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In ࢤ: 

CIOPLEA’S INEQUALITY – 1 
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Proof 1 by Kevin Soto Palacios – Huarmey – Peru  

 

Probar en un triángulo : 

൫√ܖܑܛ + ܖܑܛ√ + ൯ܖܑܛ√ ൬


ܖܑܛ√
+


ܖܑܛ√

+


ܖܑܛ√ 
൰ ≤

ࡾૢ
࢘

 

 

1) Tener en cuenta las siguientes desigualdades en un triángulo  que 

han sido demostradas anteriormente: 
ࡾ
࢘ ≥

ࢉ
࢈ +

࢈
ࢉ ,
ࡾ
࢘ ≥

ࢇ
ࢉ +

ࢉ
ࢇ ,
ࡾ
࢘ ≥

࢈
ࢇ +

ࢇ
࢈ ,
ࡾ
࢘ ≥  

⇒  + ටࢇ
࢈

+ට࢈
ࢇ

+ ට࢈
ࢉ

+ ටࢉ
࢈

+ ටࢉ
ࢇ

+ ටࢇ
ࢉ
≤ ࡾૢ

࢘
 … (A) 

Es suficiente probar que: 

ࢇ
࢈

+
࢈
ࢇ
≥ ට

ࢇ
࢈

+ ඨ࢈
ࢇ
→ ቌට

ࢇ
࢈

+ ඨ࢈
ቍࢇ



− ቌට
ࢇ
࢈

+ ඨ࢈
ቍࢇ

−  = 
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= ቌට
ࢇ
࢈

+ ඨ࢈
ࢇ
− ቍቌට

ࢇ
࢈

+ ඨ࢈
ࢇ

+ ቍ ≥  

Siendo esto ultimo verdadero ya que: ටࢇ
࢈

+ට࢈
ࢇ
≥  → 

→ (Válido por: MA ≥ MG) 

Por la tanto tenemos en … (A) 

⇒  + ට
ࢇ
࢈

+ ඨ࢈
ࢇ

+ ඨ࢈
ࢉ

+ ට
ࢉ
࢈

+ට
ࢉ
ࢇ

+ ට
ࢇ
ࢉ
≤ 

≤  + ቀࢇ
࢈

+ ࢈
ࢇ
ቁ + ቀࢉ

࢈
+ ࢈

ࢉ
ቁ+ ቀࢇ

ࢉ
+ ࢉ

ࢇ
ቁ ≤  + ࡾ

࢘
≤ ࡾ

࢘
+ ࡾ

࢘
= ࡾૢ

࢘
 … (LQQD) 

 

Proof 2 by Myagmarsuren Yadamsuren-Ulanbataar-Mongolia 

 

ࡵ = ൫√ܖܑܛ + ܖܑܛ√ + ൯ܖܑܛ√ ൬


ܖܑܛ√
+


ܖܑܛ√

+


ܖܑܛ√ 
൰ ≤

ࡾૢ
࢘  

 ⋅ ܖܑܛ√ +  ⋅ ܖܑܛ√ +  ⋅ ܖܑܛ√  ≤ ඥ( +  + )(ܖܑܛ + ܖܑܛ + ܖܑܛ  (

 ⋅ ܖܑܛ√ +  ⋅ ܖܑܛ√ +  ⋅ ܖܑܛ√  ≤ ඨ( +  + ) ൬


ܖܑܛ
+


ܖܑܛ

+


ܖܑܛ 
൰ 

ࡵ ≤  ⋅ ඨ(ܖܑܛ + ܖܑܛ + ܖܑܛ ( ൬


ܖܑܛ +


ܖܑܛ +


ܖܑܛ  ൰

 =
ࢇ + ࢈ + ࢉ

 =
ࡾ ⋅ ܖܑܛ  + ࡾ ⋅ ܖܑܛ  + ࡾ ⋅ ܖܑܛ 

  

ܖܑܛ .1 + ܖܑܛ + ܖܑܛ  = 
ࡾ

 

2. 
ܖܑܛ 

+ 
ܖܑܛ

+ 
ܖܑܛ 

= ࢉ࢈
⋅ܖܑܛ⋅ࢉ࢈



+ ࢉࢇ
⋅ܖܑܛ⋅ࢉࢇ



+ ࢈ࢇ
⋅ܖܑܛ⋅࢈ࢇ



= 
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=
ࢉ࢈
ࡿ

+
ࢉࢇ
ࡿ

+
࢈ࢇ
ࡿ

=
࢈ࢇ + ࢉ࢈ + ࢇࢉ

ࡿ
= 

=
 + ࡾ ⋅ ࢘ + ࢘

 ⋅  ⋅ ࢘
 

ࡵ ≤  ⋅ ඨ

ࡾ
⋅
 + ࡾ ⋅ ࢘ + ࢘

 ⋅ ࢘
=  ⋅ ඨ

 + ࡾ ⋅ ࢘ + ࢘

ࡾ࢘
≤

ࡺࡱࡿࢀࡱࡾࡾࡱࡳ
	 

≤  ⋅ ඨ
ࡾ + ૡࡾ ⋅ ࢘ + ࢘

ࡾ ⋅ ࢘ = ඨ
 ⋅ ࡾ) + (࢘

ࡾ ⋅ ࢘ =  ⋅ ࡾ) + (࢘ ⋅ ඨ


ࡾ ⋅ ࢘ ≤
࢘ࢋ࢛ࡱ

 

