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Prove that in all triangles ࡯࡮࡭ holds the inequality 

෍
૚

࡭ܖܑܛ) + ૛(࡮ܖܑܛ
ࢉ࢟ࢉ

≥ ૚. 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

Solutions 1,2  by Kevin Soto Palacios – Huarmey – Peru , Solution 3 by Seyran 

Ibrahimov-Maasilli-Azerbaidian, Solutions 4,5 by Myagmarsuren Yadamsuren-

Darkhan-Mongolia, Solution 6 by Soumitra Mandal-Chandar Nagore-India 

Solution 7 by Soumava Chakraborty-Kolkata-India, Solution 8 by Martin 

Lukarevski-Stip-Macedonia 

 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭, la siguiente desigualdad 

∑ ૚
ܖܑܛା࡭ܖܑܛ) ૛(࡮ ≥ ૚   (A) 

Siendo ࢞,࢟,  :ା, se cumple la siguiente desigualdadࡾ números ࢠ

(࢞࢟ + ࢠ࢟ + (࢞ࢠ ൬
૚

(࢞ + ࢟)૛ +
૚

(࢟ + ૛(ࢠ +
૚

ࢠ) + ࢞)૛൰ ≥
ૢ
૝

 

Realizamos las siguientes sustituciones 

࢞ = ࡭ܖܑܛ > ݕ,0 = ࡮ܖܑܛ > 0, ݖ = ࡯ܖܑܛ > 0 

Luego ∀	࢞,࢟, ࢠ ∈  :se cumple lo siguiente ࡾ

࢞࢟ + ࢠ࢟ + ࢞ࢠ ≤ ࢞૛ + ࢟૛ + ૛ࢠ = ૛ܖܑܛ ࡭ + ૛ܖܑܛ ࡮ + ૛ܖܑܛ ࡯ = ૛ + ૛ ܛܗ܋ ࡭ ࡮ܛܗ܋ ࡯ܛܗ܋ ≤
ૢ
૝ 

Finalmente la desigualdad es equivalente 
૚

(࢞ା࢟)૛ + ૚
(࢟ାࢠ)૛ + ૚

૛(ା࢞ࢠ) ≥
ૢ

૝(࢞࢟ା࢟ࢠା࢞ࢠ) ≥ ૚   (LQQD) 
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Solution 2 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭, la siguiente desigualdad 

∑ ૚
ܖܑܛା࡭ܖܑܛ) ૛(࡮ ≥ ૚   (A) 

En un triángulo ࡯࡮࡭ → ܖܑܛ ࡭ , ࡮ܖܑܛ , ࡯ܖܑܛ > 0 

Denotemos los siguientes cambios de variables 

࢞ = ࡭ܖܑܛ + ࡮ܖܑܛ > ݕ,0 = ࡮ܖܑܛ + ܖܑܛ ࡯ > 0, ݖ = ࡯ܖܑܛ + ࡭ܖܑܛ > 0 

Cumpliéndose que: 

࢞ + ࢟ + ࢠ ≤ ૜√૜ ∧ (࢞ + ࢟ + (ࢠ ൬
૚
࢞ +

૚
࢟ +

૚
൰ࢠ ≥ ૢ ⇔

૚
࢞ +

૚
࢟+

૚
ࢠ ≥ √૜ 

Por la desigualdad de Cauchy en (A) 

∑ ૚
࢞૛
≥ ૚

૜
ቀ∑ ૚

࢞
ቁ
૛
≥ ૚

૜
ቀ ૢ
࢞ା࢟ାࢠ

ቁ
૛
≥ ૚

૜
⋅ ૜ = ૚   (LQQD) 

 

