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Abstract: In this article we observe a class of linear differential
equation of third order, which is obtained from a class of second
order differential equation. Using some previous results, conditions
for the existence of two of its particular solutions are obtained.

In this article we observe a differential equation of type

(x-x1)(x-X2)(x-x3) y*”” + (B2 x* + Bix+By)y’ +
+(Cix+Cp)y +Dy=0 (1)

Using differentiation and other relevant results, we obtain the
conditions for existence and integrability of (1), together with the formulae
of its two particular solutions.

We start with differentiation of the differential equation of second
order with polynomial coefficients

(x-x1)(x-X2)(x-X3) ¥ + (b2 x> +b;x+bg) y’ +
+(01X+Co)y:0 (2)

thus obtaining the differential equation of third order
(x-X1)(X-X2)(X-X3) ¥+ [(3+b2) X + (-2x1-2%2-2x3+b)) x +

+ X1 X2 X1 X3+X2X3+bg ] y”—i— [(2b2 + Cl) X +b; + C()] y’ tcy= 0 (3)
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which is of type (1). Using this fact, we get the interdepedence equations
between the coefficients of (1)1 (3):

D:CI
Co=b; +co
Ci=2b, +¢;

B() =X1Xp + X1X3 + XpX3 + bo
B1 = -2(X1+ X2 + X3) + b]
Bz =3+ b2
1e.
bz = Bz -3
bl = B1 + 2(X1+ X2+ X3)
by = Bo - X1X3 - X1X3 - X2X3
co=Co— B, —2(X1+X2+X3) (*)
C1 = D
c1=C;-2B,+6

In the article [I] we obtain the conditions for existence of one

particular polynomial solution of (1), of order n. Using this conditions
together with (*) over (1), we get the conditions for existence of one
particular polynomial solution of the differential equation (1):

n’+By—4)n+D=0
B2 X12+B1 X1+B0 =0 (**)
[C()—B1 -2 (X1 +X2+X3)] Co+ D (X1X2+X1X3 +X2X3—B0) +
(D+By—3)+{Dx; +2[Co—B; - 2(x;+ X2+ x3)]} X, =0
2B, -Ci+D=6

where the last equation is an additional condition, a result of the last two
equations of (*).

In this, the polynomial degree n € N of the particular solution, is a
root of the characteristic equation given with the first relation of (**), the
lower one if both roots are natural numbers.

The formula of the polynomial solution is given with

TR MR R
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where
Mx+ N

F= dx,
ey cary
M=B,-4, N=B,+2(x,+X;)+XB,, K:_X1D+n(C1X1+D).

D

In [2], the formula of the general solution of (2) is given, from

which we can find the second particular solution of (1), according to the
formula (5):
Y, =& 0 K)(x=x,)" (x=x,)"e"

J =) =) T = x) T (x e K) P [T (5)

where K is as stated above. We obtain the third particular solution using
the classical method.

Theoreml1: If the differential equation (1) satisfies the conditions (**),
then it has two independent particular solutions given with the
formulae (4) and (5), of which the first is a polynomial of order
n, the lower one if the characteristic equation of (2) has two
natural roots.

According to [2] , the differential equation (1) can be transformed

to at most 7 other differential equations of the same type, using the
substitution

y=(x—x)"(x—x2)’ (x—x3)" z, where

L b,x,” +bx, +b, Bl b,x,> +b,x, +b, L b,x;” +b,x, +b, ©)
(X3_X1)(X2_X1) (1 Xz)(x ) (XI_X3)(X2_X3)

With the connecting relations between the equations of second and
third order, together with the substitutions :

y = (xx1)* (x%2)’ (xX3) 77,y = (x-x1)" 21, y = (x%2) 22,
y = (Xx-X3)" 73 y = (x-x1)" (X-Xz)B Z4

y = (x-x1)" (x-x3)" 2 y = (x-%2)° (x-%3)" 26 (7
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we obtain at most seven other differential equations of third order with one
polynomial solution.

