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УВОДНА РЕЧ 

Прва научна конференција Методички аспекти наставе математике 
одржана је 2008. године на Педагошком факултету у Јагодини. Зборник радова 
са конференције садржао је укупно 11 радова саопштених на самом скупу. 
Примарни циљ ове конференције био је окупљање домаћих стручњака који су 
се бавили проблемима и истраживањем математичког образовања и унапређи-
вањем наставе математике у основној школи. Због великог интересовања не 
само учесника из земље, већ и из иностранства, одлучено је да се конференци-
ја организује на сваке три године. С обзиром на то да на нашим просторима не 
постоји окупљање сличне врсте, Методички аспекти наставе математике 
представљају јединствену прилику свима који се професионално баве истра-
живањем математичког образовања да размене сопствена искуства, али и да се 
упознају са актуелним трендовима и проблемима савремене наставе математи-
ке, са могућностима развијања, унапређивања и модернизације наставног про-
цеса и учења математике. Друга међународна конференција Методички аспе-

кти наставе математике II одржана је 2011. године на Факултету педагош-
ких наука Универзитета у Крагујевцу, а као резултат рада ове конференције 
објављен је зборник радова са 42 рада страних и домаћих аутора. 

Већ традиционални трећи скуп, Методички аспекти наставе математи-

ке III, организован је 2014. године на Факултету педагошких наука Универзи-
тета у Крагујевцу. Тада је своје радове саопштио 51 учесник из земље и инос-
транства. Програмски одбор конференције чинили су еминентни домаћи и 
страни стручњаци. Одржавање ове конференције и публиковање зборника 
радова омогућило је и финансијски подржало Министарство просвете, науке и 
технолошког развоја Републике Србије.  

Зборник радова са треће међународне конференције садржи укупно 27 
радова, који представљају један део радова саопштених у оквиру следећих пет 
тематских група: 1. Нови приступи, трендови и истраживања у математичком 
образовању 2. Мултидисциплинарност у методици и настави математике, 
3. Информационе технологије у настави математике, 4. Историја математике и 
математичког образовања  и 5. Педагошко-психолошки аспекти математичког 
образовања. Овај део радова нашао је своје место у публикацији искључиво по 
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два критеријума. Први критеријум је квалитет, чему су значајан допринос дали 
рецензенти из Србије и иностранства, а други је био везан за саму тематику и 
актуелност радова. Радови су посвећени различитим теоријским и практичним 
питањима математичког образовања и наставе математике, различитим прила-
зима и могућностима методичке трансформације математичких садржаја, при-
мени савремених информационих технологија, као и вези са осталим настав-
ним предметима. 

Објављивање овог зборника представља такође успешан корак ка очува-
њу и подстицању сарадње са колегама и научним институцијама из Србије и 
иностранства. Неки од радова везани су за развојне пројекте, од којих посебно 
истичемо међународни програм Коменијус Improving educational effectiveness 

of primary schools (538992-LLP-1-2013-1-RS-COMENIUS-CMP) који је усме-
рен на унапређивање квалитета образовања у нашој земљи. 

Ипак, највећи подстицај за организовање овог скупа јесте уверење да ће 
резултати који су пред нама обогатити и унапредити како теорију, тако и 
школску праксу, и послужити као инспирација за нека даља изучавања ових 
проблема и подстаћи нека будућа истраживања. 

 
Доц. др Александра Михајловић 
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USE OF FREE SOFTWARE IN MATHEMATICS CLASSES AND 

PRESENTING THE RESULTS OF THE RESEARCH 

Summary. Does the technical equipment of the classrooms bring better results in mastering 
the teaching program by the students? 

To answer this question we conducted a research which will be presented in this paper, and 
will determine the quality of knowledge which the students get, when learning the topic “Con-
struction of triangle and quadrangle”, with use of free software Geogebra and informatics-
mathematics approach, by comparing the achieved results on the diagnostic and the final test, of 
the experimental and the control group. The experimental group of students is learning the topic 
with use of free software and constructions made on computer, and the control group on classic 
way with ruler and caliper and constructions made in notebook. By now, this kind of research was 
successfully made on one generation of students. Now with the use of online tests we are expand-
ing the research on new generation of students. The results that we will get from the research, we 
will summarize in statistical tests, which can help to compare the results obtained on the testing 
between the two groups of students, and also to compare with the results obtained from the past 
researches. 

Key words: free software, construction, ICT, online test, compare. 

 

Introduction 

Good technical equipment of the educational institutions in Republic of Mace-
donia and permanent education of the teaching staff for using of ICT in education, 
lead to positive climate for the using of ICT in teaching, both from the teachers, and 
from the students. But for us to have real applying of ICT in the teaching, we need 
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to use informatics – mathematics access for performing of the teaching, where the 
preparations are made from active educators who are good IT specialists and 
mathematicians, and the students are actively included in performing the teaching 
with use of ICT. 

