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Abstract 

This paper propose determining the measurement uncertainty of the coefficient and the exponents of 
an empirical predictive power model in the metal cutting machining processes. Uncertainty of the coeffi-
cient and exponents represent model’s capability and quality for further use. For empirical model ling it is 
used Design of experiments (DOE) method.  
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1. INTRODUCTION 
 

 Research of the physical phenomena during the cutting processes by machining 
(cutting forces, temperature, stresses, strains, wear etc.) has significant advances in the 
last period. Often such fundamental quantities are described by process models in 
order to be useful in the industry and to be correlated with the product development 
and the product quality. There are many methods and approaches to achieve this task 
and they can result with analytical, numerical, empirical, artificial-intelligence or hy-
brid models. An overview for the achievements in this field is given in [1]. The empir-
ical modeling of these quantities is based on experimental measurements and it is in-
fluenced with the errors which arise in this process. That is why, recently, a significant 
attention is paid for measurement uncertainty determination during the measurement 
of the quantities which are used further for the empirical modeling. It is an additional 
task, which was often neglected by many researchers. Besides representing the relia-
bility of the measured value, measurement uncertainty is depicturing the sources and 
the size of influencing errors in this process. The process of determination of the 
measuring uncertainty budget gives possibility and imposes further work in the reduc-
tion of the error sources. Examples of measurement uncertainty of cutting force meas-
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urements are given in [2, 3]. These works account both, measurement equipment and 
cutting process errors. Even, given are examples of proposed models to predict the 
measurement uncertainty related to the cutting process parameters. However, if we 
return to the final interest, the empirical model of the physical phenomenon, we must 
stress that adoption of the models by industry significantly depends on the capability 
and reliability of the model to predict machining performances. We consider the pow-
er models like appropriate way of presenting the physical meaning of the investigated 
phenomenon, where the exponents are showing the size and the trend of the influenc-
ing parameter on the fundamental quantity. In order to have measure of the quality of 
the empirical power model, we propose that constants and the exponents of the power 
model should be presented by measurement uncertainty parameters. To achieve that, 
we suggest that during the process of determination of the constants and the exponents 
of the empirical power model, we should include the measurement uncertainty of all 
single measurements. The process of creation of the empirical power model includes 
many single measurements in the domain of the varied process parameters. In this 
way, uncertainty parameters of the constant and the exponents of the empirical power 
model will contain the combined measurement uncertainty of all single measurements. 
In our example of empirical modeling design of experiments (DOE) method by using 
two-level factorial design has been applied [4]. 
 

2. ABOUT THE UNCERTAINTY OF SINGLE MEASUREMENT 
 

 Many contributors are included in the uncertainty budget of single measurement. 
Based on examples from our previous work [3, 5] we can name the most significant.  
     For the cutting force measurement: calibration of the measuring system, environ-
ment temperature, acquisition circuit resolution, measurement cell output voltage av-
eraging, cutting process parameters (cutting depth, feed rate and cutting speed), where 
in the calibration of the measuring system are considered  rotational effect, non-
linearity of the calibration line and the calibration load itself. Calibration of the meas-
uring system has been made by means of weight load and respectively, contributors 
which outcome by using of that method are gravitation acceleration, density of the 
weights material, atmospheric density and weights mass. 
 For the average temperature measurement: thermo-voltage value averaging, ther-
moelectric characteristic interpolation, temperature variation during experimental de-
termination of thermoelectric characteristic, error in thermo-voltage measuring during 
experimental determination of the thermoelectric characteristic, amplifier output volt-
age, acquisition circuit resolution,  amplification coefficient, error in amplification 
coefficient from temperature variation influence on optically-coupled isolation ampli-
fier and cutting process parameters (cutting depth, feed rate and cutting speed).  
 From the papers [2] and [3], it can be seen that significant contribution to the 
measurement uncertainty of single cutting force is the cutting process itself, or the 
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machining parameters, although in many previous works only the contribution of the 
measuring equipment is accounted. This is especially significant for the topic in ques-
tion. In particular, empirical modeling is based on measured values of the fundamental 
variables for certain machining parameters. When there is deviation of the pro-
grammed machining parameters while measuring, as result of machine inaccuracy, 
then machining parameters domain which is taken in consideration for the empirical 
modeling has deviation also. The only appropriate way to represent this error is to be 
included in the measuring uncertainty. The size of the contribution of the machining 
process in the measuring uncertainty budget can vary significantly from one to another 
single measurement. It can be around 40% like in the example in [2] or even bigger, 
around 90%, like in the example [3], when the absolute contribution from the measur-
ing equipment is decreased. Size of the particular contribution from the measuring 
system depends from the applied measurement equipment, machine and methodology 
used.  
 It is very interesting to compare the relative expanded uncertainty for one single 
measurement from the previous examples. For the coverage factor k=2, they are 3,2% 
for measured absolute value of tangential cutting force component of 743,3 N and 
7,7% for measured absolute value of tangential cutting force component of 278,8 N. 
Besides all influencing factors mentioned above we can expect that they will depend 
also on the absolute value of the measured quantity.  
 

