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Prove that in all triangles 푨푩푪 holds the inequality 

ퟏ
(퐬퐢퐧푨 + 퐬퐢퐧푩)ퟐ

풄풚풄

≥ ퟏ. 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

Solutions 1,2  by Kevin Soto Palacios – Huarmey – Peru , Solution 3 by Seyran 

Ibrahimov-Maasilli-Azerbaidian, Solutions 4,5 by Myagmarsuren Yadamsuren-

Darkhan-Mongolia, Solution 6 by Soumitra Mandal-Chandar Nagore-India 

Solution 7 by Soumava Chakraborty-Kolkata-India, Solution 8 by Martin 

Lukarevski-Stip-Macedonia 

 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo 푨푩푪, la siguiente desigualdad 

∑ ퟏ
(퐬퐢퐧푨 퐬퐢퐧 푩)ퟐ ≥ ퟏ   (A) 

Siendo 풙,풚, 풛 números 푹 , se cumple la siguiente desigualdad: 

(풙풚 + 풚풛 + 풛풙)
ퟏ

(풙 + 풚)ퟐ +
ퟏ

(풚 + 풛)ퟐ +
ퟏ

(풛 + 풙)ퟐ ≥
ퟗ
ퟒ

 

Realizamos las siguientes sustituciones 

풙 = 퐬퐢퐧푨 > 0,푦 = 퐬퐢퐧푩 > 0, 푧 = 퐬퐢퐧푪 > 0 

Luego ∀	풙,풚, 풛 ∈ 푹 se cumple lo siguiente: 

풙풚 + 풚풛 + 풛풙 ≤ 풙ퟐ + 풚ퟐ + 풛ퟐ = 퐬퐢퐧ퟐ 푨 + 퐬퐢퐧ퟐ 푩 + 퐬퐢퐧ퟐ 푪 = ퟐ + ퟐ 퐜퐨퐬 푨 퐜퐨퐬푩 퐜퐨퐬푪 ≤
ퟗ
ퟒ 

Finalmente la desigualdad es equivalente 
ퟏ

(풙 풚)ퟐ + ퟏ
(풚 풛)ퟐ + ퟏ

(풛 풙)ퟐ ≥
ퟗ

ퟒ(풙풚 풚풛 풛풙) ≥ ퟏ   (LQQD) 
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Solution 2 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo 푨푩푪, la siguiente desigualdad 

∑ ퟏ
(퐬퐢퐧푨 퐬퐢퐧 푩)ퟐ ≥ ퟏ   (A) 

En un triángulo 푨푩푪 → 퐬퐢퐧 푨 , 퐬퐢퐧푩 , 퐬퐢퐧푪 > 0 

Denotemos los siguientes cambios de variables 

풙 = 퐬퐢퐧푨 + 퐬퐢퐧푩 > 0,푦 = 퐬퐢퐧푩 + 퐬퐢퐧 푪 > 0, 푧 = 퐬퐢퐧푪 + 퐬퐢퐧푨 > 0 

Cumpliéndose que: 

풙 + 풚 + 풛 ≤ ퟑ√ퟑ ∧ (풙 + 풚 + 풛)
ퟏ
풙 +

ퟏ
풚 +

ퟏ
풛 ≥ ퟗ ⇔

ퟏ
풙 +

ퟏ
풚+

ퟏ
풛 ≥ √ퟑ 

Por la desigualdad de Cauchy en (A) 

∑ ퟏ
풙ퟐ
≥ ퟏ

ퟑ
∑ ퟏ
풙

ퟐ
≥ ퟏ

ퟑ
ퟗ

풙 풚 풛

ퟐ
≥ ퟏ

ퟑ
⋅ ퟑ = ퟏ   (LQQD) 

 

Solution 3 by Seyran Ibrahimov-Maasilli-Azerbaidian 

ퟏ
(퐬퐢퐧 풂 + 퐬퐢퐧 풃)ퟐ ≥

ퟏ
ퟐ(퐬퐢퐧ퟐ 풂 + 퐬퐢퐧ퟐ 풃) 