Solution 3 by Seyran Ibrahimov-Maasilli-Azerbaidian 

෍
૚

ܖܑܛ) ࢇ + ܖܑܛ ૛(࢈ ≥෍
૚

૛(ܖܑܛ૛ ࢇ + ૛ܖܑܛ  (࢈

ࢇ = ૛ࡾ ⋅ ܖܑܛ ࢇ , ࢈ = ૛ࡾ ⋅ ࢈ܖܑܛ ࢉ			, = ૛ࡾ ⋅ ܖܑܛ  ࢉ

૛ࡾ૛

૛ࢇ + ૛࢈
+

૛ࡾ૛

૛ࢇ + ૛ࢉ
+

૛ࡾ૛

૛࢈ + ૛ࢉ
≥

࡯ି࡮ି࡯
	
૛(ࡾ + ࡾ ૛(ࡾ+

૛(ࢇ૛ + ૛࢈ + (૛ࢉ =
૛ࡾૢ

૛ࢇ + ૛࢈ + ૛ࢉ
≥ ૚ 

because ૢࡾ૛ ≥ ૛ࢇ + ૛࢈ +  ૛ࢉ

 
Solution 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

෍
૚

ܖܑܛ) +࡭ ૛(࡮ܖܑܛ
ࢉ࢟ࢉ

= ෍
૚૜

࡭ܖܑܛ) + ૛(࡮ܖܑܛ
ࢉ࢟ࢉ

≥ 
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≥
(૚ + ૚ + ૚)૜

൫૛ ⋅ ࡭ܖܑܛ) + ࡮ܖܑܛ + ܖܑܛ ൯૛(࡯
=

૛ૠ
(૛ ⋅ ∑ ૛(࡭ܖܑܛ ≥

૛ૠ

ቆ૛ ⋅ ૜√૜૛ ቇ
૛ = ૚ 

Solution 5 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

࡭ܖܑܛ =
ࢇ
૛ࡾ

… 

෍
૝ࡾ૛

ࢇ) + ૛(࢈
ࢉ࢟ࢉ

= ૝ࡾ૛෍
૚

૛ࢇ + ૛࢈ࢇ + ૛࢈
ࢉ࢟ࢉ

= 

= ૝ࡾ૛ ⋅෍
૚૛

૛ࢇ + ૛࢈ࢇ + ૛࢈
ࢉ࢟ࢉ

≥ ૝ࡾ૛ ⋅ ቆ
(૚ + ૚ + ૚)૛

૛(ࢇ૛ + ૛࢈ + ૛ࢉ + ࢈ࢇ + ࢉ࢈ +  ቇ(ࢇࢉ

= ૚ૡࡾ૛ ⋅ ૚
ࢇࢉାࢉ࢈ା࢈ࢇ૛ାࢉ૛ା࢈૛ାࢇ

≥ ૚   (ASSURE) 

૚ૡࡾ૛ ≥ ૛ࢇ + ૛࢈ + ૛ࢉ + ࢈ࢇ + ࢉ࢈ +  ࢇࢉ

૛ࢇ + ૛࢈ + ૛ࢉ = ૛࢖૛ − ૡ࢘ࡾ − ૛࢘૛ 

࢈ࢇ + ࢉ࢈ + ࢇࢉ = ૛࢖ + ૝࢘ࡾ + ࢘૛ 

૛࢖ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛ 

૚ૡࡾ૛ ≥ ૜࢖૛ − ૝࢘ࡾ− ࢘૛ 

૜࢖૛ ≤ ૚ૡࡾ૛ + ૝࢘ࡾ+ ࢘૛ 

૜࢖૛ ≤ ૜(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛) ≤ ૚ૡࡾ૛ + ૝࢘ࡾ + ࢘૛ 

૟ࡾ૛ − ૡ࢘ࡾ − ૡ࢘૛ ≥ ૙ 

૜ࡾ૛ − ૝࢘ࡾ − ૝࢘૛ ≥ ૙ 

૜ࡾ૛ = ૛ࡾ૛ + ࢘૛ ≥ ૝࢘ࡾ + ૝࢘૛(Euler) 

 

Solution 6 by Soumitra Mandal-Chandar Nagore-India 

We know, ૜
૛
≥ ܖܑܛ +࡭ ࡮ܖܑܛ + ܖܑܛ ࡯ , ܖܑܛ ࡭ = ࢇ

૛ࡾ
, ࡮ܖܑܛ = ࢈

૛ࡾ
 and ܖܑܛ ࡯ = ࢉ

૛ࡾ
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Where ࢈,ࢇ, ࡾ are the sides of a triangle and ࢉ = circum – radius 

