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Let ABC be a triangle with circumradius R and inradius r. Prove that

4 < sec’—+sec?—+sec’i=—<
2 2 2

Proposed by George Apostolopoulos —Messalonghi— Greece

A B C (R)2
r

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Solution 2 by Martin Lukarevski-Skopje-Macedonia

Probar en un triangulo ABC:

4 < secZA + sec? B + sec? ¢ < (R)Z
- 2 2 2

La desigualdad es equivalente:

A B C R
4 < (1 + tan? E) + (1 + tan? E) + (1 + tan? E) < (—)

r

2

r
Desde que:
é+£+£:E—>tan—tanE+tanEtan—+tanétan£: 1

2 2 2 2 2 2 2 2 2 2
t:;mzé+tam25+tan2£ >1e (tané+ tanE+tan£)2 >3 o
2 2 2 2 2 2/
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Ademas:
A r B r C r
tan—:—a,tan—:—b,tan—:—c
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>r,+r,+r.=4R+r
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an 2 an 2 an 2 = anz anz anz =\7
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4R + 1\? R\?
= (T) +1< (;) - (4R +1)*r?* + p*’r? < p’R* >

= (4R +1)%r? < p?>(R? — 1?)
Por la desigualdad de Gerretsen:
p*(R? —1r?) > (16Rr — 51r*)(R* — r?) > (4R + 1r)*r?
= Solo es suficiente probar que: (16Rr — 5r?)(R? — r2) > (4R + r)?r?
16R3r — 5R*r? — 16R13 + 5r* > (16R? + 8Rr + 1r®)r?
= 16R3r — 21R*r? — 24Rr3 +4r* > 0
= r(16R3 — 21R*r — 24Rr* + 41r3) > 0

> (16R2(R —2r)+ 11Rr(R — 2r) — 2r2(R — 2r)) >0

= r(R — 2r)(16R? + 11Rr — 2r?) > 0 © R > 2r ... (Desigualdad e Euler)
Ademas: 16R? + 11Rr — 2r? > 64r% + 22r?2 —2r2 = 8412 >0

Por lo tanto se ha demostrado:

24 2B 2C R 2
4 < sec”; +sec” - +sec” < (;) .. (LQQD)
Solution 2 by Martin Lukarevski-Skopje-Macedonia

97. In a triangle ABC let R and r denote the cirecumradius and inradius
respectively. Prove that
2
A , B a U R
-l'f.k(C_—-FHLC'—-F‘-sC —=|—] .
2 2 2 T

Solution. The stronger inequality

r er_,‘21+ o B ,C <9 R

O — R = sec 5 seC ? + sec 5 . T T
holds. We use the Garfunkel-Bankoff inequality, [1]

g A s B 5 C _ S < b7

t.;m‘ .— + tan‘ 5 + tan” 5 =2 — & 8111 — 81N — sin 5

._; P4 &

which by the well-known identity sin O‘ sin jf sin (,, = 1p is equivalent to
i A 5 5 B i s C S9_ 2r
in® = 4 tan? — -+ tan® — 22 :
2 2 2 R
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Then
A B ! 5 A . B !
sec? E + sec? 5 + sec? E = 3+ tan? E + tan? 3 + tan? E
5 2r
2 9 Ik

which proves the LHS of the inequality. For the RHS we use the inequality

(4R+4r)? < &2 ( )

which follows from the Gerretsen’s inequality s? = 16Rr — 5r2 and Euler’s B >
combined with the identity
A B C (4R +7)* -2
tan> 3 + tan? 5 + tan® 5 = (—’_T‘+.
We have
2l ool 0O g 4R +1)>
sec” — + see” — T —
2 2 2 s
R
o
»
and we are done.
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