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ABSTRACT. Hardy-type inequality with weights is derived in abstract form.
Particular cases are presented to demonstrate the applicability of the method
and to show generalizations of existing results. Sharpness of inequalities is
proved and the results are illustrated with several examples.

Introduction. The aim of this paper is to prove new Hardy—type in-
equalities with weights. Let Q be a bounded domain, 2 C R", n > 1 with a
boundary 9Q € C!. Suppose that f is a vector function defined in Q, |f| # 0
and with components f; € C1(Q), i =1,...,n. Let p > 1 and assume there exist
in Q functions v > 0, v € L'(Q) and w > 0 such that

(1) —div f — (p— Dol > w, in Q,
1 1

where — + — = 1. Let 02 be divided into two parts 92 =T'_ UT'y, where
p D

- ={z€dQ:(f,v)<0}, Ty ={zxed: (f,v) >0}
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Here v is the unit outward to € normal vector on 92 and (.,.) is the scalar
product in R". For functions u € Cp° (), where CF° = {u € C®u =
0 in a neigbourhood of I'_} we obtain as a consequence of Theorem 1 below,
the following Hardy—type inequalities

(2) /Qvl_p %deCZ/QU)’UWdIL‘,
and
[, V) P 1/p 1 , 1/p
</Qv p 7]f! dat) > (]7> (/Qv]f]p |u]pdx>

—1/p
T (%) /F+<f,u>|urpds(/9 vrfrp’wpdx) "

where dS is n — 1 dimensional surface measure. The form of Hardy inequality
(3) is not the usual one, it depends on derivative of u in the direction of the unit

vector m, on two functions v, w satisfying (1) and on additional term including

boundary integral.

p
Since (f,v) > 0 on I'y and |[VulP > }

, in (2) and (3) we can

{f; Vu)
£

replace their left hand sides correspondingly with

1/p
/vl_p|Vu]pdx and (/ vl_p]Vu|pda:> :
Q Q

The classical Hardy inequality in R}F, see Hardy [1], states
(4) /00 [u/ (z)[Px“dx > <m>l’/w Py (x)|Pda,
0 p 0
where 1 < p < 00, @ < p—1 and u(x) is abscl)lutely continuous on [0, 00) with
u(0) = 0. Note that with f = ]%Iayj 2Py = 2207P) and w = 0
condition (1) is satisfied and on :p [0, T] inequality (3) has the form

T 1/p T 1/p
11—
(/ |u'(x)|pa?°‘da?> > <u> (/ ato‘_p|u]pdx>
0 p 0
1 T _1/13/
+ (—) T PH (TP (/ :vo‘p|u]pdx> .
p 0

()
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p—1-—

a
Moreover with u(z) = 2%, k > inequality (5) becomes an equality.

There are generalizations of (4) for the n-dimensional case, n > 2, for
bounded domains and for different weights (kernels of the integrals), see for more
details the reviews in Davies [2], Opic and Kufner [3].

One direction of the investigations with respect to the domain concerns
the optimal properties of the domain 2 C R", where the Hardy inequality

(6) /Q|Vu(ar)]pd(x)adx > CQ/Qd(x)_pJFO‘]u(xﬂpdx, u € C5°(Q),

holds with d(z) = dist(x,09Q) and o < p — 1.

It is an open question what are the optimal, say necessary and sufficient
conditions on 0f) in order to have (6). The inequality (6) was proved by Necas
[4] for bounded domains © with Lipschitz boundary 02 and u € C5°(€2). Next
generalizations of (6) are by Kufner [5] for Holder 02 and by Wannebo [6] for
Q with generalized Holder conditions. Detailed description of these results can
be found in Opic and Kufner [3], Maz’ja [7], Hajlasz [8]. Further generalizations
are made in Ancona [9], Lewis [10], Hajlasz [8], Koskela and Lehrback [11]. They
are based on the investigation of the pointwise Hardy inequalities with capacity
methods, see the review in Koskela and Lehrback [11]. Note that in [8] inequality
(6) was proved in the domain ; = {x € Q,d(z) < t} for u € C5°(Q2) and without
zero conditions for u on the set {x € Q,d(x) = t}. More general result was proved
in Koskela and Lehrback [11].