The same equations, with the use of the coefficients of (1), have the
following form:

(x-x1)(x-X2)(x-X3) Z1" " +[(2a+B>) X - (2axst20x,-B1) X F20x:x3+Bo] 217"+
+1 [a(o-1)+Hoto(By-3)+Ci ] X + a(a-1)(X1-Xa-X3) +
+ o[ (B2-3)x1+B1 + 2x1+2X0+2x3]-20(x2+x3) +Co 21"+
+ [o(a-1)+o(By-3)+D] 21 =0 (1a)

(X-X1 )(X-X2)(X-X3) Z2" "+ [(2P+B2)X* -(2Px1+2Pxs3 - By) X +2Px3x1+Bo] 227"+
+ 3 [B(B-1)+ 4B+ B(B2-3)+Ci] X + B(B-1)(x2-X3-X1) + B[(B2-3)xa+
+ B1+2x1+2x,+2x3] — 2B(X1+X3) + C()} Z’ +
+ [B(B-1) + B(B,-3) + D] ;=0 (1b)

(x-x1)(x-X2)(X-X3)Z3"’ ’+[(2y+B2)X2-(2yX2+2yx1-B DXH2yx1X2+Bo]z3”" +
+ 4 [y(y-1) + 4y + 7(B2-3) + CiIX + y(y-D(xa-X1X2) +
+ ’y[(Bz-3)X3+ B1+2X1+2X2+2X3]—2'Y(X1+X2)+C0 F 23’+
+ [y(y-D+y(B2-3)+D]z3= 0 (1c)

(xX-X1)(X-X2)(X-X3) 24"+ [(2a+2B+B>) -
- (2OLX3+20(.X2+2BX1+2BX3 -Bl) X+ 20X,X3 + 2BX3X1 + B()] 24+
+3[Ba(o+P) + (0+B)? + Ci] X + a*(X1-Xo-X3) + P(X2-X3-X1) - 20Xz +
HartB)(X1+xatx3+B)) + (Ba-3)(0x+Bx2) +Cot Z4” +
+ [(a+P)* + (a+B)(Br-4) + D] 24=0 (1d)

(x-X1)(X-X2)(x-X3) 25" + [(20+2y+B,) -
- QoxsH20x,1+2yx+2yX; -B1) X + 20x0X3 + 2yx1X, + Bo] 2577 +
+1[Ba (0+y) + (aty)* + C1] X + a2 (X1-X2-X3) + Y7 (X3-X2-X) - 207X, +
+ (o) (X +X2+x3+B1 ) + (B-3)(0x+yx3) +Cof z5” +
+ [(o+y)* + (orty)(By-4) + D] 25 =0 (le)

(X-X1)(X-X2)(x-X3) Z¢""" + [(2B+2y+B2) X —
- (2Bx1+2Bx3+2yx1+2yx2 -By) X + 2Bx1x3 + 2yx1X2 + Bo] Z6”" +
+ 9 [Ba(Bty) + (B+y)” +Ci] X + BA(xa-x1-%3) + V(X3-Xo-X1) - 2Byx) +
+ (BHY)( x1+x2tx3+B1) + (Ba-3)(Bxatyxs) +Cof Zg” +
+ [(B+y)* + (B+y)(B2-4) + D] 26=0 (1f)
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(xX-X1)(X-X2)(x-X3) 27" + [(2o+2B+2y+B,) -
-(2(X.X3+2OLX2+2BX1+2BX3+2YX1+2YX2-B1)X+2OLX2X3 +2BX3X1+2YX2X1+
+Bo] 27" + A [0+ B+ v+ 20B+ 2007+ 2By (a+BH)BrHCi] X -
- 20X3 -20X2 - 23X - 2BX3 - 2yX1-2yX2 - 20BX3-2Pyx1-207X2 +
+ a(o-1)(x1-x2-x3) + B(B-1)(X2-X3-X1) + y(y-1)(X3-X2-X1 )+
+ (X[(B2-3)X1+b1] + B[(Bz -3)X2+b1] + 'Y[(Bz -3)X3+b1]+ COF Z7’ +
2020y 2Pyt ol + B2+ v+ (0+B+y)(B-4)tD] 27 =0 (19)

The conditions for the existence of one particular polynomial
solution for each of the equations, using the coefficients of (1), have a
common fourth equation, same as the one in (**), are adequatly given
with:

e n’+(ot+B;—4)n+ao-1)+ a(B-3) +
a(a-1)+ a(Bs-3) + D=0 (1a-u)

o B2 X1 2 + B1 X) + 2OL(X12 -X1X2+X2X3-X1X3) + B(): 0
o [a(a-1)(x1-X2-X3) + a(B2-3)x; + (a-1)(B1+2x;+2x,+2x3) + Co ]

