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InA4AABC:
SZOLLOSY’S INEQUALITY

Jbc(s —a) +/ca(s — b) ++/ab(s — ¢) < 3RVs

Proof 1 by George Apostolopoulos-Messolonghi-Greece, Proof 2 by Serban

George Florin-Romania , Proof 3 by Soumitra Mandal-Chandar Nagore-India
Proof 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia, Proof 5 by Martin

Lukarevski-Stip-Macedonia

Proof 1 by George Apostolopoulos-Messolonghi-Greece

From Cauchy — Schwarz Inequality, we have

(\/bc(s—a)+\/(:a(s—b)+\/ab(s—(:))2 <
<(bc+ca+ab)(s—a+s—b+s—c)<

(a? + b%2 +c%?) - s <9R?-s

Namely:

Jbe(s —a) +/ca(s —b) +/ab(s —c) < 3R - /s

Equality holds when the triangle is equilateral.

Proof 2 by Serban George Florin-Romania

ZWSM@F%”“
Zch(T (> voe- vi-a) € £ (> e (ZF>=

= (ab + bc + ac)(3s — 2s) = s(ab + bc + ac)

:Zw/bc(s—a)S\/E-\/ab+bc+acS3R-\/§
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= vab + bc + ac < 3R = ab + bc + ac = R?
ab + bc + ac < a? + b? + ¢? = 2p? — 2r? — 8Rr < 9r?
= 2p? < 9R? + 2r? + 8Rr
GERRETSEN p? < 4R%? + 4Rr + 31%| - 2
2p? < 8R? + 8Rr + 612 <9R? + 2r%* + 8Rr
= R? > 4r? = R > 2r (Euler)

Proof 3 by Soumitra Mandal-Chandar Nagore-India

Cauchy—-Schwarz
Zw/bc(s—a) < \/(ab+bc+ca)(s—a+s—b+s—c)

cyc

= \/s(ab + bc + ca) < 3Rs [ ab + bc + ca < 9R?]
Proof 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

LHS < RHS| - 2+/s

42 -+/bc-s(s—a) < 6R-s (ASSURE)

2-\/bc-s(s—a)
(b+c)- = (b+C)-la:
2 2

b+c

CBS
< jZ(b +c)? - Z: iz (x)

A

a)Y(+c)>=2-C(a?+ bc)) <4-Y a* < 36R?

b)Zﬁ:Z(\/s(s—a))Z:s(s—a+s—b+s—c):s2
(*);a);b) =

Z(b+c)-las\/2(b+0)2-Zl§S 36R%2-s2=6R"s
. .
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Szollosy’s inequality. In a triangle ABC let a, b, ¢ be the sides of the triangle,
& its semiperimeter and R the circumradius. Prove that

Vbe(s — a) + ea(s — b) + 1/ab(s — ¢) < 3R/

Solution. The stronger inequality
Vbe(s —a) + ea(s — b) + Jab(s —e) < 2(R+ 1)y
holds. We use an equivalent form of the Gerretsen's inequality [1]
ab+be+ea < 4(R+ -r‘)g.
By Cauchy-Schwarz, we get

Vhe(s —a) + yfea(s —b) +/ab(s —¢) < (ab+be +ca)? ((s—a)+ (s —b) + (s — e))V?
< 2AR+r)Vs
which proves the inequality.
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