Another way to describe the properties of ) is to connect the validity
of inequality (6) with the existence of the solutions of a certain boundary value
problem for second order elliptic equation with a singular weight. In Ancona [9] it
was proved that a necessary and sufficient condition for (6) when p =2, « =0 is
the existence of a positive super—harmonic function v in €2 and a positive number

)
d such that Av + WU < 0. Moreover, it was proved in [9] that maxd = Cq.
x
One more direction of generalization of (4) is an inequality with a kernel,
singular in an internal point of 2

. @)
(7) /Q|Vu(a:)] d ZC’Q/Q o dx,

where u € C;°(R2), 2 C R", 0 € Q, n > 3 and p > 1. The best constant

2
Co =

-2
r is obtained in Leray [12] for Q@ = R" and p = 2, see also Peral

and Vazquez [13]. Let us mention that in all these papers the constant in Hardy
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inequality is optimal, but the inequality is not sharp. This is due to the fact
that there is no function of the admissible class of functions for which the Hardy
inequality becomes equality. That is why in the work of Brezis and Vazquez [14]
the question about the existence of a remainder term in the right hand side is
posed. In [14] for p = 2 the generalization of (7)

(8) /IVu ydx>< )/’“ de + A9 /yu )|2dz,

is obtained where €2 is a bounded domain with smooth boundary 02 and A(Q2) =

202072 2 is the first zero of the Bessel’s function Jy(z). The question of
Brezis and Vazquez [14] leads to several improvements of (7), see Admurthi et
al. [15], Barbatis et al. [16, 17], Alvino et al. [18]. These improvements concern
also the regularity conditions of 9f).

Let us note that the possibility to use a vector function f and two func-
tions v and w in inequalities (2), (3) serve for many new Hardy—type inequalities.

In Section 2 we prove our main results and in particular inequalities (2),
(3). In Section 3 we study the sharpness of Hardy inequalities. In Section 4 as
an application some particular cases of a vector function f and functions v, w
are given. Here we comment the possibilities to obtain the results in Barbatis et
al. [16, 17] and their generalization.

2. Main results.
2.1. General case. We start with a general Hardy-type inequality. For
this purpose we introduce the notations
[ (V) |P

_ ’Ul
Lw = /g 7]
Ko(u) = /F (f v)lupPds,

dzx,

K = [ olflupds,
N(u) = /Qw|u]pd:c,

where f,v,w,['| are given in Section 1.
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Theorem 1. Under condition (1), for every u € CF (2),u # 0, the
following inequality holds

(10) L(u) > (%) (Ko(u)+(p[;p1_)1ﬁ()m+N(u))p_
Proof. Since
(11) /Q<f,V|u]p>dx :p/Q P~ 2ulf, Vu)ds,

applying the Holder inequality on the right hand side with

v (f, V) and v/ | f]ulP~2u,
(f,Vu)

£
as factor of the integrand we get
P 1/p , 1/p
— dx) (/ ol fIP |u]pdx> :
£ Q
Rising both sides of (12) to power p it follows that

02 [ <p( [ o
1
(13) /Q P

2[4, lulr)s
P Ja
/ pil .
([ etruras)
Q
Integrating by parts the numerator of the right hand side of (13), from (1) and
ulp_ =0 we get

1 P\ — L pgs _ L [ div flulP
p/Q<f,V|u] ydx p/(9g<f,1/)]u| ds p/levf]u| dx

p

p
dx >

{f, Vu)
£

- }? /8 (s - }? /Q (div f + (p — Dol fP)upde

p—1 P lulPda 1 u u - u
+<T>/gv|f| s >~ (Ko(w) + N(w) + (p ~ DE(w).

So from (13) we obtain (10). O

Remark 1. The idea of the proof of Theorem 1 comes from Boggio
[19] (for p = 2), Flekinger et al. [20] (Theorem II.1) and Barbatis et al. [17]
(Theorem 4.1). In difference with the mentioned above works in our case we
consider functions not necessary zero on the whole boundary 9 and due to this
there is an additional boundary term Kj in (10). Also in L and K there is a
weight v, which is 1 in the mention above works.
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Remark 2. Applying the Young inequality
QP

Hr-1

with H > 0, @ > 0 and constant k£ > 0 to the right hand side of (10) we get

> pkP™1Q — (p — 1)kPH,

(14)

(15) L(u) > K"~ (Ko(u) + N(u)) + (p — DA (1 — k) K (u).

