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In 휟	푨푩푪: 

SZOLLOSY’S INEQUALITY 

풃풄(풔 − 풂) + 풄풂(풔 − 풃) + 풂풃(풔 − 풄) ≤ ퟑ푹√풔 

Proof 1 by George Apostolopoulos-Messolonghi-Greece, Proof 2 by Serban 

George Florin-Romania , Proof 3 by Soumitra Mandal-Chandar Nagore-India 

Proof 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia, Proof 5 by Martin 

Lukarevski-Stip-Macedonia 

 

Proof 1 by George Apostolopoulos-Messolonghi-Greece 

From Cauchy – Schwarz Inequality, we have 

풃풄(풔 − 풂) + 풄풂(풔 − 풃) + 풂풃(풔 − 풄)
ퟐ
≤ 

≤ (풃풄 + 풄풂 + 풂풃)(풔 − 풂 + 풔 − 풃 + 풔 − 풄) ≤ 

(풂ퟐ + 풃ퟐ + 풄ퟐ) ⋅ 풔 ≤ ퟗ푹ퟐ ⋅ 풔 

Namely: 

풃풄(풔 − 풂) + 풄풂(풔 − 풃) + 풂풃(풔 − 풄) ≤ ퟑ푹 ⋅ √풔 

Equality holds when the triangle is equilateral. 

Proof 2 by Serban George Florin-Romania 

풃풄(풔 − 풂) ≤ ퟑ푹√풔, 풔 =
풂 + 풃 + 풄

ퟐ
 

풃풄(풔 − 풂)
ퟐ

= √풃풄 ⋅ √풔 − 풂
ퟐ
≤
푪푩푺

√풃풄
ퟐ

√풔 − 풂
ퟐ

= 

= (풂풃 + 풃풄 + 풂풄)(ퟑ풔 − ퟐ풔) = 풔(풂풃 + 풃풄 + 풂풄) 

⇒ 풃풄(풔 − 풂) ≤ √풔 ⋅ √풂풃 + 풃풄 + 풂풄 ≤ ퟑ푹 ⋅ √풔 
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⇒ √풂풃 + 풃풄 + 풂풄 ≤ ퟑ푹 ⇒ 풂풃 + 풃풄 + 풂풄 = 푹ퟐ 

풂풃 + 풃풄 + 풂풄 ≤ 풂ퟐ + 풃ퟐ + 풄ퟐ = ퟐ풑ퟐ − ퟐ풓ퟐ − ퟖ푹풓 ≤ ퟗ풓ퟐ 

⇒ ퟐ풑ퟐ ≤ ퟗ푹ퟐ + ퟐ풓ퟐ + ퟖ푹풓 

GERRETSEN 풑ퟐ ≤ ퟒ푹ퟐ + ퟒ푹풓 + ퟑ풓ퟐ| ⋅ ퟐ 

ퟐ풑ퟐ ≤ ퟖ푹ퟐ + ퟖ푹풓 + ퟔ풓ퟐ ≤ ퟗ푹ퟐ + ퟐ풓ퟐ + ퟖ푹풓 

⇒ 푹ퟐ ≥ ퟒ풓ퟐ ⇒ 푹 ≥ ퟐ풓  (Euler) 

Proof 3 by Soumitra Mandal-Chandar Nagore-India 

풃풄(풔 − 풂)
풄풚풄

≤
푪풂풖풄풉풚 푺풄풉풘풂풓풛

(풂풃 + 풃풄 + 풄풂)(풔 − 풂 + 풔 − 풃 + 풔 − 풄) 

= 풔(풂풃 + 풃풄 + 풄풂) ≤ ퟑ푹√풔	[∵ 풂풃 + 풃풄 + 풄풂 ≤ ퟗ푹ퟐ] 

Proof 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

푳푯푺 ≤ 푹푯푺| ⋅ ퟐ√풔 

∑ ퟐ ⋅ 풃풄 ⋅ 풔(풔 − 풂)휟 ≤ ퟔ푹 ⋅ 풔	 (ASSURE) 

(풃 + 풄)
휟

⋅
ퟐ ⋅ 풃풄 ⋅ 풔(풔 − 풂)

풃 + 풄
= (풃 + 풄)

휟

⋅ 풍풂 = 

≤
푪푩푺

(풃 + 풄)ퟐ
휟

⋅ 풍풂ퟐ
휟

				(∗) 

a) ∑(풃 + 풄)ퟐ = ퟐ ⋅ (∑(풂ퟐ + 풃풄)) ≤ ퟒ ⋅ ∑풂ퟐ ≤ ퟑퟔ푹ퟐ 

b) ∑ 풍풂ퟐ = ∑ 풔(풔 − 풂)
ퟐ

= 풔(풔 − 풂 + 풔 − 풃 + 풔 − 풄) = 풔ퟐ 

(*); a); b) ⇒ 

(풃 + 풄) ⋅ 풍풂 ≤ (풃 + 풄)ퟐ ⋅ 풍풂ퟐ
휟휟

≤ ퟑퟔ푹ퟐ ⋅ 풔ퟐ = ퟔ푹 ⋅ 풔 



SOCIETATEA DE ȘTIINȚE MATEMATICE DIN ROMÂNIA 
ROMANIAN MATHEMATICAL SOCIETY 

  
Filiala Mehedinți - Mehedinți Branch 

www.ssmrmh.ro 
 

 