풂 = ퟐ푹 ⋅ 퐬퐢퐧 풂 , 풃 = ퟐ푹 ⋅ 퐬퐢퐧풃 ,			풄 = ퟐ푹 ⋅ 퐬퐢퐧 풄 

ퟐ푹ퟐ

풂ퟐ + 풃ퟐ
+

ퟐ푹ퟐ

풂ퟐ + 풄ퟐ
+

ퟐ푹ퟐ

풃ퟐ + 풄ퟐ
≥

푪 푩 푪
	
ퟐ(푹 + 푹 +푹)ퟐ

ퟐ(풂ퟐ + 풃ퟐ + 풄ퟐ) =
ퟗ푹ퟐ

풂ퟐ + 풃ퟐ + 풄ퟐ
≥ ퟏ 

because ퟗ푹ퟐ ≥ 풂ퟐ + 풃ퟐ + 풄ퟐ 

 
Solution 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

ퟏ
(퐬퐢퐧 푨+ 퐬퐢퐧푩)ퟐ

풄풚풄

=
ퟏퟑ

(퐬퐢퐧푨 + 퐬퐢퐧푩)ퟐ
풄풚풄

≥ 
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≥
(ퟏ + ퟏ + ퟏ)ퟑ

ퟐ ⋅ (퐬퐢퐧푨 + 퐬퐢퐧푩 + 퐬퐢퐧 푪) ퟐ =
ퟐퟕ

(ퟐ ⋅ ∑ 퐬퐢퐧푨)ퟐ ≥
ퟐퟕ

ퟐ ⋅ ퟑ√ퟑퟐ

ퟐ = ퟏ 

Solution 5 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

퐬퐢퐧푨 =
풂
ퟐ푹

… 

ퟒ푹ퟐ

(풂 + 풃)ퟐ
풄풚풄

= ퟒ푹ퟐ
ퟏ

풂ퟐ + ퟐ풂풃 + 풃ퟐ
풄풚풄

= 

= ퟒ푹ퟐ ⋅
ퟏퟐ

풂ퟐ + ퟐ풂풃 + 풃ퟐ
풄풚풄

≥ ퟒ푹ퟐ ⋅
(ퟏ + ퟏ + ퟏ)ퟐ

ퟐ(풂ퟐ + 풃ퟐ + 풄ퟐ + 풂풃 + 풃풄 + 풄풂)  

= ퟏퟖ푹ퟐ ⋅ ퟏ
풂ퟐ 풃ퟐ 풄ퟐ 풂풃 풃풄 풄풂

≥ ퟏ   (ASSURE) 

ퟏퟖ푹ퟐ ≥ 풂ퟐ + 풃ퟐ + 풄ퟐ + 풂풃 + 풃풄 + 풄풂 

풂ퟐ + 풃ퟐ + 풄ퟐ = ퟐ풑ퟐ − ퟖ푹풓 − ퟐ풓ퟐ 

풂풃 + 풃풄 + 풄풂 = 풑ퟐ + ퟒ푹풓 + 풓ퟐ 

풑ퟐ ≤ ퟒ푹ퟐ + ퟒ푹풓 + ퟑ풓ퟐ 

ퟏퟖ푹ퟐ ≥ ퟑ풑ퟐ − ퟒ푹풓− 풓ퟐ 

ퟑ풑ퟐ ≤ ퟏퟖ푹ퟐ + ퟒ푹풓+ 풓ퟐ 

ퟑ풑ퟐ ≤ ퟑ(ퟒ푹ퟐ + ퟒ푹풓 + ퟑ풓ퟐ) ≤ ퟏퟖ푹ퟐ + ퟒ푹풓 + 풓ퟐ 

ퟔ푹ퟐ − ퟖ푹풓 − ퟖ풓ퟐ ≥ ퟎ 

ퟑ푹ퟐ − ퟒ푹풓 − ퟒ풓ퟐ ≥ ퟎ 

ퟑ푹ퟐ = ퟐ푹ퟐ + 풓ퟐ ≥ ퟒ푹풓 + ퟒ풓ퟐ(Euler) 

 

