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Preliminaries and notions

Spaces of functions

e [%(R)
<f,g>= [f(t)g(t)at
e [2(]0,1])

e C?([0,1])
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Preliminaries and notions

Galerkin metod for ODE

@ Sturm-Liouville equation

tu(t) = 2 (a) %) +b(utt) = . 0 <t <1 (1)
with DBC
u(0) =u(1)=0. 2)

@ 1) {v;} - complete orthonormal system for L2([0, 1])
2) every v; € C?([0,1])
3) 1j(0) = vj(1) = 0.

@ Approximation us of the exact solution u

Us = Z Xk Vi (3)

ke
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Preliminaries and notions

@ Criterion for coefficients xx

< Lus,v; >=<f,v;> Vje (4)

o If we substitute the equation (3) in (4) we obtain

> (Lvi, vi)x = (F,v), V) € A (5)
ke

o A=[ajkljken 8k = (Lvk,V)) ;
X = (X)ken; Y = (Vk)ken, Yx = (f, Vi)

AX =Y. (6)

e Wavelet-Galerkin method: functions v; are wavelets

(Faculty of Informatics,UGD-Stip) Wavelet-Galerkin solution of some ODE ETAI, 2013 5/25



Preliminaries and notions

Wavelets

@ wavelet +: L? function which satisfy the admissibility condition

Cy = /OO L . (7)

oo W

The condition (7) implies that

5(0) = / "yt =o.

@ wavelets

1 —b
VYab(t) = ﬁw (ta> ,a>0,beR.
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Preliminaries and notions

Multiresolution analysis (MRA)

Multiresolution analysis of the space L?(R) consist of a sequence of
closed subspace {V;}2_ with the following properties:

1.V, C Vg

2. UjEZVj = L2(R)

3. NjezV; = {0}

4. f(t) € V; & f(2t) € V4

5.f(t)c Vi f(t—k)e V,VkeZ

6. there exists a function ¢ (called scaling function or father wavelet)
such that ¢; x(t) = 2//2¢(2/t — k), k € Z constitute orthonormal basis
for corresponding subspace V.
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Preliminaries and notions

@ Let ¢ € L?(R) be compactly supported scaling function of MRA.

Then
1) .
/ o(t)at £ 0 ®)
2)
= ap(2t — k) 9)
keZ

where ai are real coefficients and ax # 0 for only finitely many
k € Z (the number of nonzero coefficients a is denoted by L).
3) ¢jk(t) = 21242/t — k), j, k € Z are orthonormal in L2(R) i.e.

/ ot — Mo(t — K)dt = oy, (10)
where P
|0, n#

%*_{1,n_k' (11)
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Preliminaries and notions

@ One can constuct wavelet ¢ such that
Yik(t) =292t — k), j ke Z

constitute an orthonormal basis for L2(R).
@ Daubechies scaling function

L—1
= a2t - k) (12)
k=0
@ Daubechies wavelet function
1
= Y (-1ra_,p(2t — k) (13)
k=2—L

where L is a positive even integer and denotes the genus of the
Daubechies wavelet.
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Wavelet-Galerkin method for ordinary differential equations

Wavelet-Galerkin method for ODE
First type of Sturm-Liouville differential equation
J"(t) + au(t) = f(t), te]0,1], (14)

with DBC
ul0)=u(1)=0 (15)

@ Application: electromagnetic radiation, seismology and acoustics.
@ Approximate solution

2J

u(t)= Y cdik(t) k€ Z, (16)

k=1-L

where ¢ is the scaling function of MRA.
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Wavelet-Galerkin method for ordinary differential equations

Remark

@ There are no closed-form formulas for the Daubechies wavelets
and scaling functions.

@ W-G method with Daubechies scaling functions: homogeneous
differential equations.

@ Application of this method to nonhomogeneous differential
equations
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Wavelet-Galerkin method for ordinary differential equations

f2+1)3, te(-2,-1)

(4 —-612 -3, te(-1,0)
(4 — 612 +313), tec(0,1)
f2-13 te(1,2)

0, t¢(-2,2)

<
—~
~
p—
Il
o=l

satisfies
1

(17)

1 3 1 1

so L =5.
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Wavelet-Galerkin method for ordinary differential equations

@ Forj=0
]
w(t) =D cké(t—k),te[0,1], (18)
k=—4
d2 1 1
o > ckd(t—k)+a Y ckd(t— k) =f(t). (19)
k=—4 k=—4

@ o= —1
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Wavelet-Galerkin method for ordinary differential equations