Why to apply ICT in the teaching of mathematics? 
Because the students and the teachers use and communicate between each other 

with computers, mobiles, tablets… so it’s good to use them in the teaching; because 
it develops creative thinking by the students, helped by the teachers; because the 
proofs for the theorems and the tasks with use of free softwares, we can visually 
show them on a monitor; because the IT is our reality that we live in. 

With the use of the free software Geogebra, we will present one characteristic 
example from the theme “Construction of a triangle” which can be resolved practi-
cally and shown visually (Stojanovska L, Trifunov Z, 2010), and then we will pre-
sent the results that are acquired from the research, in which are included two 
groups, one group uses Geogebra for realization of the teaching contents from the 
same theme (Ligelfjard T, 2011), and the other group uses classical way without 
applying of ICT. 

Goal of the research 

Main goal of the research that is conducted and presented in this topic is de-
termining the quality of the knowledge gained by the students, while learning the 
theme “Construction of a triangle”, with the applying of ICT and informatics – 
mathematics access, opposite to the classical way of processing the theme and the 
knowledge gained by the students, through comparing the results achieved on the 
diagnostic online test and the final test, of the experimental and control group, which 
are sublimated in statistical tests and evaluation of the hypothesis for the mathemati-
cal expectation when known dispersion of the data. 

Example on Construction of triangle with use of ICT 

First, let’s see one example from construction of a triangle how can be resolved 
with applying of Geogebra. 

To resolve a constructive task, it means to draw some geometric figure with 
help of given tools for drawing. Ancient Greeks considered that “real geometric 
construction” is the one that can be done only with ruler and calipers (Samardziski 
A., 1988). In our schools we learn only constructions with ruler and calipers, that’s 
why in this topic we will look only at these constructions. In practice there are con-
structions with one ruler, with two rulers, with one caliper or with other tools, which 
won’t be examined here. 
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Resolving of one construction task isn’t consisted only of the drawing, con-
structing the figure, but often in the answer of the question how to perform the con-
struction and to proof that the construction is possible, while solution of one con-
struction task we will understand every figure that meets the conditions of the task. 

Stages when resolving of construction tasks are: analysis, construction, proof 
and discussion. As we have written before, resolving of construction tasks in this 
topic we will present with the help of the free software Geogebra. We will look at all 
four steps and we will make a comparing of the classical way of construction with 
help of ruler and calipers, and construction with help of Geogebra. 

Task 

Construct right triangle if it has given height hc and the subtraction of the legs 
–a b  (a ≥ b). 

Analysis 

 

In this example, we will make the analysis algebraic. Even in many examples 
while analyzing we can use the free software and visually determine the dependency 
of the given elements. 

First step is to determine the hypotenuse c (algebraic way) of the required tri-
angle, and the task will be simplified. 

Let –a b m= . Square of the expression –a b m=  is 2 2 2– 2a ab b m+ =  … (1)  

From the formulas for the area of a rectangular triangle
2 2

cc ha b
P

⋅⋅
= =  , 

follows  

ca b c h⋅ = ⋅  … (2) 

If in equation (1) we replace equation (2) and the Pythagorean Theorem 
2 2 2a b c+ = , we get 2 22

c
c ch m− = , i.e. 2 22 0

c
c ch m− − = . Solution of the quadratic 

equation through c is
2 2

1/2

2 4 4

2
c ch h m

c
± +

= , after settling and review only the 

positive solution we get 2 2
c c cc h h m h x= + + = +  , where x is the hypotenuse of a 
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rectangular triangle with legs hc and m. Then with intersect of semicircle above the 
diameter c and parallel line at a distance hc from c, is formed the third point. 

 

Two lines on which are applied the segments m a b= −  and hc 

Ray through two points AQ 

Circle k1 with center А and radius m 

Intersect of k1 and ray AQ, point D 

Line d, perpendicular line in point D of a line AD 

Circle k2 with center D and radius hc 

Intersect of k2and ray d, point E 

Ray through two points AE and segment AE x=  

Circle k3 with center E and radius hc 

Intersect of k3and ray AE, point B (out of segment AE) 

Perpendicular line in point B of a line AE. The procedures are repeated. Circle k4 with 
center B and radius hc. Intersect of k4 and the normal, point I. Line n, perpendicular 
line in point I of a line BI. 
Midpoint O on AB 

Semicircle with center O and diameter AB 

Intersect of semicircle and line n, point C 

Triangle ABC 

 

Proof 

The Triangle ABC fulfils the set conditions, according to their size and positi-
on. 

Discussion 

If 0m > , then the task has two solutions ABC1 and ABC2. 
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If 0m = , then the task has one solution ABC (Isosceles right triangle). 