3. UNCERTAINTY OF THE COEFFICIENT AND THE EXPONENTS OF THE 
POWER MODEL 

 
 The general form of the modeled power function is given by (1),  
 

 4
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1C ppppY ττττ ⋅⋅⋅⋅=  (1) 

 
where, Y is investigated physical phenomenon (one of the fundamental quantities, for 
example it can be Fz - tangential cutting force), C- constant of the empirical model, τi , 
i=1..4 - cutting process parameters, (for example: v-cutting speed, a - cutting dept,  f- 
feed rate, rε - cutting tool radius). Empirical modeling is performed according to DOE 
based full factorial two-level experimental plan given in table 1.   
 In order to simplify the mathematical calculations, we take the natural logarithm 
from both sides and we receive a linear model given by (2). In table 1 factor values 
coding is used according to (3) in order to operate further with simple coded values 
[6]. 
  
 4433221100 xbxbxbxbxbLY ++++=  (2) 
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where 4..0,ln, ln,10 ==== iYLxx Yii τ , bi - coefficients of the linearized 
model. 
 

Table 1. Two-level full factorial experimental plan 
 

No 
(k) 

Row 
code 

Coded plan matrix 
Result 

(Measured 
value) 

Standard 
uncertainty ln Yk 

0x  1x  2x  3x  4x  Yk δYk LYk [N] [N] 
1 2 3 4 5 6 7 8 9 10 
1. (1) 1 -1 -1 -1 -1 Y1 δY1 LY1 
2. a 1 1 -1 -1 -1 Y2 δY2 LY2 
3. b 1 -1 1 -1 -1 Y3 δY3 LY3 
4. ab 1 1 1 -1 -1 Y4 δY4 LY4 
5. c 1 -1 -1 1 -1 Y5 δY5 LY5 
6. ac 1 1 -1 1 -1 Y6 δY6 LY6 
7. bc 1 -1 1 1 -1 Y7 δY7 LY7 
8. abc 1 1 1 1 -1 Y8 δY8 LY8 
9. d 1 -1 -1 -1 1 Y9 δY9 LY9 

10. ad 1 1 -1 -1 1 Y10 δY10 LY10 
11. bd 1 -1 1 -1 1 Y11 δY11 LY11 
12. abd 1 1 1 -1 1 Y12 δY12 LY12 
13. cd 1 -1 -1 1 1 Y13 δY13 LY13 
14. acd 1 1 -1 1 1 Y14 δY14 LY14 
15. bcd 1 -1 1 1 1 Y15 δY15 LY15 
16. abcd 1 1 1 1 1 Y16 δY16 LY16 
17. 0 1 0 0 0 0 Y17 δY17 LY17 
18. 0 1 0 0 0 0 Y18 δY18 LY18 
19. 0 1 0 0 0 0 Y19 δY19 LY19 
20. 0 1 0 0 0 0 Y20 δY20 LY20 
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 Solution for the coefficients bi is given by the matrix B (4), where the procedure of 
last square method in matrix form is applied, 
 
 ( ) YLXXXB '' 1−=  (4) 
 
where X is coded plan matrix (columns 3 to 7 in table 1), LY is matrix of logarithmic  
values of Y (column 10 in table 1). 
 
 We propose to the explicit formulas of the coefficients bi (5) to be added already 
determined parameter of standard uncertainty for each single measurement,  δYk, and  
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the new expression for bi to be (6): 
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 Further the final decoded expressions for the coefficient and the exponents of the 
empirical model (1) are given by (7), where bi combines all the standard uncertainties 

1Yδ  to 20Yδ  for every single measurement: 
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where ( ) 131 ln1,/ln/2 iiiiii AaA τττ −== , bi is given by (6), 4,3,2,1=i . 
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 The final decoded expressions (7) are complex and contain many terms but now we 
can use them for propagation of the coefficient and the exponents of the empirical 
model (1) and their combined standard uncertainties and further the expanded uncer-
tainty UC and Upi. 
 
 By using the gained results for the uncertainty of the coefficient and the exponents, 
we can write the predictive power empirical model in the following form (8): 
 
 ( ) 44332211

4321
UppUppUppUppUCCY ±±±± ⋅⋅⋅⋅±= ττττ . (8) 

 
 Only now we can make estimations of the reliability of the values of the coefficient 
and the exponents of the power empirical model, and about their influence and trend 
on the investigated physical phenomenon. 

 
 

4. CONCLUSIONS  
 
 This paper gives the procedure of determining the measurement uncertainty of the 
coefficient and the exponents of an empirical predictive power model in the metal 
cutting machining processes. When the DOE method and the experimental measuring 
in many points of the experimental plan are used, measuring uncertainty of every sin-
gle measurement is combined in the measurement uncertainty of the coefficient and 
the exponents with a complex mathematical expression. Uncertainty parameters in-
cluded in the exponents of the power model represent its reliability and its value for 
application in the industry can be estimated. The complexity of the expression for 
propagation of the coefficient and the exponents and their uncertainty shows the im-
portance of the efforts for decreasing of error contributions. Additional influence fac-
tor is the number of terms in the expressions for determining of the combined uncer-
tainty which will depend on the experimental plan type. Further works should present 
certain examples in this form and show how different experimental plans affect the 
value of the measurement uncertainty.  
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