≤  ⋅ ൬ࡾ +
ࡾ

൰ ⋅ ඨ


(࢘) ⋅ ࢘

=
ࡾૢ
࢘

 

Proof 3 by Soumava Chakraborty – Kolkata – India  

 

ࡿࡴࡸ =


√ࡾ
൫√ࢇ + ࢈√ + ൬ࡾ൯√ࢉ√


ࢇ√

+

࢈√

+

ࢉ√
൰ = 

=  + ቌට
ࢇ
࢈

+ ඨ࢈
ቍࢇ

+ ቌඨ
࢈
ࢉ

+ ට
ࢉ
ቍ࢈

+ ቆට
ࢉ
ࢇ

+ ට
ࢇ
ࢉ
ቇ = 

=  +
ࢇ + ࢈
࢈ࢇ√

+
࢈ + ࢉ
ࢉ࢈√

+
ࢉ + ࢇ
ࢉࢇ√

= +
࢙ − ࢉ
࢈ࢇ√

+
࢙ − ࢇ
ࢉ࢈√

+
࢙ − ࢈
ࢉࢇ√

 

=  + ࢙ ቀ 
࢈ࢇ√

+ 
ࢉ࢈√

+ 
ࢇࢉ√

ቁ − ቀ ࢉ
࢈ࢇ√

+ ࢇ
ࢉ࢈√

+ ࢈
ࢇࢉ√

ቁ   (A) 

Now, 
࢈ࢇ√

+ 
ࢉ࢈√

+ 
ࢇࢉ√

≤
ࡿ 

ࢇ
+ 

࢈
+ 

ࢉ
   (1) 

Again, ࢉ
࢈ࢇ√

+ ࢇ
ࢉ࢈√

+ ࢈
ࢇࢉ√

≥ ටࢉ࢈ࢇ
ࢉ࢈ࢇ


=  
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⇒ −ቀ ࢉ
࢈ࢇ√

+ ࢇ
ࢉ࢈√

+ ࢈
ࢇࢉ√

ቁ ≤ −   (2) 

 

ࡿࡴࡸ ≤  + ࢙ ቀ
ࢇ

+ 
࢈

+ 
ࢉ
ቁ −  (using (A), (1) (2) )  

≤
࢘ࢋࢍ࢘ࢋ࢈ࢋ࢛ࡸ

࢙ ൬
ࡾૢ
ࢤ

൰ =
࢙ࡾૢ
࢙࢘

=
ࡾૢ
࢘

 

(proved) 

 

Proof 4 by Adil Abdullayev – Baku – Azerbaidian  

 

ࡿࡴࡸ ≤ ࡿࡴࡾ ⇔ ൫√ࢇ+ ࢈√ + ൯ࢉ√ ൬

ࢇ√

+

࢈√

+

ࢉ√
൰ ≤

ࡾૢ
࢘

⇔ 

 

⇔  ≔ ൫√ࢇ + ࢈√ + ൯ࢉ√

൬

ࢇ√

+

࢈√

+

ࢉ√
൰


≤
ૡࡾ

࢘
 

 

 ≤
ࡿିି

(ࢇ + ࢈ + ൬(ࢉ

ࢇ

+

࢈

+

ࢉ
൰ ≤

ૡࡾ

࢘
⇔ 

 

 ⋅
 + ࢘ + ࢘ࡾ

ࡾ࢘
≤
࢘ૢ

࢘
⇔  ≤

ࡾૢ

࢘
− ࢘ − ࢘ࡾ 

 

 ≤
ࡺࡱࡿࢀࡱࡾࡾࡱࡳ

ࡾ + ࢘ࡾ + ࢘ ≤
ࡾૢ

࢘
− ࢘ − ࢘ࡾ ⇔ ࡾૢ − ૡࡾ)࢘ + (࢘ ≥  
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࢚ ≔
ࡾ
࢘ ⇒ ࢚ ≥ .			ૢ࢚ − ૡ(࢚+ ) ≥  ⇔ ࢚) − )(ૢ࢚ + ࢚ + ) ≥ 

⇔  ࡾࡱࡸࢁࡱ

 

Proof  5 by Martin Lukarevski-Stip-Macedonia 

 

 