In particular, with £ = 1 in (15) and ignoring Ko(u) since Ko(u) > 0 we obtain
(2).

Let us illustrate in the following example the possibility to choose a vector
function f in order to obtain sharp Hardy inequality.

Example 1. Let ¢ be the first eigenfunction of the p-Laplacian in Q C
R™ p>1, n> 2 with first eigenvalue A

(16) _Ap¢ = )\’¢|p—2¢7 in €2,

dlag = 0.
p—2
Let us define the vector function f = ’v’z:pizz(b' Then (1) becomes
: Apg Vol '
—divf=—=2"_+4+(p-1 =X+ (p—D|f7,
f= s+ 0= D5 =3 o=l
with A =w > 0 and v = 1. From Theorem 1 we obtain
1" [(p — DK (u) + N(u)]? o0
(17) L(u) > <]§> K1) , u e C5o(0),
where
p p
L(u) = / V9, Vu) dz, K(u)= / ’@ |ulPdxz, N(u)= )\/ |ulPdx.
al V9l al ¢ Q

Simple computation gives that inequality (17) is sharp, i.e. becomes an
equality, for u(z) = ¢(z).

2.2. Formulation with level function. Since condition (1) is not easy
checkable we will replace it with sufficient conditions (18), (19) below and in
Theorem 2 we will reformulate the result of Theorem 1. In fact all applications
shown in the Section 4 are consequences of Theorem 2.
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Suppose for a fixed bounded domain € that there exist a C%(Q) function
F and a vector-function h with components h; € Co’l(Q), i1 =1,...,n, such that
for all intervals (e,7) C (0,T") the strip G, = {z € Q : |F(z)| € (e,7)} C Q,
éo,T =Q and a.e. in

(18) —Fdivh >0,

(19) (h,VF) > 0.

Let us illustrate with an example the existence of a function F' and vector function
h satisfying (18), (19) when €2 is an annular domain.

Example 2. Let Q = Br\B, C R", where R > r and Bp, B, are balls
centered at 0 with radius R and r respectively. With a number m = p;?;? p>1,
p —
R™ — |z|™ .
R Then function £ = ¢ and
vector function h = |V¢|P~2V4) satisfy conditions (18), (19) in Q.

Denote by T's = {x € Q : |F(z)| = s},s € [0,T] the level surfaces of F.
Then for a.e. s € [0,7], I's is smooth (n — 1)-dim manifold. For such € < 7 the
outward with respect to the strip G, unit normals on I'; and I'; are

p # n, let us define a function ¥ (z) =

F
(20) Vr, = —sgn Pl vl —sgnF

Note that 02 =TgUTI'p, 0 < T < oo where

Iy = {x€d:3x. €T, x: = x ae. for e — 0},

'y = {z€0Q:3x; €z = x ae. for 7 — T}

We will choose f in (1) as f = |F| PF.h.
By (20) and the choice of f we get

_p(h, VF
e, = -1F1 S e <0 and (i, 20,
and hence I'g =1'_, I'r =T,
Define
h,VF
(21) Mg, = {ue C™: 51p/ < |7VF| ) |ulPdS — 0 for e — 0}.
Le
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Obviously CR° € M7;. From the equality
—divf =—|F|"PFdivh+ (p — 1)|F| P(h, VF),
and (18), (19) we choose the weights v, w as

(h,VF)

22 =

, w=—|F|"PFdivh.

Note that v > 0, v!™? € L'(Q) and w > 0.
With the use of function F' and vector function h the notations (9) become

rtw) = [ VE)' P Vulda,
Go, 1

K()T(u) = Tl_p/ %LFF)’U,V?dS,

(23) FT ’ ’

Kr(w) = [ P VE)upds,
Go,1

Nr(u) = —/ |F|"PF div h|u|Pdx.
Go,T

Following the derivation of Theorem 1 we get:

Theorem 2. Under the conditions (18), (19) and for the weights v and
w satisfying (22) the inequality (10) holds for all u € MT;, i.e.