 

Research 

This new way of resolving construction tasks with the help of Geogebra is ap-
plied while realizing of teaching classes for construction of a triangle. 

By random choice there are picked two classes with 30 students or 60 students 
together on who the research is made. From the first class (experimental group) 26 
students and 24 students from the second class (control group) agreed to allow their 
results to be used in the survey. Thus, the sample size is 50 students divided into two 
target groups. 
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Total 26 24 

Table 1.  Groups 

First group Experimental Second group Control
 

Graph 1. Groups 

Students in both groups had studied solving constructive assignments in sixth 
grade, elementary school. So first we gave online diagnostic test to determine the 
initial knowledge of the students from the "Construction of a triangle" topic. In this 
research, the experimental group studied the topic using the free mathematics soft-
ware Geogebra, to which the students were previously introduced, and the informa-
tion – mathematical approach was used throughout the teaching. The second group, 
which is the control group, was taught in the traditional way for studying the same 
topic, that is, with the help of a ruler and a compass. At the end of the topic, a final 
test was made, which determined the newly acquired knowledge of students.  

Statistical processing of the data 

The data that is particularly relevant for the testing of the statistical hypotheses 
concerning the main objective of this research in this paper is presented in the table 
and graphic (Pachemska S., еt аl., 2014). Graphical view of the results of the stu-
dents from the experimental and the control group of the online diagnostic test are 
shown on Histogram 1 and Histogram 2.  

 

Arithmetic average: 75,38 

Standard deviation: 18,65 

Scope: 26 

Arithmetic average: 75,42 

Standard deviation: 18,02 

Scope: 24 

 
Histogram 1. Results of the diagnostic test of the 

experimental group 

 
Histogram 2. Results of the diagnostic test of 

the control group 
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The average results of the diagnostic test of the two groups are approximately 
the same. We use the t-test for evaluating the equivalence of the mathematical ex-
pectation. 

Zero hypothesis: ( ) ( )0H :  E X   E Y= , where the signifier X is the random 

variable "results of the students from the experimental group of the diagnostic test," 
the signifier Y is the random variable "results of the students from the control group 

of the diagnostic test". ( )E X  and ( )E Y  are their respective mathematical expecta-

tions. 

Alternative hypothesis: ( ) ( )1H :  E X E Y≠ . 

The scope of the samples is 26Xn = and 24Yn = . The standard deviation σ  

assess based on the adjusted standard deviation of samples 19,02Xs =  and 

18,41Ys = . The estimation the standard deviation is 14,997Pσ = . The test value is 

0,006t = − .  

The level of significance of the test is 0,05α = , 2;0,025 2,0114
X Yn nt + − = .  

The critical domain is ( ; 2,0114) (2,0114; )B = −∞ − ∪ +∞ . We get 

0,006 2,0114− > − . Thus does not belong to the critical domain and we accept the 

null hypothesis and reject the alternative hypothesis. 
With probability of 95% we can conclude that both groups have the 

same initial knowledge of the given topic. 

The results of the students from the experimental and control group for the fi-
nal test are presented Histogram 3 and Histogram 4. The average result on the final 
test of the experimental group is higher than the average score of the control group. 
We use the t-test for evaluating the equivalence of the mathematical expectation. 

Arithmetic average: 85,38 

Standard deviation: 15,31 

Scope: 26 

Arithmetic average: 78,96 

Standard deviation: 14,65 

Scope: 24 

 
Histogram 3. Results of the final test of the 

experimental group 

 
Histogram 4. Results of the final test of the 

control group 
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Zero hypothesis, ( ) ( )0H :  E X E Y≤ , where the random variables are “results 

of the students on the final test” with signifier X for the experimental group and 

signifier Y for the control group. ( )E X and ( )E Y  are their mathematical expecta-

tions. 

Alternative hypothesis, ( ) ( )1H :  E X E Y> . 

Standard deviations of the sample 15,62Xs =  and 14,96Ys = . Estimation of 

the standard deviation 14,997Pσ = . The test value is 2,301t = .  

The level of significance of the test 0,05α = , 2;0,05 1,6794
X Yn nt + − = . 

The critical domain is (1,6794; )B = +∞ . Comparing 2,301 1,6794> , we see 

that t penetrates deeply into the critical domain, and therefore we reject the null 
hypothesis and accept the alternative hypothesis. 

This means that with probability 95% we can conclude that the results of the 
students after the learning the construction of a triangle with the information - 
mathematical approach and the use of GeoGebra, are significantly better than the 
results of the students that studied the same content using the classic way. 

Does the use of ICT equally affect the quality of the knowledge that students 
gain at all phases of solving the constructive tasks? 