+ [o(1-0)(x1+X2H+x3) + a(B1+B2-3)x; + Co] - [o(a-1) +

+ OL(BQ-3) + D] (2OLX2X3+B0-X1X2-X1X3-X2X3)+

+ [a*+(o+1)(By-3) + D + a]{[a(a-4)+ aBy+D]x, +

+ 2[ou(a-1)(X1-X2-x3) + ou(B2-3)x; +

+ (O(,—l) (B1+2X1+2X2+2X3)+C0] }Xl =0
L4 2B2 - C1 +D=6

° n2+(2B+B2 -4) n +B(B-1)+B(B2-3)+B(B-1)+p(B2-3)+D =0

° Box; 2-B1 X1 +Bo=0 (lb'U)

o [B(B-D(x2-x3-x1) + B(B2-3)x2 + (B-1)(B1+2x1+2x,12x3) + Co |
[BB-D(xatxst+x1)+B(B1+B2-3)x2+Co-[B(B-1)+
B(B2-3)+D](2BX3X1+ Bo- x1X2 - X1X3 - X2X3) +[Bz +
(B+1)(B2-3) +D+ BH{[B(B-4)+BB+D]x; +
2[B(B-D(x2-x3-x1)+P(B2-3)x2+
+ (B—l)(Bl + 2X1+2X2+2X3) + Co ]} X1 = 0

o 2B2 - C1 +D=6
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n’+Q2y+By—4)n+y(y-1) +v(B3) + D=0
Box; 2. B xi1+Byg=0 (1C-U)

[Y(y-1)(X3-X2-X1) + 7(B2-3)x3+(y-1)(B1+2x,+2x2+2x3) + Co] -

[y(-p)(xstxotx1) + v (Bi+Ba-3)x3+Co] - [v(y-1) +

’Y(Bz-3)+ D](2'YX1X2+ Bo- x1X2 - X1X3 - X2X3) +

[’ + (y+1) (B2-3) + D + y]{[y(y-4) + yB, + D]x; +

2[y(y-D(X3-X2-x1) + 7(B2-3)x5+

+ (y-1)(B; + 2x;+2x,1+2x3) + Co ]} x; =0
2B2 — C] +D=6

n® + 2a+2B +Br—4) n Ha+P)’ + (a+B)(Br-4)+D =0
Byx;2 +B;x; + 20(()(12 -X1X2+XoX3-X1X3) + Bo=0 (1d-u)
[( o - B?)(x1-%2) — (aHB)’xs + (oHB)( X1+x21+3x3+B1) +
+ (B2-3)(O(.X1+BX2) + 2OLX2+ 2BX1 - B1-2X1-2X2-2X3 + C()]
[0 - BP)(x17%2) - (a+B)’x3 + (atB)(xi+xotx3+By) +
+ (B2-3)(axi+Bx2)] - [(a+B)” +(atB)(Bo-4)+D]+
+ (2oxox3 + 2BX3X1 + Bo-X1X2-X1X3-X)X3) + [(0c+[3)2 +
+ (aHB+1)By+ D-2a-2B-3] {[(0+B)” +(a+B)(Bo-4)+DIxi+
+2[(0®-B?)(x1-%2) — (0rHB)’x3 + (HB)( x1+x2+3x31B)) +
+ (B2-3)(ox1+Bx2) +20x2 +2BX; - B1-2x1-2x,-2x3 +Co] }x; =0
2B2 - C1 +D=6