(24) Ly(u) > (%)p (Kor(u) + (p [_{171)1[?)(”) + Nr(w)”
r (u
Particular cases of (24) are
(25) Lr(u) > Kor(u) + Np(u),
(26) Lr(u) > <]%> Kr(u),
(27) Lo (u) <%> (Kor () ;15221_( 1))KT(U))p7
7 (u

Proof. Following the proof of Theorem 1 we obtain (24).
Inequalities (25) and (26) are consequences of the Young inequality (15)

1
with k =1 and k = <—> respectively.

p/
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Since Nr(u) > 0 we get (27). O

2.3. Cases p = 1 and p = oo. It is easy to see that we can extrapolate
the inequality (26) in Theorem 2 to the limit cases: p = 1 and p = oo and to
obtain the following corollary.

Corollary 1. Under the conditions of Theorem 2 for the limit cases of p
we get the inequalities:

(i) Forp=1:
T U
(28) / In —|(h, Vu)|dz z/ (h,VF) de,
Gor |F Go.r F
(13) For p = oo:
(29) —/ ess sup V) | g > esssup‘—‘
GOt 7 F GQT
Proof. When we get v = <h”hZf> then
1/p
h,Vu) |P
LMP) = / h,VF}<’ dr | |
T ( ) ( GO’T< > <h,VF>

1/p
K)P(w) = (/G |F|—p<h,VF)yu|pdx> .
0,T

So it holds
h, Vu)
LYPw) = / h, Vu)|dz; LYP(u) - Ooesssup {h,
V0 o [0Vl L) = ozl
1/p u 1/p
KHP(u) =y / <h,VF>‘f‘d:n; KHP(w)
G()’T GOT

where esssup is under the measure n(w) = / (h, VF)dz. Then

T
lim 71/1’[41/1)( )dt:/ t~!lim Ll/p( )dt

p—1 p—1

T

t ! [(h, Vu)|dzdt = In —|(h, Vu)|dz,
F
GOt GOT ’ ’

and hence we get (1) and (ii). O



502 Alexander Fabricant, Nikolai Kutev, Tsviatko Rangelov

3. Sharpness of Hardy inequalities. In the following Theorem we
prove that inequality (26) is e-sharp.

h,VF 1+e
Theorem 3. Let v = < ]7h|P’ ) in condition (22) and ue = |F|? ,e >0
then the inequality (26) in Theorem 2 for T < oo is e-sharp, i.e.
1+e\?
L) = (55 ) Koo,

1tz
Proof. Lete >0 and u. = |F| * , then we have

Kr(u) = /G |FIFe=D=Y < b VF > dz
0,7

a(|F|) < h,VF > dx = H,(0,T),
Go, 1
where a(s) = s*@~D71,
T
Since a(s)ds < oo it follows that H,(0,7) < oco. Then under the

conditions above

’(h,VuE) _1+5’ ’W%M,VH
|h 4 Al
and
1+e\? 1+e\?
LT(UE)—(¥> / |F|€(p—1)—1<h,VF>dx—< +,€> Kr(ue) < co. O
p Go,r p

Let us illustrate the strictness results on two examples.

Example 3 (Singularity at 0). Let 7> 0, m = p—rll, p>n>2and B
p

1
be the ball with center 0 and radius (mT)"/™. Define F(z) = — |z|™ and h = V¢

with ¢ = 5 |z[>™™ in B.

-n

— . _ p(l—n)

We have (18) because F'divh = 0 and since m —n = ——1 < 0
p—

then (h,VF) = |[z|™™™ > 0 in B which is (19). Also |F| < s is equivalent to
z| < (ms)Y/™ s0o Gor = B and Ty = {z : |z| = (ms)"/™}, Tr = 0B, 0< s < T.
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h,VF
Choosing v, w satisfying (22) as v = %, w = 0 for Lp(u), Kor(u),
K7(u) we obtain
p
Lo(u) = / 2.V
B |z|
(30) Kor(w) = w515 [ s,
oB
Kr(u) = mp/ |z| 7P |ulPdx.
B
From Theorem 2, we get
1 1/
(31) (L)) > (3 ) or (KT + (0= 1)