Solution 6 by Soumitra Mandal-Chandar Nagore-India 

We know, ퟑ
ퟐ
≥ 퐬퐢퐧 푨+ 퐬퐢퐧푩 + 퐬퐢퐧 푪 , 퐬퐢퐧 푨 = 풂

ퟐ푹
, 퐬퐢퐧푩 = 풃

ퟐ푹
 and 퐬퐢퐧 푪 = 풄

ퟐ푹
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Where 풂,풃, 풄 are the sides of a triangle and 푹 = circum – radius 

ퟗ푹ퟐ ≥ 풂ퟐ + 풃ퟐ + 풄ퟐ ⇒ ퟗ푹ퟐ ≥
(풂 + 풃 + 풄)ퟐ

ퟑ
⇒ ퟐퟕ푹ퟐ ≥ (풂 + 풃 + 풄)ퟐ 

∴
ퟏ

(퐬퐢퐧푨 + 퐬퐢퐧푩)ퟐ
풄풚풄

= ퟒ푹ퟐ
ퟏ

(풂 + 풃)ퟐ
풄풚풄

 

≥ ퟒ푹ퟐ ⋅
ퟐퟕ

(풂 + 풃 + 풃 + 풄 + 풄 + 풂)ퟐ ∵
ퟏ
ퟑ

ퟏ
(풂 + 풃)ퟐ

풄풚풄

≥
ퟗ
ퟒ
⋅

ퟏ
(풂 + 풃 + 풄)ퟐ  

= ퟐퟕ푹ퟐ

(풂 풃 풄)ퟐ ≥ ퟏ   (proved) equality at 푨 = 푩 = 푪 = 흅
ퟑ

 

 

Solution 7 by Soumava Chakraborty-Kolkata-India  

퐬퐢퐧푨 + 퐬퐢퐧 푩 = ퟐ퐜퐨퐬
푪
ퟐ
퐜퐨퐬

푨 − 푩
ퟐ

 

∵ −
흅
ퟐ

<
푨− 푩
ퟐ

<
흅
ퟐ

, 

∴ ퟎ < 퐜퐨퐬
푨 − 푩
ퟐ

≤ ퟏ 

⇒ ퟐ퐜퐨퐬
푪
ퟐ
퐜퐨퐬

푨 − 푩
ퟐ

≤ ퟐ 퐜퐨퐬
푪
ퟐ

 

⇒ 퐬퐢퐧푨 + 퐬퐢퐧푩 ≤ ퟐ 퐜퐨퐬
푪
ퟐ
⇒ (퐬퐢퐧푨 + 퐬퐢퐧푩)ퟐ ≤

(풂)
ퟒ 퐜퐨퐬ퟐ

푪
ퟐ

 

Similarly, (퐬퐢퐧푩 + 퐬퐢퐧 푪)ퟐ ≤
(풃)

ퟒ 퐜퐨퐬ퟐ 푨
ퟐ

 and (퐬퐢퐧 푪 + 퐬퐢퐧푨)ퟐ ≤
(풄)

ퟒ 퐬퐢퐧ퟐ 푩
ퟐ

 

Using (a), (b), (c) ∑ ퟏ
(퐬퐢퐧푨 퐬퐢퐧푩)ퟐ ≥

ퟏ
ퟒ
∑퐬퐞퐜ퟐ 푨

ퟐ
 

Let 풇(풙) = 퐬퐞퐜ퟐ 풙
ퟐ
	∀풙 ∈ (ퟎ,흅) 
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풇 (풙) = 퐬퐞퐜ퟐ
풙
ퟐ 퐭퐚퐧ퟐ

풙
ퟐ +

ퟏ
ퟐ퐬퐞퐜

ퟒ 풙
ퟐ > 0 

∴ 풇(풙) is convex on (ퟎ,흅) 

∴
ퟏ

(퐬퐢퐧푨 + 퐬퐢퐧푩)ퟐ ≥
ퟏ
ퟒ

퐬퐞퐜ퟐ
푨
ퟐ

≥
푱풆풏풔풆풏 ퟏ

ퟒ
⋅ ퟑ 퐬퐞퐜ퟐ

푨 + 푩 + 푪
ퟔ

 

= ퟏ
ퟒ
⋅ ퟑ ⋅ ퟐ

√ퟑ

ퟐ
= ퟏ  (Proved) 

Solution 8 by Martin Lukarevski-Stip-Macedonia 

 