n® + (2a+2y+B, 4) n +(oc+y)2 +(a+y)(B2-4)+D =0
B2 X1 2 + B1 X1 + 2OL(X12 -X1X2+X2X3-X1X3) + B(): 0 (le-U)
[(0 - ") (x1-X3) — (0Hy)*x2 + (aty)( x1+3x0+x5+ By) +
+ (B2-3)(ox1+yx3)+ 2ax3 +2yX; - B1-2x1-2x5-2x3 +Co
: [(oc2 - yz)(xl-x3) - (oc+y)2x2 + (at+y)( x+x+x3-By)+
+ (B2-3)(axi+yx3)] - [(aty)” + (aty)(Bo-4) +D] +
+ (2oxx3 + 2yx1X2 + By -X1X2 -X1X3-X2X3) + [(OH"Y)2 +
+ (oty+1)Byt D- 20-2y -3]{[(aty)” +(o+y)(B2-4)+D]x, +
+ 2[(0 - Y)(xi-xa)~(0rty) xo+ (aty)( xi3x0t+x5+ By) +
+ (B2-3)(O(,X1+’YX3)+2OLX3 +2’YX1 -B1 -2X1-2X2-2X3 + C()]}X] =0
2B,-C;+D=6
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n* + (By—4) n+ (B+y)* + (B+y)(B2-4) + D=0
Box; 2-B] X1 +B0:0 (1f-U)
[(B7)(x2-x3) — (B+y)’x1 + (BHy)(xa+x5+3 X1+ By) +
+ (B2-3)(Bxat+yx3) + 2Bx3 +2yx2- B1-2X1-2X5-2x3 +Co]-
(B (xax3) — (BHy)’x1 + (BHY)( xi+x0tx3-By) +
+ (B2-3)(Bxatyxs)] - [(B+)” + (B+1)(Bo-4)+DJ-
- (2Bx1x3+ 2yx1%2 +Bo - X1X2 - X1X3 - Xox3) + [(BHy)” +
+ (BHy+1)By +D- 2-2y -3] {[(B+y)* + (B+1)(B2-4) + D] x; +
+ 2[(B*r7)(xax3) — (BHy)’x1 + (BHy)(xatxst3 x+By) +
+ (B2-3)(BX2+’YX3) +2BX3 +2’YX2 - By- 2X1-2X2-2X3+C0] }X] =(
2B2 — C1 +D= 6

n’+ (2p+2y+B—4)n + 2aB + 2ay + 2By + aa-1) +
+B(B-1)+7(1-1) + (0c+By)ba+ D=0
B> x4 2 4 B x;+ 20((X12 -X1X2tXoX3-X1X3) + Bp=0 (1g-U)
[a(o-1)(x1-3%2-3%3) + B(B-1)(x2-3x3-3x1) + Y(y-1)(x3-3%2-3x;) +
+ o (Box+ B1-x1+2x,1+2x3) + B(Boaxot+ B1+2x-x0+2%3) +
+ v (Baxs + Bi+2x1+2x; -x3) + Co] [al(a-1)(X1-X2-X3) +
+ B(B-D(x2-x3-X1) + v(y-1)(X3-%2-X1) +(B2-3)(ax; +Px; +yx3)+
(B12x;+2x,+2x3)(a+B+y-1) +Co]-[2ap+2ay+2By +o(a-1)+
B(B-Dty(y-1) +H(atB+y)(B2-3)+D] (2oxoxs +
2PBx3x; + 2yxoX; B —X1X7 - X1X3 - XoX3) H[20B+2ay+2By+
A’ +BZHy+ (Ba-3)(actBry+ L)+ Doyl { [2o+20y+2By+
a(a-4)+ B(B-4)+y(y-4)Hatp+y)Bat D]x; +
2[a(a-1)(x1-3%2-3x3) + B(B-1)(x2-3x3-3x;) +
’Y(Y-1)(X3-3X2-3X1)+0(.(B2X1+ Bi-xi+
+ 2x,+2x3) + B(Baxot B1+2x;- xo+2x3) +
+ Y(B2X3+ B1+2X1+2X2—X3) + Co} X1 = 0
o 2B2 - C1 +D=6

According to Theorem 1, the two particular solutions of each of the
equations (1a) - (1g), are given with the formula :

25, =€ " [(X + K x=x%, )" (x=x, )" e ]“H) (8)

2y = K Yoo o e [ ) ) K
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where

MiX+Ni dX, fOI' |:a, b, C; d; e! f!g (9)

i [y ey

Ni =By +2(X, +X3) +XBy, K; :_XlDi +n(§“Xl +0)

M, =B, -4

i 720

2

B1a = - (2OLX3+2OLX2-B1), Bza = 2OL+B2
Cia= a(a-1) +4a +a(By-3)+C;, D, = a(a-1) +o(Bz-3)+D

Bi,=- (2BX1+2BX3 - B]), By, = 2B+B2
Cip = B(B-D+ 4B+ B(B2-3)+Cy, Dy = B(B-1) + B(B2-3) +D

Bi.=- (2’YX2+2’YX1-B1), B,. = 2'Y+B2
Cic= y(y-1) + 4y +y(B2-3)+ Ci, D¢ = y(y-1) +y(B»>-3) + D