Now, inequality (31) becomes

</B p) l/pz (%) ((mT)—”m1 /83|u,pd0,> ( B%dx>_l/p’
-n wlP 1/p
(p . ) (/B %dw) _

Simple computation gives that inequality (32) is equality for the functions

<z,Vu>
||

(32)

_l_

1 1
k k

Note that u € W'P(B) because

k p
/ |VulPde = <ﬁ> / 2[R P < oo,
B m B

—np—1
since mkp — p > p_lp_p —p=—
p
Let us check that u € Mp;, where Mpp is defined in (21). Indeed,

mkp+1—n
1-p <h VF) PdS = 1 p/ ’$| d
5 /Fs 23 |ulPdS = E — S

61_p+kp’51’ — 0,
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1
for e — 0, since 1 —p+ kp > 0 when k > —.
p

Recall that the classical Hardy inequality for p > n is, see Opic and
Kufner [3]

_ p D
(33) / VP > (p ”) / Wl g € WP (B),
B B

P |z[P

_ 2\ P
and the constant | Z—" ) is optimal. It is well known that equality in (33) is
p

not possible for a function v € C§°(B). In contrast with (33), inequality (32)
with the additional term

(2) (o o) ([ )

is sharp, see also Fabricant et al. [21].

Example 4 (Singularity on the boundary.). Let 2, F', h are defined as
in Example 2 then under Theorem 2, Hardy inequality (27) has the form

1
AL N
Br\Br |z|
1/p
> l / [ul” dx
(34) N p/ BR\BT‘ ’$|(n71)p/ Rm - |x’m p
m
—-1/p'

1 m _ ,.m |1—p D
I / lulPdS / L

p m 0B, BR\BT’J;|(TL*1)p’ R™ — |x’

m

R™ _ §m 1-p
for all functions v € C*°(Br\By) such that [ —— s | |ulPdo — 0,
Rm — prm S5
when § — R.
It is easy to see that inequality (34) is an equality on functions ug(x) =
(Rm - |xym>k 1
— k>
m p
Note that inequality (34) has meaning also for p — n i.e., for m — 0 in
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the form
1/n
[ |y /
Bgr\B: |z
1/n
1 P
SN I
(35) L R e [
||
—1/n’
1 n
+ - hrlE 7"1”/ |u|"dS / Lnd:z:
n r 0B, Br\B-r ’CL’|” ln%
x
R|* 1
and this inequality is sharp for functions u(z) = |In | k> 7

4. Applications. Below we will study two particular cases.

The first one in Section 4.1 is inequality (15) with & = 1. This situation
arrives when, for a suitable choice of f or F' and h we can efficiently estimate w.
Such scheme gives remainder terms, as it was done in Barbatis et al. [16, 17].
Based on these results we generalize them when v # 1 and in the case when 2 is
a strip near the boundary.

The second application in Section 4.2 is when the only hypothesis is w > 0.
Then it is possible to ignore the quantity N in (10) or (24). Nevertheless we get
an optimal Hardy inequality in the second case under some additional conditions.

4.1. Inequality with singularities on the boundary. It is well
known, see for example [16], that there exists a smooth positive function z(s), s €
[—00,InT] which is a solution of the inequality

(36) Pz=—24(p—-1)z—(p—1)2" > H(s)

with some positive H(s). Note that in [16]

o = (@) (roll)) =
o = (2 (o () o
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For instance, when p = 2

1 InT —s 1 1
=—(—— dH(s)=- (14 ——7—=].
#(s) 2<1+lnT—s> and H(s) 4( +(1+lnT—s)2>
In Barbatis et al. [16, 17] it was proved, in notations used above, the inequality
V[P

(37) /|Vu]pde/H(lnt)v—t|u]pdx
Q Q

tp

under the conditions: ¢ > 0,—A,t > 0 when t = d*, d is the distance to some
manifold.

Our first aim is to generalize the results in [16, 17]. We will use the
inequality (25), proved in Theorem 2, i.e.

(38) Lt > Ror + Nr.

