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ABSTRACT. The global behaviour of the weak solutions of the Cauchy prob-
lem to nonlinear Klein-Gordon equation in R™ x R is investigated. Finite
time blow up of the solutions with arbitrary high positive initial energy is
proved under general structural conditions on the initial data.

1. Introduction. In this paper we study the Cauchy problem for non-
linear Klein-Gordon equation

(1) ug — Au+ mu = alulPu for (z,t) € R" x R,
(2) u(z,0) = up(x), w(x,0)=ui(x) for xr € R",
where a and m are positive constants and
2
(3) l<p<oo for n=1,2; 1<p<n—+2 for n >3,
n —
(4) uo(z) € HY(R™), wy(z) € LA(R™).
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In the last decades a great effort of research work has been invested for
studying problem (1), (2), see [1, 2, 5, 7, 9, 10, 12] and the references therein. It
is well known that the Cauchy problem for (1), (2) can be solved locally in time
for initial data satisfying (3), (4), see for example [2, 9, 10, 12]. Global existence
for small initial data is due to [13] (see also [2, 5, 7]).

The finite time blow up of solutions with negative initial energy is proved
in [1, 8]. For positive subcritical initial energy (0 < E(0) < d) sharp conditions
for global existence or finite time blow are obtained in [11, 16, 17] by the potential
well method.

In the case of supercritical initial energy (E(0) > d) there are only few
results. For nonlinear Klein—uGordon equation with general nonlinear term f(u)

satisfying f(u) > (2 + 5)/ f(s)ds and arbitrary high positive initial energy,

the first finite time blow u}g result is given in [14]. Let us mention that for (1)
in bounded domains with m = 0 the first blow up result for supercritical initial
energy is proved in [3]. For damped Klein-Gordon equation similar blow up
results are obtained in [4, 15, 16]. In the papers mentioned above ([14, 16]) the
blow up results for (1) are proved under the following assumptions on the initial
data:

(5) /n uo(z)u(x)dx > 0, /n ud(x) dx # 0

(6) 25?7—!—11) /R B(@)dz > B0) >0,  I(ug) < 0.
Here initial energy F(0) and Nehari functional I(ug) are defined below in (7)
and (8) respectively. In all these papers key arguments in proving the blow up
results are the concave method of Levine [8] and the sign preserving property of
the Nehari functional I(u(-,t)).

The aim of this paper is to prove finite time blow up of the solutions
to (1), (2) under conditions more general then conditions (5), (6). These new
conditions depend not only on the initial profile ug(x) but also on the initial
velocity wuj(x). Moreover they guarantee sign preserving properties of the Nehari
functional I(u(-,t)) under the flow of (1), (2) without condition I(ug) < 0.

The paper is organized as follows. In Section 2 some definitions and
preliminaries are given. The main results of the paper are stated in Section 3.
Section 4 deals with the proof of the main results, while in Section 5 an explicitly
choice of the initial data satisfying all conditions of the theorems is presented.
Let us emphasize that the constructed initial data have arbitrary high positive
energy.
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2. Preliminaries. For convenience, without loss of generality, we set
m =11n (1). Further on we use the following short notations:

[ull = fluC, OllLz@ny,  lulle =l 8)llm @,

(u,v) = (u(-t),v( 1)) = /n u(z, t)v(x,t) de.

Let us recall some important functionals and definitions related to problem (1),

(2)-

Conservation law:

(7)  E(0)=E(t) forevery te€][0,T,,), where

1 1 a
B() = B(u(,1) = ghul? + gl = 5 [l do.

T, is the maximal existence time of the solution u(z,t) to (1), (2), u(z,t) €
C([0, Ton); H' (R™)) () CH([0, Ta); L*(R™)) () C*([0, Tr); HH(R™))

Nehari functional:

0 ) =t =a [ Jul* da

Nehari manifold:

N ={ueH'[R"): [ull #0, I(u) =0}

Critical energy constant d and functional J:

. 1 a
d=inf ), I = ghelf = 5 [ e,

When the function u depends on = and ¢ we use the short notation I(u(t)) =
I(u(-,t)).

Note that the critical energy constants d and the sign of the Nehari func-
tional (8) are crucial for global solvability or finite time blow up in the framework
of the potential well method. For subcritical initial energy, i.e. 0 < E(0) < d,
and I(ug) > 0 problem (1), (2) has a unique global solution defined for every
t € [0,00) while for I(ug) < 0 the weak solution of (1), (2) blows up in a finite
time, see [11, 16, 17].
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In case of supercritical initial energy, i.e. E(0) > d, the sign preserving
property of the Nehari functional is a key argument for proving finite time blow
up results. In Theorem 1 and Theorem 2 we give sufficient conditions I(u(t)) to
be negative under the flow of (1), (2).