૛ࡾૢ ≥ ૛ࢇ + ૛࢈ + ૛ࢉ ⇒ ૛ࡾૢ ≥
ࢇ) + ࢈ + ૛(ࢉ

૜
⇒ ૛ૠࡾ૛ ≥ ࢇ) + ࢈ +  ૛(ࢉ

∴ ෍
૚

࡭ܖܑܛ) + ૛(࡮ܖܑܛ
ࢉ࢟ࢉ

= ૝ࡾ૛෍
૚

ࢇ) + ૛(࢈
ࢉ࢟ࢉ

 

≥ ૝ࡾ૛ ⋅
૛ૠ

ࢇ) + ࢈ + ࢈ + ࢉ + ࢉ + ૛(ࢇ ቎∵
૚
૜
෍

૚
ࢇ) + ૛(࢈

ࢉ࢟ࢉ

≥
ૢ
૝
⋅

૚
ࢇ) + ࢈ +  ૛቏(ࢉ

= ૛ૠࡾ૛

૛(ࢉା࢈ାࢇ) ≥ ૚   (proved) equality at ࡭ = ࡮ = ࡯ = ࣊
૜

 

 

Solution 7 by Soumava Chakraborty-Kolkata-India  

࡭ܖܑܛ + ܖܑܛ ࡮ = ૛ܛܗ܋
࡯
૛
ܛܗ܋

࡭ − ࡮
૛

 

∵ −
࣊
૛

<
−࡭ ࡮
૛

<
࣊
૛

, 

∴ ૙ < ܛܗ܋
࡭ − ࡮
૛

≤ ૚ 

⇒ ૛ܛܗ܋
࡯
૛
ܛܗ܋

࡭ − ࡮
૛

≤ ૛ ܛܗ܋
࡯
૛

 

⇒ ࡭ܖܑܛ + ࡮ܖܑܛ ≤ ૛ ܛܗ܋
࡯
૛
⇒ ࡭ܖܑܛ) + ૛(࡮ܖܑܛ ≤

(ࢇ)
૝ ૛ܛܗ܋

࡯
૛

 

Similarly, (࡮ܖܑܛ + ܖܑܛ ૛(࡯ ≤
(࢈)

૝ ૛ܛܗ܋ ࡭
૛

 and (ܖܑܛ ࡯ + ૛(࡭ܖܑܛ ≤
(ࢉ)

૝ ૛ܖܑܛ ࡮
૛

 

Using (a), (b), (c) ∑ ૚
૛(࡮ܖܑܛା࡭ܖܑܛ) ≥

૚
૝
૛܋܍ܛ∑ ࡭

૛
 

Let ࢌ(࢞) = ૛܋܍ܛ ቀ࢞
૛
ቁ	∀࢞ ∈ (૙,࣊) 



SOCIETATEA DE ȘTIINȚE MATEMATICE DIN ROMÂNIA 
ROMANIAN MATHEMATICAL SOCIETY 

  
Filiala Mehedinți - Mehedinți Branch 

www.ssmrmh.ro 
 

(࢞)ᇱᇱࢌ = ૛܋܍ܛ ቀ
࢞
૛ቁ ܖ܉ܜ

૛ ቀ
࢞
૛ቁ+

૚
૛܋܍ܛ

૝ ቀ
࢞
૛ቁ > 0 

∴  is convex on (૙,࣊) (࢞)ࢌ

∴෍
૚

࡭ܖܑܛ) + ૛(࡮ܖܑܛ ≥
૚
૝
෍܋܍ܛ૛

࡭
૛

≥
࢔ࢋ࢙࢔ࢋࡶ ૚

૝
⋅ ૜ ૛܋܍ܛ ൬

࡭ + ࡮ + ࡯
૟

൰ 

= ૚
૝
⋅ ૜ ⋅ ቀ ૛

√૜
ቁ
૛

= ૚  (Proved) 

Solution 8 by Martin Lukarevski-Stip-Macedonia 

 