For this purpose, suppose that there exists a function ¢ = ¢t(x) defined in
Q, sufficiently smooth, satisfying the following assumptions:

(i) To={z €0 :t(x) =0} and Go, ={z: 0 < |t(z)| <7} C Q,
Sy =A{z: [t(z)| = 7}
(39) (i) —tAyt > 0;

(iii) v = v(t) > 0 is defined in (0,7) and T" = / v(s)ds < oo.
0

Proposition 1. Under the conditions (39) and (36) for allu € C*° such
that gl_p/ VP~ uPdz — 0 for e — 0, we have the inequality
|t(x)|=¢

p
/ vlp(t(x))'w ZTlpz(lnT)/ |VtP~L|ulPdS
0<[t(z)|<r Vil S,
(40) 1 [t -p t vt |P
+ / <—/ v(s)ds) v(t)H <ln / v(s)ds) — | |ulPdx.
o<lt(z)|<r \t Jo 0 t
Proof. We need only to determine F' and h satisfying (18) and (19).
Let

F:P@Aamgy”gwm,

where z is a positive solution of (36) and h = |Vt[P2Vt. Then F(z) = 0 iff
x€Sy=A{x:|t(x)]=0} and |F| =T iff x € S;. Now from (39) (ii) we have

o= (2 o) [ (] [} ez
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/O tu(s)dsﬂlp/ |
+oa—p) [2 (m /Otv(s)dsﬂp y <ln /Otv(s)ds

H /
zp> v|VitP > 0.
p—1

Also

VF = u(t) [2 <ln

)ve

and using (36) we get

(VF,h) = <—1 -
So, from the definition of w in (22) we obtain

w = (p—1)(hVF —|h|")|F| ™

/0 " o(s)ds
/Ot v(s)ds -’

Pz|VtP
1 t —-p t
—/ v(s)ds| H <ln / v(s)ds
tJo 0
Finally applying (25) in Theorem 2 we get (40). O
The result in Proposition 1 is a generalization of that in Necas[4], Kufner[5],
Wannebo [6], see inequality (5).

—-bp

= (p—1)w PP 4 (1= p) P — 1| VP

~ | =

= v

= v

) IVt > 0.

Example 5. If v(t) = t%=1, B > 0, the weight in the left hand side of
(40) becomes v P(t) = t* and o = (8 —1)(1 —p) < p— 1. Let z in (36) is a

1 p—1 1 p
constant, z = <—/> , then Pz = H = <—/> and since
p p

1 t —-Pp
[t| 7P (Z/ v(s)ds) v(t)|Vt|P = gPt>P| VP,
0
inequality (40) becomes
(Vt,Vu)

p . 1 p—1 .
po | VBV iy (-) / VP uPds
/0<|t(x)<"r |Vt| P S,

,8 p
+ <—,> / |Vt|Pt* Plu|Pdx.
p o<|t(z)|<T

(41)
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Note that

p — 1= p
é/ = (u . For the special case t(z) = d(x) = dist(z, 08),

p p
so |Vd| =1 in the strip Q, = {z : 0 < d(z) < 7}, the inequality (41) is

/QT d*(z)(Vd(z), Vu)|Pdx > <i>p_1 /ST |ulPdS

TP

- 1= p
+ <p7a> / doP (2 ulPde.
p Qr

and is a generalization of inequality (5).
Here the following question arises: are the conditions on 92 = I'y in the
studies above enough to conclude that from assumptions (39) (i), (ii) it follows

that

Vit C
—| > —, where dr, is the distance to I'y?
t dr,

4.2. Inequalities with double singularities. We will show how to
choose functions h and F satisfying (18), (19), in order to apply inequality (26)
in Theorem 2. Let us use the following notation: « is a subset of numbers
{1,2,...,n}; [a] is the number of elements in a; X, is an element of R |X,|
is the length of vector X,.

Let ¢(s) be a nondecreasing C'(R.) function, such that the function
s_‘s(p(s) for 1 > ¢ > 0, is increasing in a neighborhood of s = 1 and

(43) s0p(s) =0 iff s=1.
Fix a, 3 such that N B # () and let function p = u(z) € C1(Q), u(z) > 0 is such
that (Xa, Vu(z)) < 0. Define

44 h=|Xa X, P = [Xs (%) To = {1 Xs] = p(x)}.