We need the following result from [6, §].

Lemma 1. Suppose ®(t) is a twice differentiable and positive function
fort > b >0, which satisfies the inequality

"(1)®(t) —(2'(t))* 2 0

for every t > b and some v > 1. If ®(b) > 0 and ®'(b) > 0, then ®(t) — +oo for

. g* ®(b)
ot t Sber'

3. Main results.

Theorem 1 (Sign preserving property of I(u(t))). Suppose (3) and (4)
hold and

(9) HUOH1 # 0, (u()?ul) 20,
(10) P o) > E(0) > 0
ug, u1) > :
p 1ot
Then for the solution u(x,t) of (1), (2) the inequality I(u(t)) < 0 holds for every
1
t €0,T,,). Moreover if t, = ”]il < T, then
p —_—
p+1

(11) I{u(t)) < —

5 (ut,up) for all t € [ty, Trn).

Under some additional assumptions on (ug,u;) we have the following
theorem.

Theorem 2 (Sign preserving property of I(u(t)))). Suppose (3), (4), (9)
hold and

p—1 2
12 ug||” > (ug,u1) > 0,
(12 ol = (o, ) >
(p—1) o, 1 (ug,ur)?
13 wol||* + =——5— > E(0) > 0.
) 27 1) " 2 ugr = F



Finite time blow up of the solutions to nonlinear Klein-Gordon equation. .. 485

Then for the solution u(x,t) of (1), (2) the inequality I(u(t)) < 0 holds for every

. (]3+ 1) (u07u1)
t €[0,T,,). Moreover if t, = < Ty, then
2(p—1) [uoll?

p+1

(14) I(u(t)) < — (ug,ur) for all t € [ty, Thn).

As a consequence of Theorem 1 and Theorem 2 we have the following
finite time blow up result for problem (1), (2).

Theorem 3 (Finite time blow up). Suppose (3) and (4) hold, ||up|l1 # 0
and either

-1
(15) (ug, up) > 0, Z+1(u0,u1) > E(0) > 0
or
b= (p ) 1 (u07u1)2

(16)

>0 2y > E0) > 0.
+1”U0|| (u07u1) =Y 2( _|_1)|| 0” 2 ||U0”2 = ()>

Then every weak solution of problem (1), (2) blows up for a finite time t, < oo,
where

1
% if (15) holds,
either te <ty = _
- (p+1) (uo,u1) ,
if (16) holds,
2(p = 1) [uoll?
2(u(t t
or te <Tp =1ty + <U( b)7u( b)>

(p = D)(ults), ur(ty))

Remark 1. Let us compare the result in Theorem 3 with the correspond-

-1
ing results in [14, 16] for equation (1). For 1 lluol|* > (ug,u1) it is clear

that (16) is an weaker one than (6) in [14, 16], i.e. when (6) is satisfied then (16)
also holds. When

b—
p+1

(17) HUOH2 < (uo,u1)

then condition (15) is more general in comparison with (6). Indeed, if (6) is
fulfilled then from (17) it follows that

p 2 S p—1 2
(uo,u S ugl|® > E(0
Vo) > Ao el = B ol > 57— ol > E(0)
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and (15) holds too. Moreover, assumption I(up) < 0 in (6) is superfluous for the
blow up result.

4. Proof of the main results. We need the following lemma.

Lemma 2. Suppose (3), (4) hold and (up,u1) > 0. If u(x,t) is a weak
solution of problem (1), (2) then the functions ¢(t) = ||u||® and ¢'(t) = 2(u, u;)
are strictly increasing ones in (0,T), T < Ty,, provided I(u(t)) < 0 for everyt €
[0,T]. Moreover, the function ¢(t) is strictly convex in (0,T) and the inequality

(18) Hu(vt)HQ > Hu(7 S)H2 + 2(t - S)(u(‘v S)vut(‘v S))
holds for every 0 < s <t <T.