Taking inner product with ¢(t — n), n€ {—4,-3,-2,—1,0,1}, we

obtain

1 1
> ok — Y Ckank = bn,

k=—4 k=—4
where

5 4

o= [ (=Kol = et
5

an = | (= K)o(t = et

5
by = /_4 o(t — Mf(t)dt.
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Wavelet-Galerkin method for ordinary differential equations

@ By using DBC (15) we obtain

u(0) = > ckp(—k) =0 (24)
k=—4
and 1
w(1)= > ckp(1—k)=0 (25)
k=—4

@ We replace the first and the last equation of system (20) by (24)
and (25) respectively and obtain the matrix equation

TC=8B (26)
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Wavelet-Galerkin method for ordinary differential equations
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¢(4)

Qo —a_4_4

)

Q) —a_3_a4

Q—a_p_4
Q3 —a_1,_4
Q4 — ap,—4

¢(5)
¢(1)

Q_3—a_4_1

)

Qo—asz 4

)

Q. 1—-az_4

)

Qo—a_1,1

)

Q1 — ap, 1

¢(2)

Qo—a_1,3

B

Q3 —ap,_3

¢(4)
¢(0)

Q_4—a_sp
Q. 3—-asp
Qo—anqp
Q.4—-aqp
Qo —ao,0

¢(1)

Wavelet-Galerkin solution of some ODE

4(2)
Qo—a_4_»
Q_4—-a3_»
Qo—asz o2
Qy—a_q1,2
Qo —ap,—2
#(3)
P(—-1)
Q_5—a_41
Q_4—a_31
Q 3—a_z1
Qo—aq;4
Q_4 — ap,1
#(0)
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Wavelet-Galerkin method for ordinary differential equations

[ Cc_ 4 ] [ 0
C_3 b_3
c_ b_
c=|"2%|,B= 2
C_1 b_1
Co bo
L ¢ . 0 |
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Wavelet-Galerkin method for ordinary differential equations

Example.
Ut —u(t)=t—1, 0<t<A, (27)
with DBC u(0) = u(1) = 0.
@ Exact solution

u(t) = LI ¢ el —t+1
- 1-é? 1-¢e? '

@ Approximate solution obtained by W-G method is

Up(t) = c1o(t+1) + cod(t) + crp(t — 1), te[0,1].
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Wavelet-Galerkin method for ordinary differential equations

Comparison of results

Case numerical solution vy exact solution u  absolute error
0 0 0 0
0.1 0.0278843 0.0265183 0.00136595
0.2 0.0457588 0.0442945 0.00146426
0.3 0.0550535 0.0545074 0.000546154
0.4 0.0571985 0.0582599 0.00106145
0.5 0.0536236 0.0565906 0.00296699
0.6 0.0457588 0.0504834 0.00472462
0.7 0.0350341 0.0408782 0.0058441
0.8 0.0228794 0.0286795 0.00580016
0.9 0.0107247 0.0147663 0.00404158
1 0 0 0
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Wavelet-Galerkin method for ordinary differential equations
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Wavelet-Galerkin method for ordinary differential equations

Second type of Sturm-Liouville differential equation

u"(t) + g(Ou'(1)

Il
~
~—~
~
N—r

te[0,1],

with DBC

ne{-4,-3,-2,—-1,0,1}, where
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Wavelet-Galerkin method for ordinary differential equations

5 1"
i = | (= Kol — et (31)
5
s = | 90 (= Ko(t — njat. 32)

5
by = /_ ot = n)f(t)dt (33)

(Faculty of Informatics,UGD-Stip) Wavelet-Galerkin solution of some ODE ETAI, 2013 22/25



Wavelet-Galerkin method for ordinary differential equations

Example. Van Der Pol equation

"

Ut +p(P-Nut)=—t, 0<t<A, (34)

with DBC
u(0) =u(1)=0. (35)

@ Stable oscillations(relaxation-oscillations/ limit cycles) in electrical
circuits employing vacuum tubes

@ Physical and biological sciences, seismology
@ No exact analytic solution
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Wavelet-Galerkin method for ordinary differential equations

Numerical solution uy of the Van Der Pol equation
for different values of parametar

Case 1=0.05 1=0.1 u=1
0 0 0 0
0.1 0.0838955 0.218264  0.240269
0.2 0.137675 0.358176  0.394288
0.3 0.16564 0.430931  0.474378
0.4  0.172093 0.44772 0.49286
0.5 0.161338 0.419738 0.462057
0.6 0.137675 0.358176  0.394288
0.7 0.105407 0.274229 0.301877
0.8 0,0688374 0.179088 0.197144
0.9 0.0322675 0.0839475 0.0924113
1 0 0 0
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