ푺

+ 풂풃
ퟐ푺
≥ ퟔ

ퟒ
퐜퐬퐜 푨

ퟐ
퐜퐬퐜 푩

ퟐ
퐜퐬퐜 푪

ퟐ
→ 퐬퐢퐧 푨

ퟐ
퐬퐢퐧 푩

ퟐ
퐬퐢퐧 푪

ퟐ
풃풄
ퟐ푺

+ 풂풄
ퟐ푺

+ 풂풃
ퟐ푺

≥ √ퟔ
ퟐ
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⇒
(풑 − 풂)(풑 − 풃)(풑 − 풄)

풂풃풄
풃풄

ퟐ 풑(풑 − 풂)(풑 − 풃)(풑 − 풄)
≥
√ퟔ
ퟐ  

⇒
풃풄
풂풃풄풑

+
풂풄
풂풃풄풑

+
풂풃
풂풃풄풑

=
√ퟐ

√풂풃풄 (풂 + 풃 + 풄)
(풃풄 + 풂풄 + 풂풃) ≥ 

≥ √ퟐ ퟑ풂풃풄(풂 풃 풄)

풂풃풄(풂 풃 풄)
= √ퟔ  (LQQD) 

Solution 2 by Adil Abdullayev – Baku – Azerbaidjian 

ퟏ
퐬퐢퐧푨

+
ퟏ

퐬퐢퐧푩
+

ퟏ
퐬퐢퐧 푪

=
ퟐ푹
풂

+
ퟐ푹
풃

+
ퟐ푹
풄

= 

= ퟐ푹 ⋅
풂풃 + 풃풄 + 풄풂

풂풃풄 =
풂풃 + 풃풄 + 풄풂

ퟐ풓풑 ≥
ퟔ푹
풓 ↔ 

(풂풃 + 풃풄 + 풄풂)ퟐ ≥ (ퟐ풓풑)ퟐ ⋅
ퟔ푹
풓 = 

= (풂 + 풃 + 풄)ퟐ ⋅ ퟔ푹풓 = (풂 + 풃 + 풄)ퟐ ⋅ ퟔ ⋅
풂풃풄
ퟒ푺 ⋅

ퟐ푺
풂 + 풃 + 풄 = 

= ퟑ풂풃풄(풂 + 풃 + 풄)ퟐ ↔ (풂풃 + 풃풄 + 풄풂)ퟐ ≥ ퟑ풂풃풄(풂 + 풃 + 풄)… (A) 

Let 풂풃 = 풙;풃풄 = 풚; 풄풂 = 풛 

(A) ↔ (풙 + 풚 + 풛)ퟐ ≥ ퟑ(풙풚 + 풚풛 + 풛풙) 

Solution 3 by Martin Lukarevski – Skopje – Macedonia  

ퟏ
퐬퐢퐧푨

= ퟐ푹
ퟏ
풂
≥ ퟐ푹 ퟑ

ퟏ
풂풃

=
ퟔ푹
풓

 

Solution 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

ퟏ
퐬퐢퐧푨 +

ퟏ
퐬퐢퐧푩 +

ퟏ
퐬퐢퐧 푪 ≥

ퟔ푹
ퟐ  
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풂풃 + 풃풄 + 풄풂 ≥ ퟑ풂풃풄(풂 + 풃 + 풄)|:ퟐ푺 

풂풃
ퟐ푺 +

풃풄
ퟐ푺 +

풄풂
ퟐ푺 ≥

ퟑ풂풃풄(풂 + 풃 + 풄)
ퟒ푺ퟐ  

ퟏ
퐬퐢퐧푨

+
ퟏ

퐬퐢퐧푩
+

ퟏ
퐬퐢퐧푪

≥
ퟔ풂풃풄 ⋅ 풑

ퟒ ⋅ (풂풃풄)ퟐ
ퟏퟔ푹ퟐ

=
ퟔ ⋅ 푹 ⋅ 풑
풂풃풄
ퟒ푹

=
ퟔ푹 ⋅ 풑
푺

=
ퟔ푹
ퟐ

 

 Solution 5 by George Apostolopoulos – Messolonghi – Greece  

 

We have (Law of Sines) 
ퟏ

퐬퐢퐧푨
+

ퟏ
퐬퐢퐧푩

+
ퟏ

퐬퐢퐧 푪
=
ퟐ푹
풂

+
ퟐ푹
풃

+
ퟐ푹
풄

= ퟐ푹
ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄

 

It is well-known that 

ퟏ
ퟒ풓ퟐ

≥
ퟏ
풂ퟐ

+
ퟏ
풃ퟐ

+
ퟏ
풄ퟐ

≥
ퟏ
ퟑ

ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄

ퟐ

≥
ퟏ

ퟐ푹풓
 

So ퟏ
풂

+ ퟏ
풃

+ ퟏ
풄
≥ ퟑ

ퟐ푹풓
 

Now  

ퟏ
퐬퐢퐧푨 +

ퟏ
퐬퐢퐧푩 +

ퟏ
퐬퐢퐧푪 = ퟐ푹

ퟏ
풂 +

ퟏ
풃 +

ퟏ
풄 ≥ ퟐ푹

ퟑ
ퟐ푹풓 =

ퟒ푹ퟐ ⋅ ퟑ
ퟐ푹풓 =

ퟔ푹
풓  

Equality holds when the triangle 푨푩푪 is equilateral. 

 

 

 