Proof. Since ¢/(t) = 2(u,ur), ¢"(t) = 2(ug,us) — 21 (u(t)) > 0 and
(up,u1) > 0 it follows that ¢(t) is a strictly convex function, ¢'(t) > 0 and ¢(¢)
is a strictly increasing function of ¢. Inequality (18) is a consequence of the
convexity of ¢(t). O

Proof of Theorem 1. From the conservation law (7) we have

1

1
(19) 2mI(U(f)) = E(0) - §||u1t|!2 -

p—1 2
U
2(p+1)

For ¢t = 0 by means of (10) and (19) we get the following chain of inequalities:

1 p—1 1 9 p—1 9
——I(u(0)) < y/——(ug,u = slhall” = 5=y llu
L 10(0) < /2 o) — gl o Sl
—1
=—sIh— Vuol|* < 0.
H p"‘l )H ol
An equality in the above chain of inequalities is possible iff |ug|| = |[Vuo| =

|u1]] = 0 which contradicts (9) and consequently I(u(0)) < 0.
Suppose that I(u(t)) < 0 for every ¢t € [0,%y) and I(u(tp)) = 0 for some
0 < tp < T},. From Lemma 2, (10) and (19) we have

1 p—1 1 p—1
0= utto) < /2T, 1)—§Hw;(t0)|!2—2(p+1) ()2
:_‘H\/E (t0) = o) =/ T (o) () — ()
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and an equality is possible iff £y = 0 and [|u(0)|| = [|[Vu(0)|| = [Ju(0)]] = 0, i.e.
|luolli = ||u1]|| = 0 which contradicts (9). Thus I(u(t)) < 0 for every t € [0,T},).

If t, < T}, then repeating the above calculations we obtain from Lemma 2
the following inequalities for every t € [ty, T),)

1 (0) <4/ B o) = )P = 5o (ol + 240, )

p—1 p—1 1 9 1 9
< — ) — th)———1)—= H|IF < —= t)]|”.
<= (121 = 1) - Sl < ~3lu

Thus Theorem 1 is proved.
Proof of Theorem 2. As in the proof of Theorem 1, for ¢ = 0 from
(12), (13) and (19) we have

1 1 p—1
—I(u(0)) = B(0) — =||uy||*> = =——|luol|?
A 0(0) = BO) 3l - 5o s ol
(p—1) 1 (ug,ur)® 1 p—1
< s luoll? + 5 — S lhall® — 5= lluolld
2(p+1) 2 Juol 2 2(p+1)
1 (uo, u1) (uo,ur)® | 1(ug,u1)® p—1 2
= ——||lu] — ——5-Ug|| — — — VUO <0
- e fwl? "2 wl? 27D !
and an equality is possible iff ||ug|l1 = |lui| = O which contradicts (9). Hence
I(u(0)) < 0.

Let us suppose that I(u(t)) < 0 for every t € [0,t9) and I(u(ty) = 0)
for some tg € (0,7},,). From Lemma 2, (12), (13), (19) we get the following
impossible chain of inequalities

0 =yl alio) = Blto) — ghun(t)l” = 58—t
—E(0) _% un(to) — % o 2 (uo,ul)(Ht;(Otﬁg,ut(to))
- (ili - @fﬁ;ﬁffz) )] = 5o Vo)
<srtelt 3~ a2 (557 - ) i =

and an equality is possible iff tp = 0 and ||u(0)|| = [|[Vu(0)|| = ||u+(0)|| = 0 i.e. iff
|luolli = ||ui|| = 0 which contradicts (9). Thus I(u(t)) < 0 for every ¢ € [0,T},).
If t, < T}, then repeating the above calculations we obtain from Lemma 2
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the following inequalities for every t € [ty, T)n)

1 p—1 1(u0,u1)2 1 p—1
S 1) 5ol + 5 S = Sl - 5o Il
p—1
p—1 1 (ug,u1)2 1
p T 1)2(u0,u1)t + = 2 TP §Hut(t)|]2

— t — = — ue@®)|]2 < == [|lue(t)]2.
(unvn) (27 = 350) a0l < ~3 o

Theorem 2 is proved.

Proof of Theorem 3. Let us suppose by contradiction that solution
u(z,t) of (1), (2) is defined for every t € [0,00). From Lemma 2 and (11) or
(14) it follows that the function ¢(t) = ||ul|* satisfies the following differential
inequalities

¢"(t) = 2lluel® — 21 (u(t)) > (p + 3)||ue]?

B(06" (1)~ P22 (0 > (0 +3) (el 2l — () > 0

for every t € [ty, Trn). Since ¢(ty) = |lu(ty)||®> > 0, ¢'(tp) = 2(u(ty), us(tp)) > 0

and % > 1 from Lemma 1 it follows that

dp(ty) b4 2[|u(ty)|?
(p—1)¢'(ts) (p — 1) (ulty), ue(tp))

This contradicts our assumption and Theorem 3 is proved.

|lu@®)|| = oo for t—t., t.<tp+

5. Construction of initial data with arbitrary high positive
energy. In this section we give an explicit choice of initial data with arbitrary
high positive energy, satisfying all conditions of Theorem 3, i.e. (15) and/or (16).
Moreover, we show for which of these data assumption (6) in [14, 16] does not
hold but (15) and/or (16) are fulfilled.