Conditions (18), (19) for h and F are satisfied, indeed:

. —la|— XOHXOé — |
divh = —[a]| X,| 7l 2% + [o]|Xa| 7 =0,
B X X s
Vo = Xl 6) | s — g V)| — 30Xl X,
_ V //,L |X |
Ve F = —|Xg |0/ (s)~ 2, s =8

[ - plx)
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where Vi and Vg are gradients with respect to 3 and 3’ variables, 3N 8 = 0,

BUB =(1,...,n). Then
(45) (h, VF) = (s = 6¢)| Xa| ™| X570 Xans]” > 0

since 90/(3) >0, <Xom VBN> + <Xa7 V,B’N> = <Xom Vﬂ) <0.
Denote by V and W the weights in Lp, K7 in Theorem 2

Vo o= (s¢ — 5¢)17p|Xa|p7[a]|X/B|(6+2)(p71)|Xamﬁ’2(1,p ’
W= (¢~ )l PIXal X102 X P
Then we have:
(i) IfacCg:
vV = (5<p/ o 6@)17P|Xa|27p7[a]|X/3|(6+2)(p71)7

W= (s¢' = 8p)le| P | Xal* X520~ 02.
(ii) fa D B:

4 (s — 80)' 7P| Xa [P~ X PP,
W = (s¢' = 6p)le| P Xa| 7| X5 P00

(iii) If & = B
Vo= (s = 8p)' P X Pl
W= (¢! — o)l HI Xl D,

So for v € CF; applying inequality (26) in Theorem 2 we have:
Proposition 2. The inequality holds:
(h, Vu)

p 1 p
(46) / V} dx > <—/> Wl ulPdz.
Go,r Id p Go,r

A particular case of (46), considered in Fabricant et al.
a=pF=(1,...,n),ie. Xo=Xg=u1x, o] =n, |X,|=]|z|and

_ <k
1 ks CE£0
(x,Vp)y <0, g(s) = ,

1
In—, k=0
s

[22] is with
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Q:{x:s:ﬂ6(01,02),0§01§1§02§oo}.

p()
o Gi)
Q ()
@) Ll G)
v 9\ 7y
p Q ()
If (x,Vu(z)) = 0 then the e-sharpness of (46) is a consequence of Theorem 3
1
when ¢ = —5]g|b*1g and 0 = kb. Indeed, we have to check (43) and (45). Since
sg =kg—1 < 0weget s’ —dp = |g]" L(1—kg)+k|g|®tg =9[> ! > 0and (45)

Then for b > 0

(b=1)(1-p)
|x’p7n+k:b(pfl) |Vu]pd:z:

(47) b(1-p)—1

|| TR D)y Pz u e Cry-

1
is satisfied. From the equality s~°|p(s)| = Es*kb]g(s)]b = 0 and the definition of
g(s) it follows that s™°|p(s)| = 0 iff s =1, i.e. (43) holds. Thus with the above
choice of ¢ and ¢, (46) and correspondingly (47) is e-sharp.
Example 6. With b=1, k = n—_f #0, u(z) =1, Q= {|z| <1} = By,
p —_—
the inequality (47) becomes

p
n—p |ul?
48 / Vupd:n2<—> / ————————dx,u € C§°(By).
(48) Bl’ | P B, |zlP(1 — [z[F)P o (B)

Let us note that in (48) there are no relations between n and p > 1 and since
1 — |z|* < 1, inequality (48) improves inequality (7), see [22].

Acknowledgement. The authors thank the referees for various re-
marks and suggestions which have improved the final version of the paper.

REFERENCES
[1] G. HARDY. Note on a theorem of Hilbert. Math. Zeitschr. 6 (1920), 314-317.

[2] E. DAVIES. A review of Hardy inequalities. In: The Mazya anniversary col-
lection. Vol. 2: Rostock conference on functional analysis, partial differen-
tial equations and applications (Eds J. Rossmann et al.) Rostock, Germany,
August 31-September 4, 1998. Oper. Theory, Adv. Appl. vol. 110. Basel,
Birkh&auser, 1999, 55-67.



