
SOCIETATEA DE ȘTIINȚE MATEMATICE DIN ROMÂNIA 
ROMANIAN MATHEMATICAL SOCIETY 

  
Filiala Mehedinți - Mehedinți Branch 

www.ssmrmh.ro 
 
Let 푨푩푪 be a triangle with circumradius 푹 and inradius 풓. Prove that 

ퟒ ≤ 퐬퐞퐜ퟐ
푨
ퟐ

+ 퐬퐞퐜ퟐ
푩
ퟐ

+ 퐬퐞퐜ퟐ
푪
ퟐ
≤

푹
풓

ퟐ

 

Proposed by George Apostolopoulos –Messalonghi– Greece  

 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Solution 2 by Martin Lukarevski-Skopje-Macedonia 

 

Probar en un triángulo 푨푩푪: 
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La desigualdad es equivalente: 
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Desde que:  
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Además: 
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⇒ 풓풂 + 풓풃 + 풓풄 = ퟒ푹 + 풓 
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⇒
ퟒ푹 + 풓
풑

ퟐ

+ ퟏ ≤
푹
풓
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→ (ퟒ푹 + 풓)ퟐ풓ퟐ + 풑ퟐ풓ퟐ ≤ 풑ퟐ푹ퟐ ⇒ 

⇒ (ퟒ푹 + 풓)ퟐ풓ퟐ ≤ 풑ퟐ(푹ퟐ − 풓ퟐ) 

Por la desigualdad de Gerretsen: 

풑ퟐ(푹ퟐ − 풓ퟐ) ≥ (ퟏퟔ푹풓 − ퟓ풓ퟐ)(푹ퟐ − 풓ퟐ) ≥ (ퟒ푹 + 풓)ퟐ풓ퟐ 

⇒ Solo es suficiente probar que: (ퟏퟔ푹풓 − ퟓ풓ퟐ)(푹ퟐ − 풓ퟐ) ≥ (ퟒ푹 + 풓)ퟐ풓ퟐ 

ퟏퟔ푹ퟑ풓 − ퟓ푹ퟐ풓ퟐ − ퟏퟔ푹풓ퟑ + ퟓ풓ퟒ ≥ (ퟏퟔ푹ퟐ + ퟖ푹풓 + 풓ퟐ)풓ퟐ 

⇒ ퟏퟔ푹ퟑ풓 − ퟐퟏ푹ퟐ풓ퟐ − ퟐퟒ푹풓ퟑ + ퟒ풓ퟒ ≥ ퟎ 

⇒ 풓(ퟏퟔ푹ퟑ − ퟐퟏ푹ퟐ풓 − ퟐퟒ푹풓ퟐ + ퟒ풓ퟑ) ≥ ퟎ 

⇒ 풓 ퟏퟔ푹ퟐ(푹 − ퟐ풓) + ퟏퟏ푹풓(푹 − ퟐ풓)− ퟐ풓ퟐ(푹 − ퟐ풓) ≥ ퟎ 

⇒ 풓(푹 − ퟐ풓)(ퟏퟔ푹ퟐ + ퟏퟏ푹풓 − ퟐ풓ퟐ) ≥ ퟎ ⇔ 푹 ≥ ퟐ풓 ... (Desigualdad e Euler) 

Además: ퟏퟔ푹ퟐ + ퟏퟏ푹풓 − ퟐ풓ퟐ ≥ ퟔퟒ풓ퟐ + ퟐퟐ풓ퟐ − ퟐ풓ퟐ = ퟖퟒ풓ퟐ > 0 

Por lo tanto se ha demostrado: 

ퟒ ≤ 퐬퐞퐜ퟐ 푨
ퟐ

+ 퐬퐞퐜ퟐ 푩
ퟐ

+ 퐬퐞퐜ퟐ 푪
ퟐ
≤ 푹

풓

ퟐ
 ... (LQQD)  

Solution 2 by Martin Lukarevski-Skopje-Macedonia 
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