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Prove thatin all triangles ABC holds the inequality

1
>1.
Z (sinA + sinB)?% —
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Solutions 1,2 by Kevin Soto Palacios — Huarmey — Peru, Solution 3 by Seyran
Ibrahimov-Maasilli-Azerbaidian, Solutions 4,5 by Myagmarsuren Yadamsuren-
Darkhan-Mongolia, Solution 6 by Soumitra Mandal-Chandar Nagore-India
Solution 7 by Soumava Chakraborty-Kolkata-India, Solution 8 by Martin

Lukarevski-Stip-Macedonia

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC, la siguiente desigualdad

m >1 (A)

Siendo x,y,z nimeros R*, se cumple la siguiente desigualdad:
1 1 1 9

Gy G Gl 2a

Realizamos las siguientes sustituciones

(xy+yz+zx)(

x=sinA>0,y=sinB>0,z=sinC>0
Luego V x,y,z € R se cumple lo siguiente:

9

xy+yz+zx < x?+y?+z2=sin? A+sin? B+sin?C=2+2cosAcosBcosC < —
Finalmente la desigualdad es equivalente

1 1 1 9
(x+y)? + (y+2)? * (z+x)2 = 4(xy+yz+zx) =1 (LQQD)
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Solution 2 by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC, la siguiente desigualdad

=1 B
En un triangulo ABC — sinA,sinB,sinC >0
Denotemos los siguientes cambios de variables
x =sinA+sinB >0,y =sinB +sinC >0,z =sinC +sind >0
Cumpliéndose que:
x+y+z< 3\/§/\(x+y+z)(;+;+;) > 9@%+§+;2\/§
Por la desigualdad de Cauchy en (A)

31213 2 3(=2) =1 3=1 @oop)

3 X 3 \x+y+z

Solution 3 by Seyran Ibrahimov-Maasilli-Azerbaidian

1 1
>
Z (sina + sinb)2 — Z 2(sin? a + sin? b)
a=2R -sina, b =2R-sinb, ¢ =2R -sinc

2R? 2R? 2R* c¢-B-c 2(R+ R+ R)? 9R?
+ + > = 21
a?+b? a%+c? b?+c? 2(a? + b2 +c2?) a?+b%+ c?

because 9R? > a? + b? + ¢?

Solution 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia
3

1 1
= >
Z (sin A + sin B)2 Z (sinA4 + sin B)Z —

cyc cyc
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1+1+1)3 27 27

> = - > =1
(2 (sinA + sin B + sin C))2 (2 - ¥ sin A)? (2 3\/§>2
2

Solution 5 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

4R? _4RZZ 1 B
(a+b)?% a? +2ab + b%

cyc cyc

2 2
:4RZ-E 1 > 4R? - +1+1)
a’ + 2ab + b2 2(a% + b2 + c2 + ab + bc + ca)

cyc

1
a?+b2+c2+ab+bc+ca

18R%? > a? + b* + c%2+ab + bc + ca

= 18R? .

>1 (ASSURE)

a’ + b% + c? = 2p? — 8Rr — 2r*?
ab + bc + ca = p* + 4Rr + r?

p% < 4R? + 4Rr + 312

18R? > 3p? — 4Rr — r?

3p? < 18R? + 4Rr + r?

3p? < 3(4R%? + 4Rr + 31%) < 18R? + 4Rr + 1?
6R*> —8Rr — 81?2 >0
3R> —4Rr — 41> >0
3R? = 2R? + r? > 4Rr + 4r*(Euler)

Solution 6 by Soumitra Mandal-Chandar Nagore-India

3 . . . . a . b . c
We knOW,Ez smA+smB+smC,smAzﬁ,smB zﬁand smczﬁ
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Where a, b, c are the sides of a triangle and R = circum - radius

a+b+c)?
¥:27R22(a+b+c)2

. Z 1 — 4R? Z 1
" (sin4 +sinB)2 (a + b)?
cyc

cyc

9R% > a2 + b% + ¢* = 9R? >

- 4R 27 __12 19 1
= (a+b+b+c+c+a)?| 3Li(a+b)2 ™ 4 (a+b+c)?
cyc

27R? ) o=
= aprgz = 1 (proved) equalityat A =B = C = -

Solution 7 by Soumava Chakraborty-Kolkata-India
A—-B
2

sinA +sinB = 2cosicos

m A—-B =
v —_—<
2 2
A-—B
2
C A—-—B C

= 2Cc0S—CO0S < 2cos—
2 2

<_1
2

~ 0 <cos <1

C (a) C
= sinA +sinB < 2cosi=> (sinA + sin B)? < 4coszi

(b) (c
Similarly, (sin B + sin €)? < 4 cos? g and (sin € + sin A)? < 4sin2§

Using (a), (b), (€) ¥ ———— > %z sec22

(sinA+sinB)Z — 2

Let f(x) = sec? (g) vx € (0, )
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f"(x) = sec? (g) tan? (;) + %sec4 (g) >0

= f(x) is convex on (0, )

Z 1 >1Z JAdenen 2(A+B+C)
" L. (sinAd+sinB)? - 42,5 2 = 3 °%¢¢ 6

:%.3 . (%)2 =1 (Proved)

Solution 8 by Martin Lukarevski-Stip-Macedonia

Prove that in all triangles ABC' holds the inequality

i 1
) Z (sin A + sin B)? i

Solution. We use the well-known inequality a2 +52+¢2 < 9R2. Since ab+be+ca <
a? + b2 + 2, the inequality

D (a+b)® <36R°

holds. By the law of sines the inequality (1) is equivalent to
Z A = A
(a+b)2 7 4R?"

By Cauchy-Schwarz

Z 1 - 9 o1

= ooy i,
(a+b)2 7 Y (a+b)2 ™ 4R?
and we are done.
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