Let w,v be fixed functions such that w(z) € HY(R"), v(z) € L*R"),
|lwlly # 0, ||v]| #0, (w,v) = 0. We choose initial data in the following way

(20) uo(z) = rw(oz), wuyi(z)=r(qw(ox)+ pv(ox)).

The constants r > 0, 0 > 0, ¢ > 0, u > 0 are defined bellow so that conditions
(15) and (16) hold, E(0) > K for some arbitrary positive fixed constant K > 0
but (6) fails.
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Straightforward computations give us

T2
0n—2

T2q2

O-TL

2 r? 2 2 2 2 2 7“2M2 2
luoll” = —Zlwll”, [IVuol” = [Vwl[®, [ur® = lell” + —2= 111l

rp—i—l

2
rq
(o) = "ol [ JuoPta)de =" [ el @) do

2

" 20

E(0)

2arP—1
(@ + DIl + o210l + ol = 25 [ it (a)de )
p+1 Jgn

Now conditions |lug|l1 # 0, (ug,u1) > 0 in Theorem 3 and (5) in [14, 16] are sat-
isfied. One has to check conditions (6), (15), (16) and the additional assumption

(21) E(0) > K.

From the choice of the data it follows that conditions (6) and (21), (15) and (21),
and (16) and (21) are equivalent to

2(p+1)0c"K
2 2EDTE R g+ o ol < (0 - D)l
2(p+1)o"K
(23) 437;——-ng4»+@+1mwwwgsz—1mww,
2(p+1)o"K
2t DR < Bowg) + o+ Dol < (0 -1+ (0 + 1) ]
(24)

respectively, where
R(o.0) = 0+ D@ + Dllwl]? + (0 + D [FulP = 200 [ [l (z) da,
R’I’L

First step: Let 0 and K be arbitrary positive fixed constants.
Second step: In case (23) the constant ¢ is fixed as

1 /p—1
25 >
(25) =5 Vp+1
and in case (24) the constant ¢ is fixed as

0<q< /2L

p+1
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Inequality (25) guarantees that

(p = Dlwl® < 2v/p* = 1gfw|* < (p— 1+ (0 + 1)¢®) Jw]*.
Third step: The constant r is fixed so that

25) HW%) (20 ] 1o dx)ﬁ y

_1
X ((p+ (@ + Dl + (p + Do?|[Ve]?) 7 }.
Inequality (26) gives us that

2p+ 1)o"K
R(o.q) <0< 22EDTE gy

hence one can choose the constant p > 0 such that the inequalities in the lhs of
(22), (23) and (24) to be satisfied.

Fourth step: We define the constants ug, p1, p2 and ug in the following
way:

1

o = {M _ R(g,q)}2 (p+ 1) 5 |Jo| ",

72
i S S
i = {(p — Dllw|? ~ R(o,q)}* 0+ 1) ol 7,
1
2 = {27/ = Tgllw|® = R(o,q)}* (0 + 1)o7,

s ={(p— 1+ (p+ 1)¢?) [w]® — R(o,0)}> (p+ 1) |ju] ™.

The constant pg is defined such that the inequality in the lhs of (22), (23) and
(24) becomes an equality. Similarly, constants 1, g, 13 are determined so that
the inequalities in the right hand side of (22), (23) and (24) become equalities
respectively.

Fifth step:

e If the constant y is fixed so that pp < p < pi, then (22), (23) and (24) are

1 —1
satisfied with additional condition g > 71 / p 1 in case (23) and 0 < ¢ <
p

p—1
p+1

in case (24).
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e If the constant p is fixed as pu; < p < pg, then (23) is satisfied for every

1 1 —1
q= B i_'_ (24) holds for 0 < ¢ < \/]]Zi o] but (22) fails. Note that for
1 1 —

2 ]]j 1 <q< P inequalities (23) and (24) are fulfilled.

1
e For p fixed as s < p < pg condition (24) holds for 0 < ¢ < “p_ but

p+1’
) 1 /p—1 p—1
(22) and (23) are not satisfied for —/—— < ¢ < /——.
2V p+1 p+1

When g = pg it follows that E(0) = K, while for u > pp we get E(0) > K.

pos

In this way we find a wide class of initial data (20) with arbitrary high
itive energy which satisfy all conditions of Theorem 3. When p € [uq, us]

then for initial data, defined in (20), Theorem 3 holds but the blow up results

in [

14, 16] fail. Thus we prove that the blow up results in Theorem 3 are better

than the corresponding ones in [14, 16].

1]
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