3]

Hardy-type inequalities with weights 511

B. Oric, A. KUFNER. Hardy-type Inequalities. Pitman Research Notes in
Math. vol. 219. Harlow, Longman Scientific & Technical; New York, John
Wiley & Sons, Inc., 1990.

J. NECAS. Sur une méthode pour résoudre les équations aux dérivées par-
tielles du type elliptique, voisine de la variationnelle. Ann. Sc. Norm. Super.
Pisa, Sci. Fis. Mat., III. Ser. 16 (1962), 305-326.

A. KUFNER. Weighted Sobolev Spaces. A Wiley-Interscience Publication.
Chichester etc., John Wiley & Sons, 1985.

A. WANNEBO. Hardy inequalities and imbedding in domains generalizing
C%* domains. Proc. Amer. Math. Soc., 122, 4 (1994), 1181-1190.

V. G. MAZ’JA. Sobolev Spaces. Springer Verlag, Berlin, 1985.

P. HaJLAsz. Pointwise Hardy inequalities. Proc. Amer. Math. Soc., 127, 2
(1999), 417-423.

A. ANCONA. On strong barriers and inquality of Hardy for domains in R".
J. London Math. Soc., II Ser. 34 (1986), 274-290.

J. L. LEwis. Uniformly fat sets. Trans. Amer. Math. Soc. 308, 1 (1988),
177-196.

P. KoskeLA, J. LEHRBACK. Weighted pointwise Hardy inequalities. J. Lon-
don Math. Soc., II Ser., 79, 3 (2009), 757-779.

J. LERAY. Etude de diverses équationes integrales, nonlinéaires et de
quelques problémes que pose I’hydrodynamique. J. Math. Pures Appl., 12
(1933), 1-82.

I. PERAL, J. VAZQUEZ. On the stability or instability of the singular solution
of the semilinear heat equation with exponential reaction term. Arch. Ration.

Mech. Anal., 129, 3 (1995), 201-224.

H. BrEezis, J. VAZQUEZ. Blow-up solutions of some nonlinear elliptic prob-
lem. Rev. Mat. Univ. Complutense Madr. 10, 2 (1997), 443-469.

ADMURTHI, S. FiLippPAS, A. TERTIKAS. On the best constant of Hardy—
Sobolev inequalities. Nonlinear Anal., Theory Methods Appl. 70, 8 (2009),
2826-2833.



512

[16]

Alexander Fabricant, Nikolai Kutev, Tsviatko Rangelov

G. BARBATIS, S. FILIPPAS, A. TERTIKAS. A unified approach to improved
L? Hardy inequalities with best constants. Trans. Amer. Math. Soc. 356, 6
(2004), 2169-2196.

G. BARBATIS, S. FiLIPPAS, A. TERTIKAS. Series expantion for LP Hardy
inequalities. Indiana Univ. Math. J. 52, 1 (2003), 171-189.

A. AwviNo, R. VorLpICELLI, B VOLZONE. On Hardy inequalities with a
remainder term. Ric. Mat. 59, 2 (2010), 265-280.

T. Boccio. Sull’ equazione del vibratorio delle membrane elastiche. Rom.
Acc. L. Rend. 16, 2 (1907), 386-393.

J. FLECKINGER, E. HARRELL, F. DE THELIN. Boundary behavior and es-

timates for solutions of equations containing the p-Laplacian. FElectron. J.
Differ. Equ. (1999), Paper No 38, 19 p.

A. FaBrICANT, N. KuTEV, T. RANGELOV. Note on sharp Hardy-type in-
equality. Mediterr. J. Math. 11, 1 (2014), 31-44.

A. FaBriCANT, N. KuTEvV, T. RANGELOV. Hardy-type inequality with
double singular kernels. Cent. Fur. J. Math. 11, 9 (2013), 1689-1697.

Institute of Mathematics and Informatics

Bulgarian Academy of Sciences

Acad. G. Bonchev Str., Bl. 8

1113 Sofia, Bulgaria

e-mail: rangelov@math.bas.bg (Tsviatko Rangelov)

Received September 9, 2014
Revised March 10, 2015



	Page 1