To answer this question, we compare the mathematical expectations for each of 
the phases separately and determined which of the stages in solving constructive 
tasks statistically differs from the obtained results. In the first three phases: analysis, 

construction and proof, we use zero hypothesis ( ) ( )0H :  E X E Y= , where the ran-

dom variables are: "results of the students on the final test at the appropriate phase" 
with X for the experimental group and Y for the control group and alternative hy-

pothesis ( ) ( )1H :  E X E Y≠ . The level of significance of the test 0,05α =  giving the 

critical domain ( ; 2,0141) (2,0141; )B = −∞ − ∪ +∞  and whether the hypothesis H0is 

rejected or not? 
At the analysis, t = 0,062, comparing 0,062 < 2,0141, the zero hypothesis isn’t 

rejected, 
At the construction, t = 0,085, comparing 0,085 < 2,0141, the zero hypothesis 

isn’t rejected, 
At the proof, t = – 0,174, comparing – 0,174 > – 2,0141, the zero hypothesis 

isn’t rejected. 

The fourth phase: discussions, we use zero hypothesis ( ) ( )0H :  E X E Y≤  and 

alternative hypothesis ( ) ( )1H :  E X E Y> . The level of significance of the test 

0,05α =  giving the critical domain (1,6794; )B = +∞  and whether the hypothesisH0 

is rejected or not? 
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At the discussion, t = 2,828, comparing 2,828 > 1,6794, the zero hypothesis is 
rejected. 

In the results that the students scored in the first three phases the zero hypothe-
ses is not rejected and with 95% probability the results statistically do not differ and 
depend on the method of teaching. In the fourth phase the null hypothesis is rejected 
and with accuracy of 95% the alternative hypothesis is accepted showing that the 
results from the first group statistically differ when compared to the results of the 
second group. The results achieved in the final test of the experimental group are 

better than the results of the control group, which were confirmed by the t-test. 

Conclusion 

In this topic using the laws of statistics it is shown that, performing the teach-
ing for construction of a triangle with help of informatics technology and free soft-
ware GeoGebra, significantly improved the knowledge of students. Also it con-
firmed the expectations from this research that, the intergraded approach of using 
the information – communication technologies in visualizing the problems with 
information – mathematics approach for processing of the contents, positively im-
pacts the quality of the knowledge on the students. 

Bettering the knowledge can be connected with the gaining of motivation for 
learning the subject mathematics with use of the computers, visual assets and anima-
tions which can be made by the students. 

After finishing the processing of the teaching content an anonymous survey 
was made, on which were asked questions about the way of performing the teaching 
and should this way of processing the teaching contents of mathematics continue. 
92% from the students were satisfied and showed desire to process the next teaching 
contents with informatics – mathematics approach. 

Using of informatics technology and free softwares for teaching mathematics, 
contribute to have positive changes at the teachers and the students. 

Positive changes at the teachers are: motivated teacher for work, a lot of differ-
ent opportunities for achieving the educational goals, more quality made prepara-
tions, more initiatives for self-improvement. 

Positive changes at the students are: increased activity of the students while on 
class, motivation for learning, opportunity for mutual cooperation, acquiring of per-
manent and applicable knowledge. 

Using of informatics technology and informatics – mathematics approach while 
realizing the teaching, we can say that leads to, teachers and students use the infor-
matics technology as a learning tool, and not as a goal in itself, because it contrib-
utes for bettering the quality of the knowledge on the students. 
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УПОТРЕБА БЕСПЛАТНОГ СОФТВЕРА У НАСТАВИ МАТЕМАТИКЕ  

И РЕЗУЛТАТИ ИСТРАЖИВАЊА 

Резиме. Да ли техничка опрема у учионици обезбеђује боље резултате у савладавању 
наставног програма? Да бисмо одговорили на ово питање, спровели смо истраживање које 
ћемо у овом раду представити и које ће показати квалитет знања које ученици стичу учећи 
наставну јединицу “Конструисање троугла и четвороугла” уз коришћење бесплатног соф-
твера Геогебра и информатичко-математичког приступа, упоређивањем добијених резултата 
о карактеристикама и финалног теста, код експерименталне и контролне групе. Експери-
ментална група ученика је учила ову наставну јединицу уз помоћ бесплатног софтвера и 
конструкција урађених на компјутеру, а контролна група на класичан начин, помоћу лењира 
и шестара и конструкција урађених у свесци. Овај тип истраживања до сада је успешно 
спроведен са једном генерацијом ученика. Коришћењем „он лајн“ тестова сада смо проши-
рили истраживање на нову генерацију ученика. Резултате које ћемо добити у истраживању 
објединићемо у статистичким тестовима који могу да допринесу упоређивању резултата 
добијених на тестовима између две групе ученика, али и упоређивању са резултатима прет-
ходних истраживања.  

Кључне речи: бесплатни софтвер, конструисање, информациона технологија, „он лајн“ 
тест, упоређивање.  

 