Bid = - Qoxst20x,+2Bx1+2Bx3 -By), Bag = 20+2p+B;
Cig= Bz (0B) + (aB)’ + Ci, Dy = (o+B)* + (a+B)(B24) + D

Bie = - 2ox3t20x212yx1+2yx5 -By), Boe = 20+2y+B;
Cie= By (aty) + (o+y)* + C1, De = (0r+y)” + (a+y)(B2-4) + D

Bir= - (2Bx+2Bx3+2yx;+2yX; -B1), Bar= 2B+2y+B,
Cir= By (B+y) + (B+y)° + C1, Dp = (B+y)* + (B+y)(B-4) + D

By = - Qox3t2ox,+2Bx1+2Bx3+2yx1 127X, -B1)
Bzg = 2OL+2B+2’Y+B2
Cig= o+ B2+ v+ 20B+2ay+2By+ (or+B+y)Bo+C
Dy = 2aB+200+2By+ a(0- 1)+ B(B-1)1Hy(y-1)+(oB+1)bsD

e B,)x,” — (B, +2X, +2X;)X, — B, + 2X,X,
(X3 =X )(Xz - Xl)

_(2-By)xX,” = (B, +2X, +2X,)X, — By +2X,X,
(Xl _Xz)(x3 _Xz)

_(2-B,)x," = (B, +2X, +2%,)X, — B, +2x,X,
(X| _X3)(X2 _X3)

B
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Theorem 2: If there is a natural number n such that one of the groups of
conditions (la-u) — (1g-u) for the differential equation (1) is
satisfied , then this equation is solvable. From the formula (8)
and the connecting relations (7), we get two particular solutions
of its fundamental system, while the third one can be obtained
using the classical method.

Example 1:  We consider the differential equation
(x-1)(x+1)(x-3) y'— (3x°-6x-1) y’ + 4(x-2) y = 0
then x= 1,x,=-1,x3=3,bg=1,b,=-3, b1=6,c;= 4, co=-8.

The conditions for the existence of one polynomial solution of
order 2 for this equation are satisfied, so two particular solutions of its
general solution can be found:

C(x+1)

yI:(x+1)2, y, = lnx—3 N X+3 N X—3

16 X+1 4 X+1

They are also particular solutions to the following third order differential
equation:
X-DX+D(x-3) y’=2(x+1)y’ + 4y =0

From here, we can find the solutions of each of the transformed equations:

X-D(x+1)(x-3) 2, + (4x*-8x-12) 2, + (2x-6)z;" = 0
(XHJZ ( X+1 jz x-3 x> +8x-9
n=\——>1|, W= In + 2
x—1 4x—4 X+1 4(x+1)(x-1)

X-D(X+1)(x-3) 2o+ (4x* - 16x+ 12) 2,”" + (2x - 10)2," = 0

1. x=3 X +8x-9
Z,,=1, z,=—In + 3
16  x+1 4(x+1)

X-D(x+1)(x-3) 25+ (4x*-2) 23" + (2x-2)23°= 0

x+1Y x+1 Y. x-3 x* +8x—9
Z,=|—— |, Z,= In + 5
X—-3 4x—12 X+1 4(x+1)(x-3)

107



X-D)(X+1)(x-3) 24+ (8x*-24) 2" + (14x-14) 24’ + 42, = 0

1 1 X—=3 x> +8Xx—-9
=T Ip= 2ln + 3 2
(x=1 16(x—1)° x+1 4(x+1)’(x-1)

Zy

(X-D)(x+1)(x-3) 25+ (8x*-8x -16) 25" + (14X +2) 25’ + 4 25 = 0

X+1 X+1 X—3 X* +8Xx—9
=77 —— 5| > In= 2 n + 2 2
X" —4x+3 4(X" —4x+3) X+1 4(X+1)(X" —4x+3)
(X-D)(X+1)(X-3) 25+ (8X*-16X + 8) z5”* + (14x-18) 25" + 4 4= 0

;o] .. = Lo X3, X* +8X—9
(x=3)27 T 16(x=3)°  x+1  4(x+1)(x-3)

X-D(x+1)(x-3) 27+ (12x*-24x-4) z;”* + (34x-38) 27" + 162;= 0

1 ’ 1 X—3 X* +8X—9
= s Ip= 2 In + 3,02 2
X" —4x+3 4(x°—4x+3) X+1 4(X+1)°(x" —4x+3)
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